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Ââåäåíèå

Îáùàÿ õàðàêòåðèñòèêà ðàáîòû

Àêòóàëüíîñòü ðàáîòû1.

Â íàñòîÿùåå âðåìÿ äëÿ èññëåäîâàíèÿ ñëîæíûõ ïðîöåññîâ, äîïóñêàþùèõ ìà-

òåìàòè÷åñêîå ìîäåëèðîâàíèå, øèðîêî èñïîëüçóåòñÿ âû÷èñëèòåëüíûé ýêñïåðèìåíò

[1�12]. Îäíèì èç ãëàâíûõ ýòàïîâ âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ÿâëÿåòñÿ ïîñòðîå-

íèå ïðèáëèæ¼ííîãî (÷èñëåííîãî) ìåòîäà ðåøåíèÿ çàäà÷è, êîòîðîå â ñëó÷àå èñïîëü-

çîâàíèÿ êîíå÷íî-ðàçíîñòíûõ ìåòîäîâ ñâîäèòñÿ ê âûáîðó è àíàëèçó ðàçíîñòíîé

ñõåìû, àïïðîêñèìèðóþùåé ñîîòâåòñòâóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâ-

íåíèé. Ðàçíîñòíûå ñõåìû øèðîêî ïðèìåíÿþòñÿ äëÿ ñêâîçíîãî ðàñ÷¼òà ðàçðûâ-

íûõ ðåøåíèé ãèïåðáîëè÷åñêèõ ñèñòåì çàêîíîâ ñîõðàíåíèÿ, êîòîðûìè ìîäåëèðó-

þòñÿ ôèçè÷åñêèå ïðîöåññû â ðàçëè÷íûõ îáëàñòÿõ íàóêè, òàêèõ êàê: àýðîäèíàìèêà,

àòîìíàÿ ýíåðãåòèêà, ãèäðîäèíàìèêà îòêðûòûõ ðóñåë, ïë¼íî÷íûå òå÷åíèÿ; òåîðèÿ

óïðóãîñòè è ïëàñòè÷íîñòè.

Â êëàññè÷åñêîé ðàáîòå [13], øèðîêî èçâåñòíîé â ñâÿçè ñî ñõåìîé ðàñïàäà ðàçðû-

âà, áûëî ââåäåíî ïîíÿòèå ìîíîòîííîñòè ðàçíîñòíîé ñõåìû è ïîêàçàíî, ÷òî ñðåäè

ëèíåéíûõ äâóõñëîéíûõ ïî âðåìåíè ðàçíîñòíûõ ñõåì, àïïðîêñèìèðóþùèõ ëèíåé-

íîå óðàâíåíèå ïåðåíîñà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, íåò ìîíîòîííûõ ñõåì

ïîâûøåííîãî ïîðÿäêà àïïðîêñèìàöèè.

1Ðàáîòà ïîääåðæàíà ãðàíòàìè ÐÔÔÈ 12-01-00145, 16-01-00333, ÐÍÔ 16-11-10033.
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Äàëüíåéøåå ðàçâèòèå òåîðèè ðàçíîñòíûõ ñõåì ñêâîçíîãî ñ÷¼òà äëÿ ãèïåðáî-

ëè÷åñêèõ ñèñòåì çàêîíîâ ñîõðàíåíèÿ â çíà÷èòåëüíîé ñòåïåíè áûëî íàïðàâëåíî íà

ïðåîäîëåíèå ýòîãî �çàïðåòà Ãîäóíîâà�. Â ðåçóëüòàòå áûëè ðàçðàáîòàíû ðàçëè÷íûå

êëàññû ðàçíîñòíûõ ñõåì, â êîòîðûõ ïîâûøåííûé ïîðÿäîê àïïðîêñèìàöèè íà ãëàä-

êèõ ðåøåíèÿõ è ìîíîòîííîñòü (ïðè àïïðîêñèìàöèè ëèíåéíîé ñèñòåìû è ñêàëÿðíî-

ãî çàêîíà ñîõðàíåíèÿ) äîñòèãàëèñü çà ñ÷åò íåëèíåéíîé êîððåêöèè ïîòîêîâ, ïðèâî-

äÿùåé ê íåëèíåéíîñòè ýòèõ ñõåì äàæå ïðè àïïðîêñèìàöèè ëèíåéíîãî óðàâíåíèÿ

ïåðåíîñà. Ïåðå÷èñëèì îñíîâíûå êëàññû òàêèõ ñõåì, êîòîðûå áóäåì ñîêðàù¼ííî íà-

çûâàòü NFC (Nonlinear Flux Correction) ñõåìàìè: FCT-ñõåìû [14], MUSCL-ñõåìû

[15], TVD-ñõåìû [16], ENO-ñõåìû [17], WENO-ñõåìû [18], CABARET-ñõåìû [19].

Îñíîâíîå äîñòîèíñòâî ýòèõ ñõåì çàêëþ÷àåòñÿ â òîì, ÷òî îíè ñ âûñîêîé òî÷íîñòüþ

ëîêàëèçóþò óäàðíûå âîëíû ïðè îòñóòñòâèè ñóùåñòâåííûõ íåôèçè÷åñêèõ îñöèë-

ëÿöèé íà èõ ôðîíòàõ.

Îäíèìè èç ïåðâûõ íåëèíåéíóþ êîððåêöèþ ÷èñëåííûõ ïîòîêîâ ïðè ðàçíîñò-

íîé àïïðîêñèìàöèè ãèïåðáîëè÷åñêèõ óðàâíåíèé ïðèìåíèëè àâòîðû ðàáîòû [20].

Â äàëüíåéøåì ýòà ìåòîäèêà ìîíîòîíèçàöèè ðàçíîñòíûõ ñõåì ñêâîçíîãî ñ÷¼òà ïî-

ëó÷èëà ñâîå ðàçâèòèå â [14] è [21]. Ìîäèôèöèðîâàííàÿ ñõåìà ðàñïàäà ðàçðûâà

òèïà Ãîäóíîâà, îòíîñÿùàÿñÿ ê êëàññó NFC-ñõåì, áûëà ïðåäëîæåííà â [15]. Â ýòîé

ñõåìå ïðè ðåøåíèè çàäà÷è Ðèìàíà íà ãðàíèöå ñìåæíûõ ÿ÷ååê ðàçíîñòíîé ñåòêè

èñïîëüçîâàëèñü êóñî÷íî-ëèíåéíûå ôóíêöèè, ÷òî ïîçâîëèëî ïîëó÷èòü âòîðîé ïî-

ðÿäîê àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ. Â [22] áûëà ðàçðàáîòàíà öåíòðàëüíî-

ðàçíîñòíàÿ ñõåìà âòîðîãî ïîðÿäêà, ïðè ïîñòðîåíèè êîòîðîé èñïîëüçóåòñÿ MUSCL-

ðåêîíñòðóêöèÿ ÷èñëåííûõ ïîòîêîâ. Ýòà ñõåìà ëåæèò â îñíîâå êëàññà ìîíîòîííûõ

öåíòðàëüíî-ðàçíîñòíûõ ñõåì ïîâûøåííîé òî÷íîñòè [23, 24], ïðè ðåàëèçàöèè êîòî-

ðûõ íå ïðèìåíÿåòñÿ ðåøåíèå çàäà÷è Ðèìàíà.

Â [16] áûëî ââåäåíî TVD-ñâîéñòâî ðàçíîñòíîé ñõåìû, ïðåäïîëàãàþùåå, ÷òî ïðè

ðàñ÷¼òå çàäà÷è Êîøè äëÿ ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ïîëíàÿ âàðèàöèÿ ðàçíîñò-
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íîãî ðåøåíèÿ íå âîçðàñòàåò ïðè ïåðåõîäå ñ îäíîãî âðåìåííîãî ñëîÿ íà äðóãîé,

÷òî ñîîòâåòñòâóåò àíàëîãè÷íîìó ñâîéñòâó òî÷íîãî ðåøåíèÿ. TVD-ñâîéñòâî ýêâè-

âàëåíòíî ñâîéñòâó ìîíîòîííîñòè ñõåìû ïî Ãîäóíîâó [13] ïðè àïïðîêñèìàöèè ëè-

íåéíûõ óðàâíåíèé è óñèëèâàåò ýòî ñâîéñòâî ïðè àïïðîêñèìàöèè êâàçèëèíåéíîãî

ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ [25]. TVD-ñõåìà Õàðòåíà ïîñòðîåíà ïóòåì ìîäèôè-

êàöèè ñõåìû Ëàêñà-Âåíäðîôôà [26] è, â îòëè÷èå îò ïîñëåäíåé [27], óäîâëåòâîðÿåò

ðàçíîñòíîìó àíàëîãó ýíòðîïèéíîãî íåðàâåíñòâà, ÷òî îáåñïå÷èâàåò îòáîð óñòîé÷è-

âûõ óäàðíûõ âîëí ïðè àïïðîêñèìàöèè ãèïåðáîëè÷åñêèõ ñèñòåì çàêîíîâ ñîõðàíå-

íèÿ ñ âûïóêëûì ðàñøèðåíèåì [28].

Ïðè ðàñ÷¼òå ãëàäêèõ ðåøåíèé TVD-ñõåìà [16] èìååò âòîðîé ïîðÿäîê òî÷íîñòè

âåçäå çà èñêëþ÷åíèåì ëîêàëüíûõ ýêñòðåìóìîâ ýòèõ ðåøåíèé, ãäå îíà èìååò ïåð-

âûé ïîðÿäîê ñõîäèìîñòè. Êðîìå òîãî, ÷èñëåííûé ïîòîê â TVD-ñõåìå â ðåçóëüòàòå

ìèíèìàêñíîé ïðîöåäóðû åãî êîððåêöèè èìååò ìàëóþ ãëàäêîñòü: îí ÿâëÿåòñÿ ëèøü

Ëèïøèö-íåïðåðûâíûì. Ýòè íåäîñòàòêè êëàññè÷åñêîé TVD-ñõåìû Õàðòåíà â çíà-

÷èòåëüíîé ñòåïåíè ïðåîäîëåíû â å¼ ENO [17] è WENO [18, 29] ìîäèôèêàöèÿõ, â

êîòîðûõ TVD-ñâîéñòâî âûïîëíÿåòñÿ ïðèáëèæ¼ííî, ÷òî ïîçâîëÿåò ñîõðàíèòü ïîâû-

øåííóþ òî÷íîñòü íà ëîêàëüíûõ ýêñòðåìóìàõ ðàññ÷èòûâàåìûõ ãëàäêèõ ðåøåíèé.

Ìåòîä ïîñòðîåíèÿ ENO-ñõåì, ñâÿçàííûé ñ âûáîðîì íàèáîëåå ¾ãëàäêîãî¿ ñåòî÷íî-

ãî øàáëîíà ñðåäè íåñêîëüêèõ êàíäèäàòîâ äëÿ àïïðîêñèìàöèè ÷èñëåííûõ ïîòîêîâ,

â WENO-ñõåìàõ çàìåíÿåòñÿ ïîäõîäîì, ïðè êîòîðîì èñïîëüçóåòñÿ âûïóêëàÿ êîì-

áèíàöèÿ ýòèõ øàáëîíîâ, ãäå êàæäîìó èç íèõ ïðèñâàèâàåòñÿ ñâîé âåñ, îïðåäåëÿ-

þùèé åãî âêëàä â îêîí÷àòåëüíîå ïðèáëèæåíèå ÷èñëåííîãî ïîòîêà. Â ðåçóëüòàòå,

â îòëè÷èå îò äðóãèõ êëàññîâ NFC-ñõåì, â êîòîðûõ äëÿ ìîíîòîíèçàöèè ðàçíîñò-

íîãî ðåøåíèÿ èñïîëüçóþòñÿ ðàçëè÷íûå òèïû ìèíèìàêñíîé êîððåêöèè ïîòîêîâ, â

WENO-ñõåìàõ [29] òàêàÿ êîððåêöèÿ äîñòèãàåòñÿ çà ñ÷¼ò ââåäåíèÿ ñïåöèàëüíûõ âå-

ñîâûõ ïàðàìåòðîâ, ÷òî îáåñïå÷èâàåò ïîâûøåííóþ ãëàäêîñòü ôóíêöèé ÷èñëåííûõ

ïîòîêîâ.
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CABARET-ñõåìû [19] ïðåäñòàâëÿþò ñîáîé åù¼ îäèí, äîñòàòî÷íî íîâûé

êëàññ NFC-ñõåì, ðàçâèòèþ òåîðèè êîòîðîãî ïîñâÿùåíà äàííàÿ ðàáîòà. Â îñ-

íîâå CABARET-ñõåì ëåæèò ëèíåéíàÿ òð¼õñëîéíàÿ ïî âðåìåíè è äâóõòî÷å÷íàÿ

ïî ïðîñòðàíñòâó ñõåìà Upwind Leapfrog [30], ïðåäíàçíà÷åííàÿ äëÿ ÷èñëåííîãî

ðåøåíèÿ ëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Ýòà ñõåìà èìååò âòîðîé ïîðÿäîê

àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ, ÿâëÿåòñÿ ÿâíîé è óñëîâíî óñòîé÷èâîé ïðè

÷èñëàõ Êóðàíòà r ∈ (0, 1]. Å¼ äåòàëüíûé àíàëèç áûë ïðîâåäåí â ðàáîòàõ [31, 32],

â êîòîðûõ ñ ó÷¼òîì êîñîñèììåòðè÷íîñòè ñâîåãî ïðîñòðàíñòâåííîãî øàáëîíà îíà

áûëà íàçâàíà ñõåìîé ÊÀÁÀÐÅ. Îñíîâíûå äîñòîèíñòâà ýòîé ñõåìû ñâÿçàíû ñ òåì,

÷òî îíà çàäàíà íà êîìïàêòíîì ïðîñòðàíñòâåííîì øàáëîíå, ÿâëÿåòñÿ îáðàòèìîé

ïî âðåìåíè è òî÷íîé ïðè äâóõ ðàçëè÷íûõ ÷èñëàõ Êóðàíòà r = 0.5, 1, ÷òî íàäåëÿåò

å¼ óíèêàëüíûìè äèññèïàòèâíûìè è äèñïåðñèîííûìè ñâîéñòâàìè [32].

Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé îäíîìåðíîé ãàçîâîé äèíàìèêè [12] áûë

ðàçðàáîòàí áàëàíñíî-õàðàêòåðèñòè÷åñêèé âàðèàíò ñõåìû CABARET [33], êîòîðûé

ñ ó÷¼òîì êîððåêöèè ïîòîêîâûõ ïåðåìåííûõ (îñíîâàííîé íà ðàçíîñòíîì àíàëîãå

ïðèíöèïà ìàêñèìóìà) ïîêàçàë âûñîêóþ òî÷íîñòü ïðè ðàñ÷¼òå êëàññè÷åñêîãî òåñòà

Blast Wave [34]. Â ñõåìå, ïðåäëîæåííîé â [33], èñïîëüçóþòñÿ ïåðåìåííûå äâóõ òè-

ïîâ: êîíñåðâàòèâíûå, çàäàííûå â öåíòðàõ ïðîñòðàíñòâåííî-âðåìåííûõ ÿ÷ååê ðàç-

íîñòíîé ñåòêè, è ïîòîêîâûå, çàäàííûå â óçëàõ ýòîé ñåòêè. Â ðåçóëüòàòå ýòà ñõåìà

ÿâëÿåòñÿ äâóõ ñ ïîëîâèíîé ñëîéíîé ïî âðåìåíè, â ñèëó ÷åãî äàëåå äëÿ íåå èñïîëü-

çóåòñÿ îáîçíà÷åíèå CABARET 2.5.

Áûëî ïîêàçàíî [35], ÷òî ðàçðàáîòàííàÿ â [33] ñõåìà íå ÿâëÿåòñÿ ìîíîòîííîé

ïî Ãîäóíîâó [13] ïðè âñåõ ÷èñëàõ Êóðàíòà r ∈ (0, 1], ïðè êîòîðûõ îíà ÿâëÿåò-

ñÿ óñòîé÷èâîé, òî åñòü ïðè àïïðîêñèìàöèè ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà âñåãäà

ìîæíî óêàçàòü òàêèå ñåòî÷íûå ìîíîòîííûå íà÷àëüíûå äàííûå, êîòîðûå äàííàÿ

ñõåìà ïåðåâîäèò íà ñëåäóþùèå âðåìåííûå ñëîè ñ ïîòåðåé ñâîéñòâà ìîíîòîííîñòè.

Â òî æå âðåìÿ, ïðè ñïåöèàëüíîé àïïðîêñèìàöèè íà÷àëüíûõ äàííûõ ðàññ÷èòû-
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âàåìîé çàäà÷è ñõåìà CABARET 2.5 ñîõðàíÿåò ñâîéñòâî èõ ìîíîòîííîñòè [35] è

ñèëüíîé ìîíîòîííîñòè [36] ïðè ÷èñëàõ Êóðàíòà r ∈ (0, 0.5] è òåðÿåò ýòî ñâîéñòâî

ïðè ÷èñëàõ Êóðàíòà r ∈ (0.5, 1). Â ñâÿçè ñ ýòèì áûëà ïðåäëîæåíà äâîéíàÿ êîððåê-

öèÿ ïîòîêîâ [35], êîòîðàÿ â ñëó÷àå ñïåöèàëüíîé àïïðîêñèìàöèè íà÷àëüíûõ äàííûõ

îáåñïå÷èâàåò ñîõðàíåíèå èõ ìîíîòîííîñòè ñõåìîé CABARET 2.5 ïðè âñåõ ÷èñëàõ

Êóðàíòà r ∈ (0, 1], ïðè êîòîðûõ îíà ÿâëÿåòñÿ óñòîé÷èâîé.

Â íàñòîÿùåå âðåìÿ äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ïðîñòðàíñòâåííî ìíîãî-

ìåðíûõ ãàçîäèíàìè÷åñêèõ [37] è ãèäðàâëè÷åñêèõ [38] òå÷åíèé â îñíîâíîì ïðèìå-

íÿåòñÿ äâóõñëîéíàÿ ïî âðåìåíè ôîðìà çàïèñè ñõåìû ÊÀÁÀÐÅ [39], äëÿ êîòîðîé

â [19] áûëà îáîñíîâàíà àááðåâèàòóðà CABARET. Â íàñòîÿùåé ðàáîòå äëÿ äàííîé

ñõåìû èñïîëüçóåòñÿ ñîêðàù¼ííîå îáîçíà÷åíèå CABARET 2. Ìîíîòîííîñòü ñõåìû

CABARET 2 ïðè àïïðîêñèìàöèè ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà â îäíîìåðíîì

ñëó÷àå èçó÷àëàñü â [40] è [41], à â äâóìåðíîì � â [42]. Â [40] è [41] ïîêàçàíî, ÷òî

ñòàíäàðòíàÿ ñõåìà CABARET 2 [39] íå ÿâëÿåòñÿ ìîíîòîííîé ïî Ãîäóíîâó [13], è

ïðåäëîæåíà ìîäèôèêàöèÿ ýòîé ñõåìû, îáåñïå÷èâàþùàÿ å¼ ìîíîòîííîñòü, â òîì

÷èñëå, â ñëó÷àå çíàêîïåðåìåííîãî õàðàêòåðèñòè÷åñêîãî ïîëÿ àïïðîêñèìèðóåìîãî

ãèïåðáîëè÷åñêîãî óðàâíåíèÿ [41]. Â [42] ïîêàçàíî, ÷òî äàííàÿ ìîäèôèêàöèÿ ñõå-

ìû CABARET 2 èìååò ñóùåñòâåííûå ïðåèìóùåñòâà ïî ñðàâíåíèþ ñî ñòàíäàðòíîé

ñõåìîé ïðè ðàñ÷¼òå ðàçðûâíûõ ðåøåíèé äâóìåðíîãî ëèíåéíîãî óðàâíåíèÿ ïåðåíî-

ñà.

Äàííàÿ äèññåðòàöèÿ ïîñâÿùåíà ðàçâèòèþ òåîðèè ðàçíîñòíîé ñõåìû CABARET.

Öåëü ðàáîòû � òåîðåòè÷åñêîå è ýêñïåðèìåíòàëüíîå èññëåäîâàíèå ñõåìû

CABARET, ïîñòðîåíèå ðàçëè÷íûõ ìîäèôèêàöèé ýòîé ñõåìû, óëó÷øàþùèõ å¼

ñâîéñòâà.

Îñíîâíûå ðåçóëüòàòû.

1. Ïîêàçàíî, ÷òî ñòàíäàðòíàÿ ñõåìà CABARET 2.5 ñíèæàåò ïîðÿäîê ñõî-

äèìîñòè â îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ, ðàñïîëîæåííûõ â ãëàäêèõ
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÷àñòÿõ ðàññ÷èòûâàåìûõ îáîáù¼ííûõ ðåøåíèé. Ïðåäëîæåíà ìîäèôèêàöèÿ ñõåìû

CABARET 2.5, êîòîðàÿ ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü ñõåìû â îêðåñòíîñòÿõ

ëîêàëüíûõ ýêñòðåìóìîâ òî÷íîãî ðåøåíèÿ.

2. Ïðåäëîæåíà ìîäèôèêàöèÿ ñòàíäàðòíîé ñõåìû CABARET 2, îáåñïå÷èâàþ-

ùàÿ å¼ ìîíîòîííîñòü ïðè àïïðîêñèìàöèè ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóê-

ëûì ïîòîêîì êàê â îáëàñòÿõ, â êîòîðûõ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòåðèñòèê

èìååò ïîñòîÿííûé çíàê, òàê è â ñëó÷àå, êîãäà ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòå-

ðèñòèê àïïðîêñèìèðóåìîãî äèâåðãåíòíîãî óðàâíåíèÿ ìåíÿåò çíàê.

3. Ïîêàçàíî, ÷òî ñòàíäàðòíàÿ ñõåìà CABARET 2, àïïðîêñèìèðóþùàÿ ñêà-

ëÿðíûé çàêîí ñîõðàíåíèÿ, ïðè ÷èñëàõ Êóðàíòà r > 0.5 íå îáåñïå÷èâàåò ïîëíî-

ãî ðàñïàäà íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ. Äëÿ ýòîé ñõå-

ìû ïîëó÷åí ðàçíîñòíûé àíàëîã ýíòðîïèéíîãî íåðàâåíñòâà è ïðåäëîæåí ìåòîä,

îáåñïå÷èâàþùèé â ðàçíîñòíîì ðåøåíèè, ïîëó÷àåìîì ïî ìîäèôèöèðîâàííîé ñõåìå

CABARET 2, ïîëíûé ðàñïàä íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ äëÿ ëþáûõ ÷èñåë

Êóðàíòà r ∈ (0, 1], ïðè êîòîðûõ äàííàÿ ñõåìà ÿâëÿåòñÿ óñòîé÷èâîé.

4. Äëÿ ñõåìû CABARET 2, àïïðîêñèìèðóþùåé íåîäíîðîäíûé ñêàëÿðíûé çà-

êîí ñîõðàíåíèÿ ñ âûïóêëîé è ìîíîòîííî âîçðàñòàþùåé ôóíêöèåé ïîòîêà, ïðåäëî-

æåí ìåòîä ðàñùåïëåíèÿ ïî ôèçè÷åñêèõ ïðîöåññàì, îáåñïå÷èâàþùèé ìîíîòîííîñòü

ýòîé ñõåìû íà ïåðâîì øàãå ðàñùåïëåíèÿ, êîãäà ðåøàåòñÿ îäíîðîäíîå óðàâíåíèå.

Ïîêàçàíû ñóùåñòâåííûå ïðåèìóùåñòâà ìîäèôèöèðîâàííîé ñõåìû ïî ñðàâíåíèþ

ñî ñòàíäàðòíîé ñõåìîé CABARET 2 ïðè ðàñ÷¼òå ðàçðûâíûõ ðåøåíèé ñ óäàðíûìè

âîëíàìè.

5. Ïðè ïîìîùè ìîäèôèöèðîâàííîé ñõåìû CABARET 2 ïðîâåäåíî ÷èñëåííîå

ìîäåëèðîâàíèå ïðîöåññà ðàñïðîñòðàíåíèÿ âîëí íà ïîâåðõíîñòè ñòåêàþùåé ïë¼íêè

êîíäåíñàòà.

Íàó÷íàÿ íîâèçíà. Âïåðâûå ïðåäëîæåíû ìîäèôèêàöèè ñõåìû CABARET,

îáåñïå÷èâàþùèå: ïîâûøåííóþ òî÷íîñòü íà ëîêàëüíûõ ýêñòðåìóìàõ ðàññ÷èòûâà-
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åìûõ ðåøåíèé; ìîíîòîííîñòü ïî Ãîäóíîâó ïðè ðàñ÷¼òå ñêàëÿðíîãî çàêîíà ñîõðà-

íåíèÿ ñ âûïóêëûì ïîòîêîì; âûïîëíåíèå ðàçíîñòíîãî àíàëîãà ýíòðîïèéíîãî íåðà-

âåíñòâà, ÷òî ãàðàíòèðóåò îòáîð óñòîé÷èâûõ óäàðíûõ âîëí.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü. Ïîëó÷åííûå ðåçóëüòàòû âíî-

ñÿò ñóùåñòâåííûé âêëàä â ðàçâèòèå òåîðèè ñõåìû CABARET è ìîãóò áûòü èñ-

ïîëüçîâàíû äëÿ ñîçäàíèÿ íîâûõ ïåðñïåêòèâíûõ ìîäèôèêàöèé ýòîé ñõåìû, ïðåä-

íàçíà÷åííûõ äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ñëîæíûõ ãèäðî- è ãàçîäèíàìè÷åñêèõ

òå÷åíèé.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå èñïîëüçóþòñÿ ìåòîäû òåî-

ðèè äèôôåðåíöèàëüíûõ óðàâíåíèé, ôóíêöèîíàëüíîãî àíàëèçà, òåîðèè ðàçíîñò-

íûõ ñõåì ñêâîçíîãî ñ÷¼òà.

Íà çàùèòó âûíîñèòñÿ ðÿä ìîäèôèêàöèé ñõåìû CABARET, óëó÷øàþùèõ

å¼ ñâîéñòâà, è ïðèìåíåíèå ýòîé ñõåìû äëÿ ÷èñëåííîãî ìîäåëèðîâàíèÿ ïë¼íî÷íûõ

òå÷åíèé.

Ëè÷íûé âêëàä àâòîðà. Çàäà÷è ïîñòàâëåíû íàó÷íûì ðóêîâîäèòåëåì. Ïîäõî-

äû ê ïîñòðîåíèþ ìîäèôèêàöèé ñõåìû CABARET (âêëþ÷àÿ òåîðåìû î å¼ ìîíîòîí-

íîñòè) è ìåòîäû èõ ðåàëèçàöèè íàéäåíû ñîâìåñòíî. ×èñëåííûå ðàñ÷¼òû ïðîâåäåíû

ñîèñêàòåëåì ëè÷íî. Êîíôëèêò èíòåðåñîâ ñ ñîàâòîðàìè îòñóòñòâóåò.

Ñòåïåíü äîñòîâåðíîñòè ðåçóëüòàòîâ îáåñïå÷èâàåòñÿ ìàòåìàòè÷åñêèì äî-

êàçàòåëüñòâîì îñíîâíûõ òåîðåì, îáîñíîâàíèåì àëãîðèòìîâ, à òàêæå ñåðèÿìè ÷èñ-

ëåííûõ ðàñ÷¼òîâ è ñðàâíèòåëüíûì àíàëèçîì àëãîðèòìîâ.

Àïðîáàöèÿ ðàáîòû. Ðåçóëüòàòû ðàáîòû îáñóæäàëèñü íà ñëåäóþùèõ ñåìè-

íàðàõ: ñåìèíàð ÈÃèË ÑÎ ÐÀÍ; îáúåäèí¼ííûé ñåìèíàð ÈÂÌèÌÃ ÑÎ ÐÀÍ è êà-

ôåäðû âû÷èñëèòåëüíîé ìàòåìàòèêè ÌÌÔ ÍÃÓ; îáúåäèí¼ííûé ñåìèíàð ÈÂÒ ÑÎ

ÐÀÍ, êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÌÔ ÍÃÓ è êàôåäðû âû÷èñëè-

òåëüíûõ òåõíîëîãèé ÍÃÒÓ; ñåìèíàð äèôôåðåíöèàëüíûõ óðàâíåíèé ÌÌÔ ÍÃÓ;

ñåìèíàð ÈÒÏÌ ÑÎ ÐÀÍ, è äîêëàäûâàëèñü íà ñëåäóþùèõ âñåðîññèéñêèõ è ìåæäó-
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íàðîäíûõ êîíôåðåíöèÿõ: �Âû÷èñëèòåëüíûé ýêñïåðèìåíò â àýðîàêóñòèêå� (Ñâåò-

ëîãîðñê, 2014, 2016); �Àêòóàëüíûå ïðîáëåìû âû÷èñëèòåëüíîé è ïðèêëàäíîé ìàòå-

ìàòèêè� (Íîâîñèáèðñê, 2015); �Íåëèíåéíûå âîëíû: òåîðèÿ è íîâûå ïðèëîæåíèÿ�

(Íîâîñèáèðñê, 2016); �Âû÷èñëèòåëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà� (Íîâîñèáèðñê,

2017).

Ïóáëèêàöèè. Ïî òåìå äèññåðòàöèè îïóáëèêîâàíî 15 ðàáîò, èç íèõ 8 � òåçèñû

è òðóäû êîíôåðåíöèé, 7 ðàáîò � â èçäàíèÿõ, âõîäÿùèõ â ñïèñîê ÂÀÊ, â òîì ÷èñëå

5 � â æóðíàëàõ, èíäåêñèðóåìûõ ñèñòåìîé öèòèðîâàíèÿ Web of Science, 7 � Scopus,

7 � RSCI (ÿäðî ÐÈÍÖ).

Ñòðóêòóðà è îáú¼ì äèññåðòàöèè. Ðàáîòà ñîñòîèò èç ââåäåíèÿ, ïÿòè ãëàâ,

çàêëþ÷åíèÿ è ñïèñêà ëèòåðàòóðû. Îáú¼ì äèññåðòàöèè � 117 ñòðàíèö. Ñïèñîê ëè-

òåðàòóðû ñîäåðæèò 75 èñòî÷íèêîâ.

Ñîäåðæàíèå ðàáîòû

Âî ââåäåíèè îáîñíîâàíà àêòóàëüíîñòü ðàáîòû, ïðèâåäåíî êðàòêîå èçëîæåíèå

ñîäåðæàíèÿ ðàáîòû, ñôîðìóëèðîâàíû îñíîâíûå ðåçóëüòàòû è ðàñêðûòà èõ íîâèç-

íà.

Â ïåðâîé ãëàâå äëÿ àïïðîêñèìàöèè çàäà÷è Êîøè äëÿ êâàçèëèíåéíîãî ãèïåð-

áîëè÷åñêîãî ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóêëîé ôóíêöèåé ïîòîêà îïèñàíû

2.5-ñëîéíûé è 2-ñëîéíûé âàðèàíòû ñõåìû CABARET, êîòîðûå â äàëüíåéøåì íà-

çûâàþòñÿ ñõåìàìè CABARET 2.5 è CABARET 2 ñîîòâåòñòâåííî. Îïèñàíû ñâîé-

ñòâà äàííûõ ñõåì. Ïîêàçàíî, ÷òî ñõåìà CABARET 2 íå ÿâëÿåòñÿ ìîíîòîííîé è

ïðè ÷èñëàõ Êóðàíòà áîëüøå 0.5 íå îáåñïå÷èâàåò ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî

ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ.

Âî âòîðîé ãëàâå ïîêàçàíî, ÷òî, ïîäîáíî ìîíîòîííûì ñõåìàì ïîâûøåííîé

òî÷íîñòè òèïà TVD, ñõåìà CABARET 2.5 ñíèæàåò ïîðÿäîê ñõîäèìîñòè â îáëà-
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ñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ ðàññ÷èòûâàåìûõ îáîáù¼ííûõ ðåøåíèé. Ïðåäëîæåíà

ìîäèôèöèðîâàííàÿ êîððåêöèÿ ïîòîêîâ, êîòîðàÿ ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü

ñõåìû â îáëàñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ.

Â òðåòüåé ãëàâå ïîëó÷åíà ìîäèôèêàöèÿ ñõåìû CABARET, îáåñïå÷èâàþùàÿ

ìîíîòîííîñòü äàííîé ñõåìû ïðè àïïðîêñèìàöèè ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ

âûïóêëûì ïîòîêîì, êàê â îáëàñòÿõ, â êîòîðûõ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàê-

òåðèñòèê èìååò ïîñòîÿííûé çíàê, òàê è â ñëó÷àå, êîãäà ñêîðîñòü ðàñïðîñòðàíåíèÿ

õàðàêòåðèñòèê àïïðîêñèìèðóåìîãî äèâåðãåíòíîãî óðàâíåíèÿ ìåíÿåò çíàê.

Â ÷åòâ¼ðòîé ãëàâå äëÿ ñõåìû CABARET 2 ïîëó÷åí ðàçíîñòíûé àíàëîã ýíòðî-

ïèéíîãî íåðàâåíñòâà è ïðåäëîæåí ìåòîä, îáåñïå÷èâàþùèé â ðàçíîñòíîì ðåøåíèè

ïîëíûé ðàñïàä íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ äëÿ ëþáûõ ÷èñåë Êóðàíòà, ïðè

êîòîðûõ äàííàÿ ñõåìà ÿâëÿåòñÿ óñòîé÷èâîé.

Â ïÿòîé ãëàâå ïðåäëîæåí ìåòîä ðàñùåïëåíèÿ ïî ôèçè÷åñêèõ ïðîöåññàì äëÿ

ñõåìû CABARET 2, àïïðîêñèìèðóþùåé íåîäíîðîäíûé ñêàëÿðíûé çàêîí ñîõðàíå-

íèÿ ñ âûïóêëîé è ìîíîòîííî âîçðàñòàþùåé ôóíêöèåé ïîòîêà. Ïðè ïîìîùè ìîäè-

ôèöèðîâàííîé ñõåìû CABARET 2 ïðîâåäåíî ÷èñëåííîå ìîäåëèðîâàíèå ïðîöåññà

ðàñïðîñòðàíåíèÿ âîëí íà ïîâåðõíîñòè ñòåêàþùåé ïë¼íêè êîíäåíñàòà.

Â çàêëþ÷åíèè ñôîðìóëèðîâàíû îñíîâíûå ðåçóëüòàòû ðàáîòû è îáîçíà÷åíû

ïåðñïåêòèâû äàëüíåéøèõ èññëåäîâàíèé.
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Ãëàâà 1

Ñòàíäàðòíûå ñõåìû CABARET

Äëÿ àïïðîêñèìàöèè çàäà÷è Êîøè äëÿ êâàçèëèíåéíîãî ãèïåðáîëè÷åñêîãî ñêà-

ëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóêëîé ôóíêöèåé ïîòîêà îïèñàíû ñòàíäàðòíûå

ñõåìû CABARET 2.5 è CABARET 2. Îïèñàíû ñâîéñòâà äàííûõ ñõåì. Ïîêàçàíî,

÷òî ñõåìà CABARET 2 íå ÿâëÿåòñÿ ìîíîòîííîé è ïðè ÷èñëàõ Êóðàíòà áîëüøå 0.5

íå îáåñïå÷èâàåò ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàí-

íûõ.

1.1 2.5-ñëîéíûé âàðèàíò ñõåìû CABARET

Äëÿ ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóêëûì ïîòîêîì

vt + f(v)x = 0, f ′′(v) ≥ 0 (1.1)

ðàññìîòðèì çàäà÷ó Êîøè ñ íà÷àëüíûìè äàííûìè

v(x, 0) = v0(x). (1.2)

Áóäåì ñ÷èòàòü, ÷òî íà÷àëüíûå äàííûå (1.2) óäîâëåòâîðÿþò óñëîâèþ

a(v0(x)) = f ′(v0(x)) > 0 ∀x,
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èç êîòîðîãî ñëåäóåò, ÷òî õàðàêòåðèñòèêè ðàññìàòðèâàåìîãî ðåøåíèÿ ðàñïðîñòðà-

íÿþòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè îñè x.

Àïïðîêñèìèðóåì çàäà÷ó (1.1), (1.2) ðàçíîñòíîé ñõåìîé [33], çàäàííîé íà ïðÿ-

ìîóãîëüíîé ðàâíîìåðíîé ïî ïðîñòðàíñòâó ðàçíîñòíîé ñåòêå

{xj, tn} : xj = jh, tn+1 = tn + τn, t0 = 0, (1.3)

â êîòîðîé h� ïîñòîÿííûé øàã ñåòêè ïî ïðîñòðàíñòâó, à τn �øàã ñåòêè ïî âðåìåíè,

îïðåäåëÿåìûé èç óñëîâèÿ óñòîé÷èâîñòè

τn =
rh

max
j

(anj+1/2)
, (1.4)

ãäå r ∈ (0, 1) � ÷èñëî Êóðàíòà, anj+1/2 = a(Un
j+1/2). Â ýòîé ñõåìå èñïîëüçóþòñÿ

ïîòîêîâûå unj = v(xj, tn) è êîíñåðâàòèâíûå Un+1/2
j+1/2 = v(xj+1/2, tn+1/2) ïåðåìåííûå,

çàäàííûå ñîîòâåòñòâåííî â öåëûõ xj, tn è ïîëóöåëûõ xj+1/2 = xj + h/2, tn+1/2 =

tn + τn/2 óçëàõ ðàçíîñòíîé ñåòêè.

Ïóñòü u0j = v0(xj) � ñåòî÷íàÿ àïïðîêñèìàöèÿ íà÷àëüíîé ôóíêöèè v0(x). Äëÿ

ðåàëèçàöèè ðàçíîñòíîé ñõåìû íåîáõîäèìî ïðåäâàðèòåëüíî ïî ðàçíîñòíûì óðàâíå-

íèÿì
U

1/2
j+1/2 − U

0
j+1/2

τ0/2
+

f 0j+1 − f 0j
h

= 0, (1.5)

ãäå f 0j = f(u0j), U
0
j+1/2 = (u0j + u0j+1)/2, âû÷èñëèòü çíà÷åíèÿ êîíñåðâàòèâíûõ ïå-

ðåìåííûõ íà íà÷àëüíîì âðåìåííîì ïîëóøàãå. Ïîñëå ýòîãî ñõåìà ïðè âñåõ n ≥ 0

ðåàëèçóåòñÿ â äâà ýòàïà.

Íà ïåðâîì ýòàïå (âðåìåííîì ïîëóøàãå) ñ ó÷¼òîì òîãî, ÷òî a(v) > 0, ïî èç-

âåñòíûì âåëè÷èíàì unj , U
n+1/2
j+1/2 íàõîäÿòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ ïîòîêîâ íà
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(n+ 1)-îì âðåìåííîì ñëîå

ūn+1
j = 2U

n+1/2
j−1/2 − u

n
j−1, (1.6)

êîòîðûå, èñõîäÿ èç ïðèíöèïà ìàêñèìóìà, êîððåêòèðóþòñÿ ïî ôîðìóëàì

un+1
j = F

(
ūn+1
j ,mn

j ,M
n
j

)
, (1.7)

F (u,m,M) =


u, m ≤ u ≤M,

m, u < m,

M, u > M,

(1.8)

mn
j = min(unj , U

n+1/2
j−1/2 ), Mn

j = max(unj , U
n+1/2
j−1/2 ). (1.9)

Íà âòîðîì ýòàïå (âðåìåííîì ïîëóøàãå) ïî äèâåðãåíòíîé ñõåìå

U
n+3/2
j+1/2 − U

n+1/2
j+1/2

τn+1/2
+

fn+1
j+1 − fn+1

j

h
= 0, (1.10)

ãäå

fnj = f(unj ), τn+1/2 =
(τn + τn+1)

2
,

îïðåäåëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ íà âðåìåííîì ñëîå n+ 3/2.

Â ñëó÷àå, êîãäà õàðàêòåðèñòèêè çàäà÷è (1.1) ðàñïðîñòðàíÿþòñÿ â îòðèöàòåëü-

íîì íàïðàâëåíèè îñè x, ôîðìóëà (1.6) çàìåíÿåòñÿ íà

ūn+1
j = 2U

n+1/2
j+1/2 − u

n
j+1,

à ôîðìóëà (1.9) � íà ôîðìóëó

mn
j = min(unj , U

n+1/2
j+1/2 ), Mn

j = max(unj , U
n+1/2
j+1/2 ).
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Â ðàáîòàõ [35,36] áûëî ïîêàçàíî, ÷òî â ñëó÷àå ñïåöèàëüíîé àïïðîêñèìàöèè íà-

÷àëüíûõ äàííûõ ýòà ñõåìà ÿâëÿåòñÿ ìîíîòîííîé [35] è ñèëüíî ìîíîòîííîé [36] ïðè

÷èñëàõ Êóðàíòà r ∈ (0, 0.5] è íåìîíîòîííîé ïðè ÷èñëàõ Êóðàíòà r ∈ (0.5, 1). Â

ñâÿçè ñ ýòèì â [35] áûëà ïðåäëîæåíà äâîéíàÿ êîððåêöèÿ ïîòîêîâ, êîòîðàÿ â ñëó÷àå

ñïåöèàëüíîé àïïðîêñèìàöèè íà÷àëüíûõ äàííûõ îáåñïå÷èâàåò ìîíîòîííîñòü äàí-

íîé ñõåìû ïðè âñåõ ÷èñëàõ Êóðàíòà r ∈ (0, 1], ïðè êîòîðûõ îíà ÿâëÿåòñÿ óñòîé÷è-

âîé.

Â ñëó÷àå àïïðîêñèìàöèè ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà ñ ïîñòîÿííûì ïîëî-

æèòåëüíûì êîýôôèöèåíòîì, ò. å. ïðè óñëîâèè a(u) = const > 0, èñêëþ÷èâ èç

ðàçíîñòíîé ñõåìû (1.5)�(1.10) áåç êîððåêöèè ïîòîêîâûõ ïåðåìåííûõ (1.7)�(1.9)

êîíñåðâàòèâíûå ïåðåìåííûå, ïðèõîäèì ê òð¼õñëîéíîé ïî âðåìåíè è äâóõòî÷å÷íîé

ïî ïðîñòðàíñòâó ñõåìå

1

2

(
un+1
j+1 − unj+1

τn
+
unj − un−1j

τn

)
+ a

unj+1 − unj
h

= 0,

ñîâïàäàþùåé ïðè τn = const ñ ðàçíîñòíîé ñõåìîé Upwind Leapfrog. Äàííàÿ ñõåìà

áûëà ïðåäëîæåíà Àéçåðëèñîì äëÿ ÷èñëåííîãî ðåøåíèÿ ãèïåðáîëè÷åñêèõ óðàâíå-

íèé â ðàáîòå [30], èìååò âòîðîé ïîðÿäîê àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ,

ÿâëÿåòñÿ ÿâíîé è óñëîâíî óñòîé÷èâîé ïðè ÷èñëàõ Êóðàíòà r ∈ (0, 1]. Äåòàëüíûé

àíàëèç ýòîé ñõåìû áûë ïðîâåä¼í â ðàáîòàõ [31,32], â êîòîðûõ ñ ó÷¼òîì êîñîñèììåò-

ðè÷íîñòè ñâîåãî ïðîñòðàíñòâåííîãî øàáëîíà îíà áûëà íàçâàíà ñõåìîé CABARET.

Îñíîâíûå äîñòîèíñòâà ýòîé ñõåìû ñâÿçàíû ñ òåì, ÷òî îíà ÿâëÿåòñÿ îáðàòèìîé ïî

âðåìåíè è òî÷íîé ïðè äâóõ ðàçëè÷íûõ ÷èñëàõ Êóðàíòà r = 0.5, 1, ÷òî íàäåëÿåò å¼

óíèêàëüíûìè äèññèïàòèâíûìè è äèñïåðñèîííûìè ñâîéñòâàìè [32].

Â äàëüíåéøåì ðàçíîñòíóþ ñõåìó (1.5)�(1.10) áóäåì íàçûâàòü ñõåìîé

CABARET 2.5. Â Ãëàâå 2 ïîêàçàíî, ÷òî, ïîäîáíî ìîíîòîííûì ñõåìàì ïîâû-

øåííîé òî÷íîñòè òèïà TVD, ñõåìà CABARET 2.5 ñíèæàåò ïîðÿäîê ñõîäèìîñòè â
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îáëàñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ ðàññ÷èòûâàåìûõ îáîáù¼ííûõ ðåøåíèé. Ïðåä-

ëîæåíà ìîäèôèöèðîâàííàÿ êîððåêöèÿ ïîòîêîâ, êîòîðàÿ ñîõðàíÿåò ïîâûøåííóþ

òî÷íîñòü ñõåìû â îáëàñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ.

1.2 2-ñëîéíûé âàðèàíò ñõåìû CABARET

Ïóñòü unj , U
n
j+1/2 � èçâåñòíîå ÷èñëåííîå ðåøåíèå çàäà÷è (1.1) íà n-îì âðåìåííîì

ñëîå tn, ïðè n = 0 � ñåòî÷íàÿ àïïðîêñèìàöèÿ íà÷àëüíîé ôóíêöèè v0(x). ×èñëåí-

íîå ðåøåíèå un+1
j , Un+1

j+1/2 íà (n+ 1)-îì âðåìåííîì ñëîå tn+1 íàõîäèòñÿ â òðè ýòàïà.

Íà ïåðâîì ýòàïå ïî ðàçíîñòíûì óðàâíåíèÿì

U
n+1/2
j+1/2 − U

n
j+1/2

τn/2
+
f(unj+1)− f(unj )

h
= 0 (1.11)

âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1/2
j+1/2 = v(xj+1/2, tn+1/2) íà

ïîëóöåëîì âðåìåííîì ñëîå tn+1/2 = tn + τn/2. Íà âòîðîì ýòàïå ïóòåì ýêñòðàïîëÿ-

öèè

ūn+1
j = 2U

n+1/2
j−1/2 − u

n
j−1 (1.12)

íàõîäÿòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ ïîòîêîâûõ ïåðåìåííûõ ūn+1
j , êîòîðûå êîð-

ðåêòèðóþòñÿ ïî ôîðìóëå

un+1
j = F

(
ūn+1
j ,mn

j ,M
n
j

)
, (1.13)

ãäå

F (u,m,M) =


u, m ≤ u ≤M,

m, u < m,

M, u > M,

(1.14)

mn
j = min

(
unj−1, U

n
j−1/2, u

n
j

)
, Mn

j = max
(
unj−1, U

n
j−1/2, u

n
j

)
. (1.15)
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Íà òðåòüåì, çàêëþ÷èòåëüíîì ýòàïå ïî ðàçíîñòíûì óðàâíåíèÿì

Un+1
j+1/2 − U

n+1/2
j+1/2

τn/2
+
f(un+1

j+1 )− f(un+1
j )

h
= 0 (1.16)

âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1
j+1/2 íà (n+1)-îì âðåìåííîì

ñëîå tn+1.

Ïîëóñóììà óðàâíåíèé (1.11) è (1.16) äà¼ò ñèììåòðè÷íîå ðàçíîñòíîå óðàâíåíèå

Un+1
j+1/2 − U

n
j+1/2

τn
+
f
n+1/2
j+1 − fn+1/2

j

h
= 0, (1.17)

ãäå fn+1/2
j =

(
f(unj ) + f(un+1

j )
)
/2, êîòîðîå íà çàêëþ÷èòåëüíîì ýòàïå ìîæíî èñ-

ïîëüçîâàòü âìåñòî óðàâíåíèÿ (1.16).

Â ñëó÷àå, êîãäà õàðàêòåðèñòèêè çàäà÷è (1.1) ðàñïðîñòðàíÿþòñÿ â îòðèöàòåëü-

íîì íàïðàâëåíèè îñè x, ôîðìóëà (1.12) çàìåíÿåòñÿ íà

ūn+1
j = 2U

n+1/2
j+1/2 − u

n
j+1,

à ôîðìóëà (1.15) � íà ôîðìóëó

mn
j = min

(
unj+1, U

n
j+1/2, u

n
j

)
, Mn

j = max
(
unj+1, U

n
j+1/2, u

n
j

)
.

Â äàëüíåéøåì ðàçíîñòíóþ ñõåìó (1.11)�(1.12) áóäåì íàçûâàòü ðàçíîñòíîé ñõåìîé

CABARET 2.

Ïîñêîëüêó òî÷íûå ðåøåíèÿ çàäà÷è Êîøè (1.1) îáëàäàþò ñâîéñòâîì ñîõðàíå-

íèÿ ìîíîòîííîñòè íà÷àëüíûõ äàííûõ v0(x), òî, ñëåäóÿ Ñ.Ê. Ãîäóíîâó [13], ââåä¼ì

ïîíÿòèå ìîíîòîííîñòè äâóõñëîéíîé ïî âðåìåíè ñõåìû CABARET.

Îïðåäåëåíèå 1. Ðàçíîñòíàÿ ñõåìà CABARET 2 íàçûâàåòñÿ ìîíîòîííîé,
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åñëè îíà êàæäóþ ìîíîòîííóþ ïî j ñåòî÷íóþ ôóíêöèþ unj , U
n
j+1/2 ïåðåâîäèò çà

îäèí âðåìåííîé øàã â ìîíîòîííóþ ïî j ñåòî÷íóþ ôóíêöèþ un+1
j , Un+1

j+1/2 òîãî æå

çíàêà ìîíîòîííîñòè, ò. å. åñëè âûïîëíåíû óñëîâèÿ

unj ≥ Un
j+1/2 ≥ unj+1 ∀j ⇒ un+1

j ≥ Un+1
j+1/2 ≥ un+1

j+1 ∀j; (1.18)

unj ≤ Un
j+1/2 ≤ unj+1 ∀j ⇒ un+1

j ≤ Un+1
j+1/2 ≤ un+1

j+1 ∀j.

Ïîêàæåì, ÷òî â ñèëó äàííîãî îïðåäåëåíèÿ ñõåìà CABARET 2 ìîíîòîííîé íå ÿâëÿ-

åòñÿ. Ðàññìîòðèì ìîíîòîííî óáûâàþùåå ïî j íà n-îì âðåìåííîì ñëîå ðàçíîñòíîå

ðåøåíèå unj , U
n
j+1/2, êîòîðîå íà ñåòî÷íîì èíòåðâàëå [xk−2, xk+1] èìååò âèä

unk−2 = Un
k−3/2 = unk−1 = Un

k−1/2 = unk = Un
k+1/2 = α > unk+1 = β. (1.19)

Äëÿ òàêîãî ðåøåíèÿ èç ôîðìóë (1.11)�(1.12) íàõîäèì

un+1
k−1 = Un+1

k−1/2 = un+1
k = α < Un+1

k+1/2 = α + ρn
(
f(α)− f(β)

)
, (1.20)

ãäå ρn = τn/(2h). Èç íåðàâåíñòâà (1.20) ñëåäóåò, ÷òî â ñõåìå CABARET 2 äëÿ ìî-

íîòîííî óáûâàþùåãî ðàçíîñòíîãî ðåøåíèÿ, óäîâëåòâîðÿþùåãî (1.19), ïðè ëþáîì

çíà÷åíèè ρn > 0 íàðóøåíî óñëîâèå ìîíîòîííîñòè (1.18).

Ïðîèëëþñòðèðóåì äàííûé ðåçóëüòàò ãðàôè÷åñêè. Ðàññìîòðèì ðàçíîñòíîå ðå-

øåíèå ïî ñõåìå CABARET 2 çàäà÷è Êîøè (1.1), â êîòîðîé ïîòîê f(v) = v2/2, à

ôóíêöèÿ íà÷àëüíûõ äàííûõ ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé è èìååò âèä

v0(x) =


0.5, x < 1,

2, 1 ≤ x ≤ 2,

0.5, x > 2.

(1.21)
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Íà íà÷àëüíîì ýòàïå òî÷íîå ðåøåíèå ýòîé çàäà÷è, ïîêàçàííîå ñïëîøíîé ëèíèåé

íà Ðèñóíêàõ 1.1 è 1.2, ïðåäñòàâëÿåò ñîáîé óäàðíóþ âîëíó, ðàñïðîñòðàíÿþùóþñÿ

ñî ñêîðîñòüþ D = 1.25, è öåíòðèðîâàííóþ âîëíó ðàçðåæåíèÿ ñ öåíòðîì â òî÷-

êå xc = 1 íà îñè x. Íà Ðèñóíêàõ 1.1 è 1.2 íà äâà ïîñëåäîâàòåëüíûõ ìîìåíòà

âðåìåíè êðóæêàìè ïðèâåäåíû çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un
j+1/2, ïî-

ëó÷àåìûå ïðè ðàñ÷¼òå ïî ñõåìå CABARET 2 çàäà÷è Êîøè (1.1), (1.21) ñ ñåòî÷íûìè

íà÷àëüíûìè äàííûìè â âèäå

U 0
j+1/2 = v0(xj+1/2), u0j = (U 0

j−1/2 + U 0
j+1/2)/2.

0,5 1 1,5 2 2,5 x

( )

0

0,5

1

1,5

2

v

n = 1

1 1,5 2 2,5 3 3,5 x

0

0,5

1

1,5

2

v

n = 64

( )

Ðèñóíîê 1.1 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (1.1), (1.21),
â êîòîðîé ïîòîê f(v) = v2/2, íà ìîìåíòû âðåìåíè tn = 0.0125, ãäå n = 1 (à),
è tn = 0.8, ãäå n = 64 (á), ïðè ÷èñëå Êóðàíòà r = 0.25; ñïëîøíîé ëèíèåé ïî-
êàçàíî òî÷íîå ðåøåíèå, êðóæêàìè � ðàçíîñòíîå ðåøåíèå, ïîëó÷åííîå ïî ñõåìå
CABARET 2.

Ðàñ÷¼òû ïðîâîäèëèñü íà ðàçíîñòíîé ñåòêå (1.3), (1.4) ñ ïðîñòðàíñòâåííûì øà-

ãîì h = 0.1 ïðè ÷èñëàõ Êóðàíòà r = 0.25 (Ðèñóíîê 1.1) è r = 0.75 (Ðèñóíîê 1.2).

Èç Ðèñóíêîâ 1.1 è 1.2 âèäíî, ÷òî ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ñòàíäàðòíîé

ñõåìå, èìååò ïàðàçèòè÷åñêèå îñöèëëÿöèè, àìïëèòóäà êîòîðûõ âîçðàñòàåò ñ óâåëè-
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÷åíèåì ÷èñëà Êóðàíòà. Ïðè r = 0.25 ýòè îñöèëëÿöèè ñ òå÷åíèåì âðåìåíè áûñòðî

çàòóõàþò, à ïðè r = 0.75 ñîõðàíÿþòñÿ ïðè âñåõ t > 0. Êðîìå òîãî, ïðè r = 0.75 ñõå-

ìà CABARET 2 (Ðèñóíîê 1.2(á)) íå îáåñïå÷èâàåò ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî

ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ (1.21), ðàñïîëîæåííîãî â òî÷êå x = 1.

Âàðèàíò ñõåìû CABARET 2 äëÿ ñëó÷àÿ, êîãäà ñêîðîñòè ðàñïðîñòðàíåíèÿ

õàðàêòåðèñòèê ìåíÿþò çíàê, ïðåäëîæåí â ðàáîòå [39]. Îäíàêî ýòîò âàðèàíò íå

ãàðàíòèðóåò îòñóòñòâèÿ îñöèëëÿöèé íà ôðîíòàõ óäàðíûõ âîëí.

0,5 1 1,5 2 2,5 x

0
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2

v

n = 1

( )

1 1,5 2 2,5 3 3,5 x
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n = 21
( )

Ðèñóíîê 1.2 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (1.1), (1.21),
â êîòîðîé ïîòîê f(v) = v2/2, íà ìîìåíòû âðåìåíè tn = 0.0375, ãäå n = 1 (à),
è tn = 0.7875, ãäå n = 21 (á), ïðè ÷èñëå Êóðàíòà r = 0.75; ñïëîøíîé ëèíèåé
ïîêàçàíî òî÷íîå ðåøåíèå, êðóæêàìè � ðàçíîñòíîå ðåøåíèå, ïîëó÷åííîå ïî ñõåìå
CABARET 2.



22

Ãëàâà 2

Ïîâûøåíèå òî÷íîñòè íà ëîêàëüíûõ ýêñòðåìóìàõ

Ïîêàçàíî, ÷òî ñòàíäàðòíàÿ êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ ïðèâîäèò ê ñíè-

æåíèþ òî÷íîñòè ñõåìû CABARET 2.5 â îáëàñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ ðàññ÷è-

òûâàåìûõ ðåøåíèé. Ïðåäëîæåíà ìîäèôèöèðîâàííàÿ êîððåêöèÿ ïîòîêîâ, êîòîðàÿ

ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü ñõåìû â îáëàñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ. Ïðè-

âåäåíû ðåçóëüòàòû òåñòîâûõ ðàñ÷¼òîâ, èëëþñòðèðóþùèõ ïðåèìóùåñòâà ìîäèôè-

öèðîâàííîé ñõåìû.

2.1 Ëèíåéíîå óðàâíåíèå ïåðåíîñà

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà

vt + avx = 0, a = const > 0, v(x, 0) = v0(x), (2.1)

êîòîðóþ àïïðîêñèìèðóåì ðàçíîñòíîé ñõåìîé CABARET 2.5 ñ îäíîêðàòíîé êîð-

ðåêöèåé ïîòîêîâûõ ïåðåìåííûõ íà ðàâíîìåðíîé ïî ïðîñòðàíñòâó è ïî âðåìåíè

ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå

{xj, tn} : xj = jh, tn = nτ, h, τ = const. (2.2)

Ïîñêîëüêó òî÷íîå ðåøåíèå v(x, t) = v0(x− at) çàäà÷è (2.1) ñîõðàíÿåò âñå îñî-
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áåííîñòè íà÷àëüíîé ôóíêöèè v0(x), â ÷àñòíîñòè, å¼ ìîíîòîííîñòü, Ñ. Ê. Ãîäóíîâ

ïðåäëîæèë [13] ÿâíóþ äâóõñëîéíóþ ïî âðåìåíè ðàçíîñòíóþ ñõåìó, àïïðîêñèìèðó-

þùóþ ýòó çàäà÷ó, íàçûâàòü ìîíîòîííîé, åñëè îíà ñîõðàíÿåò ìîíîòîííîñòü ñåòî÷-

íûõ íà÷àëüíûõ äàííûõ ïðè ïåðåõîäå îò îäíîãî âðåìåííîãî ñëîÿ ê äðóãîìó. Äëÿ

ñõåìû CABARET 2.5, çàäàííîé íà ðàçíåñ¼ííîé ïî ïðîñòðàíñòâó è ïî âðåìåíè ðàç-

íîñòíîé ñåòêå (2.2), ýòî ïîíÿòèå ìîíîòîííîñòè áûëî ìîäèôèöèðîâàíî ñëåäóþùèì

îáðàçîì [35].

Îïðåäåëåíèå 2. Ðàçíîñòíàÿ ñõåìà CABARET 2.5 íàçûâàåòñÿ ìîíîòîííîé:

à) íà íà÷àëüíîì âðåìåííîì ïîëóøàãå (1.5), åñëè îíà êàæäóþ ìîíîòîííóþ ïî j

íà÷àëüíóþ ôóíêöèþ {u0j , U0
j+1/2} ïåðåâîäèò â ìîíîòîííóþ ïî j ñåòî÷íóþ ôóíê-

öèþ {u0j , U
1/2
j+1/2};

á) íà îñíîâíîì âðåìåííîì øàãå (1.6)�(1.10), åñëè îíà êàæäóþ ìîíîòîííóþ ïî j

ñåòî÷íóþ ôóíêöèþ {unj , U
n+1/2
j+1/2 }, ãäå n ≥ 0, ïåðåâîäèò â ìîíîòîííûå ïî j ñåòî÷-

íûå ôóíêöèè {un+1
j , U

n+1/2
j+1/2 } è {u

n+1
j , U

n+3/2
j+1/2 }.

Â ðàáîòå [35] ïîêàçàíî, ÷òî íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ìîíîòîí-

íîñòè óñòîé÷èâîé (1.4) ñõåìû CABARET 2.5 íà íà÷àëüíîì âðåìåííîì ïîëóøàãå

(1.5) ÿâëÿåòñÿ âûïîëíåíèå äëÿ ìîíîòîííûõ íà÷àëüíûõ äàííûõ {u0j , U0
j+1/2} ñîîò-

íîøåíèÿ

U 0
j+1/2 =

u0j + u0j+1

2
∀j, (2.3)

à êðèòåðèåì å¼ ìîíîòîííîñòè íà îñíîâíîì âðåìåííîì øàãå (1.6)�(1.10) ÿâëÿåòñÿ

âûïîëíåíèå äëÿ ÷èñëà Êóðàíòà r íåðàâåíñòâà

r = aτ/h ≤ 0.5 ⇔ τ ≤ h/(2a). (2.4)

Â ðàáîòå [36] äîêàçàíî, ÷òî óñëîâèÿ (2.3) è (2.4) íåîáõîäèìû è äîñòàòî÷íû äëÿ

ñèëüíîé ìîíîòîííîñòè ñõåìû CABARET 2.5, ïðåäïîëàãàþùåé, ÷òî â ñëó÷àå íà-
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÷àëüíûõ äàííûõ {u0j , U0
j+1/2}, èìåþùèõ êîíå÷íîå ÷èñëî îáîáù¼ííûõ ëîêàëüíûõ

ýêñòðåìóìîâ, ñõåìà íå óâåëè÷èâàåò ÷èñëî ýòèõ ýêñòðåìóìîâ ïðè ñëåäóþùèõ ïåðå-

õîäàõ ðàçíîñòíîãî ðåøåíèÿ

{u0j , U0
j+1/2} ⇒ {u0j , U

1/2
j+1/2},

{unj , U
n+1/2
j+1/2 } ⇒ {un+1

j , U
n+1/2
j+1/2 } ⇒ {un+1

j , U
n+3/2
j+1/2 } ∀n ≥ 0.

Òàêèì îáðàçîì, â ñëó÷àå ñõåìû CABARET 2.5 ïîíÿòèÿ ìîíîòîííîñòè è ñèëüíîé

ìîíîòîííîñòè ÿâëÿþòñÿ ýêâèâàëåíòíûìè.

Èçâåñòíî, ÷òî ìîíîòîííûå ðàçíîñòíûå ñõåìû ôîðìàëüíî ïîâûøåííîé òî÷íî-

ñòè [45] (â êîòîðûõ ïîâûøåííûé ïîðÿäîê àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ

äîñòèãàåòñÿ çà ñ÷¼ò ïðèìåíåíèÿ ðàçëè÷íûõ ìèíèìàêñíûõ ïðîöåäóð êîððåêöèè

ïîòîêîâ) â îáùåì ñëó÷àå ñíèæàþò ïîðÿäîê ñõîäèìîñòè äî ïåðâîãî â îáëàñòÿõ ëî-

êàëüíûõ ýêñòðåìóìîâ ðàññ÷èòûâàåìûõ ðåøåíèé. Ýòîò íåäîñòàòîê ñõåì òèïà TVD

áûë îòìå÷åí â ðàáîòå [43], ãäå áûëà ïðåäëîæåíà ENO-ìîäèôèêàöèÿ TVD-ñõåìû

Õàðòåíà [16], îáåñïå÷èâøàÿ âòîðîé ïîðÿäîê ñõîäèìîñòè â îáëàñòÿõ ëîêàëüíûõ ýêñ-

òðåìóìîâ. Îäíàêî ýòà ìîäèôèêàöèÿ ïðèâåëà ê óâåëè÷åíèþ ïÿòèòî÷å÷íîãî ïðî-

ñòðàíñòâåííîãî øàáëîíà èñõîäíîé TVD ñõåìû äî ñåìèòî÷å÷íîãî, ÷òî ñ ïðèêëàä-

íîé òî÷êè çðåíèÿ ÿâëÿåòñÿ êðàéíå íåæåëàòåëüíûì. Ïîýòîìó ïðè äàëüíåéøåì ðàç-

âèòèè ENO-ñõåì áûëè ðàçðàáîòàíû WENO-ñõåìû [29, 46], â êîòîðûõ ñîõðàíåíèå

ïîâûøåííîé òî÷íîñòè íà ëîêàëüíûõ ýêñòðåìóìàõ äîñòèãàåòñÿ íà äîñòàòî÷íî êîì-

ïàêòíûõ ïðîñòðàíñòâåííûõ øàáëîíàõ ðàçíîñòíîé ñåòêè.

Àíàëîãè÷íûé íåäîñòàòîê, ñâÿçàííûé ñî ñíèæåíèåì òî÷íîñòè â îáëàñòÿõ ëî-

êàëüíûõ ýêñòðåìóìîâ, èìååò ñõåìà CABARET 2.5 (1.5)�(1.10). Äëÿ èëëþñòðàöèè

ýòîãî íà Ðèñóíêàõ 2.1�2.4 íà ìîìåíò âðåìåíè T = 0.5 ïðèâåäåíû ðåçóëüòàòû ðàñ-

÷¼òà ïî ñõåìå CABARET 2.5 çàäà÷è Êîøè (2.1) ñî ñëåäóþùèìè ðàçðûâíûìè íà-



25

÷àëüíûìè äàííûìè

v0(x) =

 sin(αx) + β, x < 0,

1, x > 0,
(2.5)

ãäå α = 5π/2, β = 1.1. Ðàñ÷¼òû ïðîâîäèëèñü íà ðàâíîìåðíîé ñåòêå (2.2) ñ ïà-

ðàìåòðîì a = 1 è ÷èñëîì Êóðàíòà r = 0.25. Íà Ðèñóíêàõ 2.1, 2.2, 2.4 ïðèâåäå-

íû ðàñ÷¼òû, äëÿ êîòîðûõ h = 0.02, à íà Ðèñóíêå 2.3 � ðåçóëüòàòû ðàñ÷¼òîâ â

îáëàñòè, îòìå÷åííîé ïðÿìîóãîëüíèêàìè íà Ðèñóíêàõ 2.1 è 2.2, íà áîëåå ìåëêîé

ñåòêå, äëÿ êîòîðîé h = 0.0005. Ñïëîøíîé ëèíèåé íà Ðèñóíêàõ 2.1�2.3 ïîêàçàíî

òî÷íîå ðåøåíèå. Êðóæêàìè ïîêàçàíû ðàçíîñòíûå ðåøåíèÿ, ïîëó÷àåìûå ïî ñõåìå

CABARET 2.5, êâàäðàòèêàìè � ðåøåíèÿ, ïîëó÷àåìûå ïî ñõåìå CABARET 2.5

áåç êîððåêöèè ïîòîêîâûõ ïåðåìåííûõ (un+1
j = ūn+1

j ∀j), è òî÷êàìè � ðåøåíèÿ,

ïîëó÷àåìûå ïî ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé ïîòîêîâûõ ïåðåìåííûõ,

êîòîðàÿ áóäåò îïèñàíà íèæå. Íà Ðèñóíêå 2.4 â ëîãàðèôìè÷åñêîé øêàëå ïðèâåäåíû

ïîãðåøíîñòè

∆unj = |unj − v(xj, tn)|

ýòèõ ðåøåíèé.

Èç Ðèñóíêîâ 2.1 è 2.2 âèäíî, ÷òî ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ìîíîòîí-

íîé ñõåìå CABARET 2.5 ñ êîððåêöèåé ïîòîêîâ (êðóæêè íà Ðèñóíêå 2.2), â îòëè÷èå

îò ñõåìû CABARET 2.5 áåç êîððåêöèè ïîòîêîâ (êâàäðàòèêè íà Ðèñóíêå 2.1), íå

èìååò îñöèëëÿöèé â îêðåñòíîñòè ñèëüíîãî ðàçðûâà. Â òî æå âðåìÿ, êàê ñëåäóåò èç

Ðèñóíêà 2.3, ìîíîòîííàÿ ñõåìà c êîððåêöèåé ïîòîêîâ çàìåòíî ñíèæàåò òî÷íîñòü â

îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ, ðàñïîëîæåííûõ â îáëàñòè ãëàäêîñòè òî÷-

íîãî ðåøåíèÿ, ïî ñðàâíåíèþ ñ íåìîíîòîííîé ñõåìîé áåç êîððåêöèè.
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Ðèñóíîê 2.1 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé çàäà÷è Êîøè (2.1),
(2.5) â ìîìåíò âðåìåíè T = 0.5. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êâàäðà-
òèêè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 áåç êîððåêöèè ïîòîêîâûõ ïåðåìåííûõ
(un+1

j = ūn+1
j ∀j); òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé

ïîòîêîâ (2.9).
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Ðèñóíîê 2.2 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé çàäà÷è Êîøè (2.1), (2.5)
â ìîìåíò âðåìåíè T = 0.5. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êðóæêè � ðàñ÷¼ò
ïî ñòàíäàðòíîé ñõåìå CABARET 2.5; òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ
íîâîé êîððåêöèåé ïîòîêîâ (2.9).
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Ðèñóíîê 2.3 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé çàäà÷è Êîøè (2.1), (2.5) â
îêðåñòíîñòè ëîêàëüíîãî ýêñòðåìóìà â ìîìåíò âðåìåíè T = 0.5. Ñïëîøíàÿ ëèíèÿ
� òî÷íîå ðåøåíèå; êâàäðàòèêè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 áåç êîððåêöèè
ïîòîêîâûõ ïåðåìåííûõ; êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé ñõåìå CABARET 2.5;
òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé ïîòîêîâ (2.9).
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Ðèñóíîê 2.4 � Ïîãðåøíîñòè ðåøåíèé â ìîìåíò âðåìåíè T = 0.5. Êâàäðàòèêè ñîîò-
âåòñòâóþò ðàñ÷¼òó ïî ñõåìå CABARET 2.5 áåç êîððåêöèè ïîòîêîâûõ ïåðåìåííûõ;
êðóæêè � ðàñ÷¼òó ïî ñòàíäàðòíîé ñõåìå CABARET 2.5; òî÷êè � ðàñ÷¼òó ïî ñõåìå
CABARET 2.5 ñ íîâîé êîððåêöèåé ïîòîêîâ (2.9).
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Â ðàáîòå [44] äëÿ ïîâûøåíèÿ òî÷íîñòè ñõåìû CABARET 2.5 íà ëîêàëüíûõ

ýêñòðåìóìàõ áûëà ïðåäëîæåíà ìîäèôèêàöèÿ êîððåêöèè ïîòîêîâ (1.6), â êîòîðîé

îãðàíè÷èâàþùèå âåëè÷èíû mn
j è M

n
j îïðåäåëÿþòñÿ ïî ôîðìóëàì

mn
j = min(unj−1, U

n
j−1/2, u

n
j )− ε, Mn

j = max(unj−1, U
n
j−1/2, u

n
j ) + ε, (2.6)

ãäå Un
j−1/2 = (U

n−1/2
j−1/2 +U

n+1/2
j−1/2 )/2 ïðè n ≥ 1, à ε > 0 � ìàëûé ðåëàêñàöèîííûé ïàðà-

ìåòð. Òåñòîâûå ðàñ÷¼òû ïîêàçûâàþò, ÷òî ïðè ñîîòâåòñòâóþùåì âûáîðå ïàðàìåòðà

ε êîððåêöèÿ (1.7), (1.8), (2.6) ïîçâîëÿåò ñóùåñòâåííî ïîâûñèòü òî÷íîñòü ñõåìû íà

ëîêàëüíûõ ýêñòðåìóìàõ, ðàñïîëîæåííûõ â îáëàñòÿõ ãëàäêîñòè ðàññ÷èòûâàåìîãî

òî÷íîãî ðåøåíèÿ.

Îäíàêî äàííàÿ êîððåêöèÿ ïîòîêîâ îáëàäàåò ñëåäóþùèìè íåäîñòàòêàìè. Êàê

ïîêàçàíî â ðàáîòå [40], êîððåêöèÿ (1.7), (1.8), (2.6) äàæå ïðè ε = 0 íå îáåñïå÷èâàåò

ìîíîòîííîñòè ñõåìû CABARET 2.5, ò. å. íå ãàðàíòèðóåò ñîõðàíåíèÿ ìîíîòîííîñòè

íà÷àëüíîé ñåòî÷íîé ôóíêöèè {u0j , U0
j+1/2} ïðè ðàñ÷¼òå ïî ýòîé ñõåìå çàäà÷è Êîøè

äëÿ ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà ñ ìîíîòîííûìè íà÷àëüíûìè äàííûìè. Êðîìå

òîãî, îïòèìàëüíîå çíà÷åíèå ðåëàêñàöèîííîãî ïàðàìåòðà ε ñóùåñòâåííî çàâèñèò îò

ïàðàìåòðîâ ðàññ÷èòûâàåìîãî òî÷íîãî ðåøåíèÿ, à òàêæå îò ðàçìåðîâ øàãîâ ðàç-

íîñòíîé ñåòêè, íà êîòîðîé òàêîé ðàñ÷¼ò ïðîâîäèòñÿ.

Ïîýòîìó ïðåäëîæèì íîâóþ ìîäèôèêàöèþ êîððåêöèè ïîòîêîâ (1.7)�(1.9),

êîòîðàÿ îáåñïå÷èâàåò ìîíîòîííîñòü ñõåìû CABARET 2.5 ïðè ÷èñëàõ Êóðàíòà

r ∈ (0, 0.5] è îäíîâðåìåííî ñîõðàíÿåò å¼ ïîâûøåííóþ òî÷íîñòü íà ëîêàëüíûõ

ýêñòðåìóìàõ â îáëàñòÿõ ãëàäêîñòè òî÷íûõ ðåøåíèé, íåçàâèñèìî îò ïàðàìåòðîâ

ýòèõ ðåøåíèé è îò ðàçìåðîâ øàãîâ ðàçíîñòíîé ñåòêè, íà êîòîðîé ïðîâîäèòñÿ

÷èñëåííûé ðàñ÷¼ò.

Äëÿ ìîäèôèêàöèè êîððåêöèè ïîòîêîâ (1.7)�(1.9), ñîõðàíÿþùåé ïîâûøåííóþ

òî÷íîñòü ñõåìû CABARET 2.5 â îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ, íåîáõîäè-
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ìî íà èíòåðâàëàõ [j−1, j+1/2], íà êîòîðûõ ñåòî÷íàÿ ôóíêöèÿ {unj , U
n+1/2
j+1/2 } èìååò

îáîáù¼ííûå ëîêàëüíûå ýêñòðåìóìû [36], äâóõñòîðîííåå îãðàíè÷åíèå (1.8), (1.9)

çàìåíèòü íà ñîîòâåòñòâóþùèå îäíîñòîðîííèå îãðàíè÷åíèÿ, íå ïîäàâëÿþùèå ýòè

ýêñòðåìóìû. Ýòî îçíà÷àåò, ÷òî íà èíòåðâàëàõ [j−1, j+ 1/2], íà êîòîðûõ ñåòî÷íàÿ

ôóíêöèÿ {unj , U
n+1/2
j+1/2 } èìååò îáîáù¼ííûé ëîêàëüíûé ìèíèìóì, òî åñòü óäîâëåòâî-

ðÿåò óñëîâèÿì

unj−1 > U
n+1/2
j−1/2 , unj < U

n+1/2
j+1/2 , (2.7)

ïðåäâàðèòåëüíîå çíà÷åíèå ïîòîêà (1.6) íå ñëåäóåò îãðàíè÷èâàòü ñíèçó, à íà èí-

òåðâàëàõ [j − 1, j + 1/2], íà êîòîðûõ ýòà ñåòî÷íàÿ ôóíêöèÿ èìååò îáîáù¼ííûé

ëîêàëüíûé ìàêñèìóì, òî åñòü óäîâëåòâîðÿåò óñëîâèÿì

unj−1 < U
n+1/2
j−1/2 , unj > U

n+1/2
j+1/2 , (2.8)

ïðåäâàðèòåëüíîå çíà÷åíèå ïîòîêà (1.6) íå ñëåäóåò îãðàíè÷èâàòü ñâåðõó.

Â ðåçóëüòàòå ïðèõîäèì ê ñëåäóþùåé íîâîé êîððåêöèè ïîòîêîâ (1.6):

un+1
j = F

(
ūn+1
j , m̃n

j , M̃
n
j

)
, (2.9)

ãäå ôóíêöèÿ F çàäàåòñÿ ôîðìóëîé (1.8); m̃n
j = −∞, åñëè âûïîëíåíû íåðàâåí-

ñòâà (2.7), è m̃n
j = mn

j = min(unj , U
n+1/2
j−1/2 ), åñëè õîòÿ áû îäíî èç ýòèõ äâóõ íåðà-

âåíñòâ íå âûïîëíåíî; M̃n
j = +∞, åñëè âûïîëíåíû íåðàâåíñòâà (2.8), è M̃n

j = Mn
j =

max(unj , U
n+1/2
j−1/2 ), åñëè õîòÿ áû îäíî èç ýòèõ äâóõ íåðàâåíñòâ íå âûïîëíåíî.

Èç Ðèñóíêîâ 2.1�2.4, íà êîòîðûõ òî÷êàìè ïîêàçàíû ðåçóëüòàòû ðàñ÷¼òîâ ïî

ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé ïîòîêîâ (2.9), ñëåäóåò, ÷òî ìîäèôèöèðî-

âàííàÿ ñõåìà, ïîäîáíî èñõîäíîé ñõåìå, ÿâëÿåòñÿ ìîíîòîííîé íà ñèëüíûõ ðàçðûâàõ

è îäíîâðåìåííî, ïîäîáíî ñõåìå CABARET 2.5, â êîòîðîé êîððåêöèÿ ïîòîêîâ îò-

ñóòñòâóåò, ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü â îáëàñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ.
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2.2 Ñêàëÿðíûé çàêîí ñîõðàíåíèÿ

Ðåçóëüòàòû ïóíêòà 2.1 åñòåñòâåííûì îáðàçîì îáîáùàþòñÿ íà ñëó÷àé çàäà÷è Êîøè

äëà ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ

vt + f(v)x = 0, v(x, 0) = v0(x) (2.10)

ñ âûïóêëûì ïîòîêîì f(v). Áóäåì ñ÷èòàòü, ÷òî íà÷àëüíûå äàííûå çàäà÷è Êîøè

(2.10) óäîâëåòâîðÿþò óñëîâèþ

a(v0(x)) = f ′(v0(x)) > 0 ∀x,

èç êîòîðîãî ñëåäóåò, ÷òî õàðàêòåðèñòèêè ðàññìàòðèâàåìîãî ðåøåíèÿ ðàñïðîñòðà-

íÿþòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè îñè x.

Àïïðîêñèìèðóåì çàäà÷ó (2.10) ðàçíîñòíîé ñõåìîé CABARET 2.5, çàäàííîé íà

ïðÿìîóãîëüíîé ðàâíîìåðíîé ïî ïðîñòðàíñòâó ðàçíîñòíîé ñåòêå

xj, tn : tn+1 = tn + τn, t0 = 0, xj = jh, h = const.

Äëÿ èëëþñòðàöèè íåäîñòàòêà, ñâÿçàííîãî ñî ñíèæåíèåì òî÷íîñòè â îáëàñòÿõ

ëîêàëüíûõ ýêñòðåìóìîâ, ïðèâåä¼ì ðåçóëüòàòû ðàñ÷¼òà çàäà÷è Êîøè (2.10) äëÿ

íåëèíåéíîãî óðàâíåíèÿ ïåðåíîñà, â êîòîðîì f(v) = v2/2, òî åñòü äëÿ óðàâíåíèÿ

vt + (v2/2)x = 0. (2.11)

Ïåðèîäè÷åñêàÿ ôóíêöèÿ íà÷àëüíûõ äàííûõ çàäàåòñÿ ôîðìóëîé

v(x, 0) = v0(x) = sin(πx) + cos(πx) + 4(cos(πx))2 + 2. (2.12)
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Ãðàôèê ôóíêöèè (2.12) íà îòðåçêå [0, 2] äëèíû ïåðèîäà ïîêàçàí íà Ðèñóíêå 2.5.

Èç ýòîãî ãðàôèêà ñëåäóåò, ÷òî íà÷àëüíàÿ ôóíêöèÿ v0(x) èìååò íà îòðåçêå [0, 2]

÷åòûðå ëîêàëüíûõ ýêñòðåìóìà (äâà ìàêñèìóìà è äâà ìèíèìóìà), ìåæäó êîòîðû-

ìè ðàñïîëîæåíû èíòåðâàëû ìîíîòîííîãî óáûâàíèÿ è âîçðàñòàíèÿ ýòîé ôóíêöèè.

Ïîñêîëüêó õàðàêòåðèñòèêè, âûõîäÿùèå èç èíòåðâàëîâ ìîíîòîííîãî óáûâàíèÿ íà-

÷àëüíîé ôóíêöèè, ñõîäÿòñÿ, òî ñ òå÷åíèåì âðåìåíè ýòî ïðèâîäèò ê ãðàäèåíòíûì

êàòàñòðîôàì, â ðåçóëüòàòå êîòîðûõ íà îòðåçêå [0, 2] îáðàçóþòñÿ äâå óäàðíûå âîë-

íû. Íà Ðèñóíêå 2.6 ýòè óäàðíûå âîëíû ïîêàçàíû â ìîìåíò âðåìåíè T = 0.08,

êîãäà ëîêàëüíûå ýêñòðåìóìû íàõîäÿòñÿ â îáëàñòÿõ ãëàäêîñòè òî÷íîãî ðåøåíèÿ,

à íà Ðèñóíêå 2.8 � â ìîìåíò âðåìåíè T = 0.13, êîãäà ëîêàëüíûå ýêñòðåìóìû

ðàñïîëîæåíû íà ôðîíòàõ óäàðíûõ âîëí.

0 0,5 1 1,5 2
x

0

2

4

6

v0

Ðèñóíîê 2.5 � Ôóíêöèÿ íà÷àëüíûõ äàííûõ íà îòðåçêå [0,2] äëèíû ïåðèîäà.

Òî÷íîå è ÷èñëåííîå ðåøåíèÿ çàäà÷è (2.11), (2.12) íà ìîìåíò âðåìåíè T = 0.08

ïîêàçàíû íà Ðèñóíêå 2.6, 2.7, à íà ìîìåíò âðåìåíè T = 0.13 � íà Ðèñóíêå 2.8.
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Ðèñóíîê 2.6 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé â ìîìåíò âðåìåíè
T = 0.08. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êâàäðàòèêè � ðàñ÷¼ò ïî íåìîíîòîí-
íîé ñõåìå CABARET 2.5 áåç êîððåêöèè ïîòîêîâ; êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé
ñõåìå CABARET 2.5; òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé
ïîòîêîâ (2.9).
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0,596 0,598 0,6 0,602 x

7,0548

7,055

7,0552

7,0554

7,0556

v
( )

0,776 0,778 0,78 0,782 x

2,9286

2,9288

2,929

v
( )

1,356 1,358 1,36 1,362 x

5,071

5,0712

5,0714

v
( )

1,538 1,54 1,542 x

0,9444

0,9446

0,9448

0,945

v

( )

Ðèñóíîê 2.7 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé â ìîìåíò âðåìåíè
T = 0.08; ïåðâûé ìàêñèìóì � (à), ïåðâûé ìèíèìóì � (á), âòîðîé ìàêñèìóì � (â),
âòîðîé ìèíèìóì � (ã). Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êâàäðàòèêè � ðàñ÷¼ò
ïî íåìîíîòîííîé ñõåìå CABARET 2.5 áåç êîððåêöèè ïîòîêîâ; êðóæêè � ðàñ÷¼ò
ïî ñòàíäàðòíîé ñõåìå CABARET 2.5; òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ
íîâîé êîððåêöèåé ïîòîêîâ (2.9).
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Ðèñóíîê 2.8 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé â ìîìåíò âðåìåíè
T = 0.13. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êâàäðàòèêè � ðàñ÷¼ò ïî íåìîíîòîí-
íîé ñõåìå CABARET 2.5 áåç êîððåêöèè ïîòîêîâ; êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé
ñõåìå CABARET 2.5; òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé
ïîòîêîâ (2.9), êîòîðàÿ ïðèìåíÿåòñÿ áåç ó÷åòà îãðàíè÷åíèÿ (2.13) íà (à), (á) è ñ
ó÷¼òîì îãðàíè÷åíèÿ (2.13) � íà (â).



36

Íà ýòèõ ðèñóíêàõ ñïëîøíûìè ëèíèÿìè ïðèâåäåíî òî÷íîå ðåøåíèå, êâàäðàòè-

êàìè � ðåçóëüòàòû ðàñ÷¼òà ïî íåìîíîòîííîé ñõåìå CABARET 2.5 áåç êîððåêöèè

ïîòîêîâûõ ïåðåìåííûõ (un+1
j = ūn+1

j ∀j), êðóæêàìè � ïî ñõåìå CABARET 2.5 ñî

ñòàíäàðòíîé êîððåêöèåé ïîòîêîâûõ ïåðåìåííûõ, òî÷êàìè � ïî ñõåìå CABARET

ñ íîâîé êîððåêöèåé ïîòîêîâûõ ïåðåìåííûõ, ïðåäëîæåííîé â ïóíêòå 2.1.

×èñëåííûå ðàñ÷¼òû ïðîâîäèëèñü ñ ÷èñëîì Êóðàíòà r = 0.5. Íà Ðèñóíêàõ 2.6,

2.8 ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òîâ íà ñåòêå ñ ïðîñòðàíñòâåííûì øàãîì h = 0.02,

à íà Ðèñóíêå 2.7 � íà áîëåå ìåëêîé ñåòêå ñ ïðîñòðàíñòâåííûì øàãîì h = 0.0005.

Ðåçóëüòàòû ðàñ÷¼òîâ, ïðîâåäåííûõ íà ìåëêîé ñåòêå, ïîêàçàíû â äîñòàòî÷íî ìàëûõ

îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ, êîòîðûå â ìîìåíò âðåìåíè T = 0.08 íå

ñîäåðæàò óäàðíûå âîëíû òî÷íîãî ðåøåíèÿ.

Èç Ðèñóíêîâ 2.6 è 2.8 ñëåäóåò, ÷òî ðàçíîñòíîå ðåøåíèå, ïîëó÷åííîå ïî ìîíî-

òîííîé ñõåìå CABARET 2.5 ñî ñòàíäàðòíîé êîððåêöèåé ïîòîêîâ (êðóæêè íà Ðè-

ñóíêàõ 2.6(á) è 2.8(á)), â îòëè÷èå îò ðåøåíèÿ, ïîëó÷åííîãî ïî íåìîíîòîííîé ñõåìå

CABARET 2.5 áåç êîððåêöèè ïîòîêîâ (êâàäðàòèêè íà Ðèñóíêàõ 2.6(à) è 2.8(à)),

íå èìååò îñöèëëÿöèé â îêðåñòíîñòÿõ óäàðíûõ âîëí. Â òî æå âðåìÿ, êàê ñëåäóåò

èç Ðèñóíêîâ 2.8(á), 2.8(â) è 2.8(ã), ìîíîòîííàÿ ñõåìà çàìåòíî ñíèæàåò òî÷íîñòü â

îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ, ðàñïîëîæåííûõ â îáëàñòè ãëàäêîñòè òî÷-

íîãî ðåøåíèÿ, ïî ñðàâíåíèþ ñ íåìîíîòîííîé ñõåìîé.

Èñêëþ÷åíèå ñîñòàâëÿåò ïåðâûé ìàêñèìóì òî÷íîãî ðåøåíèÿ íà Ðèñóíêå 2.6,

êîòîðûé ÿâëÿåòñÿ àáñîëþòíûì. Â îêðåñòíîñòè ýòîãî ìàêñèìóìà ðåçóëüòàòû ðàñ-

÷¼òîâ ïî ìîíîòîííîé è íåìîíîòîííîé ñõåìàì CABARET 2.5 ïðàêòè÷åñêè ñîâïàäà-

þò. Ñâÿçàíî ýòî ñ òåì, ÷òî ðàñ÷¼òû ïðîâîäÿòñÿ ñ ÷èñëîì Êóðàíòà r = 0.5, â ñèëó

÷åãî â îêðåñòíîñòè ýòîãî àáñîëþòíîãî ìàêñèìóìà ñõåìà CABARET 2.5 áëèçêà ê

òî÷íîé è ïîýòîìó ïðèìåíåíèå ôîðìóëû (1.8) íå ïðèâîäèò ê êîððåêöèè ïîòîêîâ.

Èç òîãî, ÷òî ÷èñëî Êóðàíòà r = 0.5, òàêæå ñëåäóåò [35], ÷òî â íåìîíîòîííîé ñõåìå

CABARET 2.5 îñöèëëÿöèè ðàñïðîñòðàíÿþòñÿ ïåðåä ôðîíòàìè óäàðíûõ âîëí.
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Èç Ðèñóíêîâ 2.6 è 2.7, íà êîòîðûõ òî÷êàìè ïîêàçàíû ðåçóëüòàòû ðàñ÷¼òîâ ïî

ñõåìå CABARET 2.5 ñ íîâîé êîððåêöèåé ïîòîêîâ (2.9), ñëåäóåò, ÷òî ìîäèôèöèðî-

âàííàÿ ñõåìà, ïîäîáíî èñõîäíîé ñõåìå, ÿâëÿåòñÿ ìîíîòîííîé íà ñèëüíûõ ðàçðûâàõ

è îäíîâðåìåííî, ïîäîáíî ñõåìå CABARET 2.5, â êîòîðîé êîððåêöèÿ ïîòîêîâ îò-

ñóòñòâóåò, ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü íà ëîêàëüíûõ ýêñòðåìóìàõ, ðàñïîëî-

æåííûõ â îáëàñòÿõ ãëàäêîñòè òî÷íîãî ðåøåíèÿ. Îäíàêî â ñëó÷àå, êîãäà ëîêàëüíûå

ýêñòðåìóìû âûõîäÿò íà ôðîíò óäàðíîé âîëíû (Ðèñóíîê 2.8), ìîäèôèöèðîâàííàÿ

ñõåìà CABARET 2.5, íå äîïóñêàÿ âîçíèêíîâåíèÿ ñõåìíûõ îñöèëëÿöèé, ïðèñóùèõ

ñõåìå CABARET 2.5 áåç êîððåêöèè ïîòîêîâ (êâàäðàòèêè íà Ðèñóíêå 2.8(à)), çà-

ìåòíî óìåíüøàåò çíà÷åíèÿ ëîêàëüíûõ ìèíèìóìîâ òî÷íîãî ðåøåíèÿ (òî÷êè íà

Ðèñóíêàõ 2.8(à) è 2.8(á)), êîòîðûå äîñòàòî÷íî õîðîøî âîñïðîèçâîäÿòñÿ ñõåìîé

CABARET 2.5 ñî ñòàíäàðòíîé êîððåêöèåé ïîòîêîâ (êðóæêè íà Ðèñóíêàõ 2.8(á)

è 2.8(â)). Ïðè÷èíà ýòîãî çàêëþ÷àåòñÿ â òîì, ÷òî íà ÷èñëåííîì ôðîíòå �ðàçìàçàí-

íîãî� ñèëüíîãî ðàçðûâà îòñóòñòâóåò ëîêàëüíàÿ ñõîäèìîñòü ðàçíîñòíîãî ðåøåíèÿ

ê òî÷íîìó, â ñèëó ÷åãî ýêñòðàïîëÿöèîííàÿ ôîðìóëà (1.6) òåðÿåò ñâîþ òî÷íîñòü

ïðè âû÷èñëåíèè ïî íåé ïîòîêà â òî÷êå ëîêàëüíîãî ìèíèìóìà, ðàñïîëîæåííîãî íà

ñèëüíîì ðàçðûâå.

Äëÿ óñòðàíåíèÿ äàííîãî íåäîñòàòêà ïðåäëîæåííîé ìîäèôèêàöèè, å¼ ïðèìåíå-

íèå íåîáõîäèìî îãðàíè÷èòü îáëàñòÿìè, â êîòîðûõ ìîäóëè ãðàäèåíòîâ ÷èñëåííûõ

ðåøåíèé îãðàíè÷åíû. Ïîñêîëüêó â ðàññìàòðèâàåìîì ñëó÷àå a(v) = f ′(v) > 0, â

êà÷åñòâå òàêîãî îãðàíè÷åíèÿ âûáåðåì íåðàâåíñòâî

|a(unj )− a(unj−1)| < δa
(
U
n+1/2
j−1/2

)
, (2.13)

ãäå δ � íåêîòîðûé ìàëûé áåçðàçìåðíûé ïîëîæèòåëüíûé ïàðàìåòð. Â ñëó÷àå íåëè-

íåéíîãî óðàâíåíèÿ ïåðåíîñà, äëÿ êîòîðîãî a(u) = u > 0, îãðàíè÷åíèå (2.13) ïðè-
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íèìàåò âèä

|unj − unj−1| < δU
n+1/2
j−1/2 .

Â ðåçóëüòàòå âåëè÷èíû m̃n
j è M̃n

j , âõîäÿùèå â ôîðìóëó (2.9), âû÷èñëÿþòñÿ ïî

ñëåäóþùåìó ïðàâèëó: m̃n
j = −∞, åñëè îäíîâðåìåííî âûïîëíåíû íåðàâåíñòâà (2.7),

(2.13), è m̃n
j = mn

j , åñëè õîòÿ áû îäíî èç ýòèõ òð¼õ íåðàâåíñòâ íå âûïîëíåíî;

M̃n
j = +∞, åñëè îäíîâðåìåííî âûïîëíåíû íåðàâåíñòâà (2.8), (2.13), è M̃n

j = Mn
j ,

åñëè õîòÿ áû îäíî èç ýòèõ òð¼õ íåðàâåíñòâ íå âûïîëíåíî. Â ïðèâîäèìûõ íèæå

ðàñ÷¼òàõ çíà÷åíèå ïàðàìåòðà δ = 0.01.

Íà Ðèñóíêå 2.8(â) òî÷êàìè ïîêàçàí ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ íîâîé

êîððåêöèåé ïîòîêîâ (2.9), â êîòîðîé ó÷òåíû îãðàíè÷åíèÿ (2.13). Äëÿ èëëþñòðàöèè

ýôôåêòèâíîñòè ýòèõ îãðàíè÷åíèé íà Ðèñóíêå 2.9 ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òîâ

çàäà÷è (2.11), (2.12) ñ ïðîñòðàíñòâåííûìè øàãàìè h1 = 0.08 è h2 = 0.04 . Êðóæêà-

ìè íà Ðèñóíêå 2.9 ïîêàçàíû ðàñ÷¼òû ïî ìîäèôèöèðîâàííîé ñõåìå CABARET 2.5

áåç ó÷åòà îãðàíè÷åíèé (2.13), à òî÷êàìè � ñ ó÷¼òîì ýòèõ îãðàíè÷åíèé. Êàê ñëå-

äóåò èç ýòèõ ðèñóíêîâ, îãðàíè÷åíèÿ (2.13) óñòðàíÿþò îòìå÷åííûé âûøå íåäîñòà-

òîê èñõîäíîé ìîäèôèêàöèè (2.9), ñâÿçàííûé ñ óâåëè÷åíèåì ìîäóëåé ëîêàëüíûõ

ýêñòðåìóìîâ, ðàñïîëîæåííûõ â îêðåñòíîñòÿõ óäàðíûõ âîëí, è îäíîâðåìåííî ñî-

õðàíÿþò ïîâûøåííóþ òî÷íîñòü ðàçíîñòíîãî ðåøåíèÿ íà ëîêàëüíûõ ýêñòðåìóìàõ,

ðàñïîëîæåííûõ â îáëàñòÿõ ãëàäêîñòè òî÷íîãî ðåøåíèÿ. Â ðåçóëüòàòå ìîäèôèöè-

ðîâàííàÿ ñõåìà CABARET 2.5 ñ ó÷¼òîì îãðàíè÷åíèÿ (2.13) ïðè ÷èñëàõ Êóðàíòà

r ∈ (0, 0.5] ñîõðàíÿåò ñâîéñòâî ìîíîòîííîñòè èñõîäíîé ñõåìû, îáåñïå÷èâàåò ëî-

êàëèçàöèþ íåñòàöèîíàðíûõ óäàðíûõ âîëí è ãàðàíòèðóåò ïîâûøåííóþ òî÷íîñòü

ðàçíîñòíîãî ðåøåíèÿ íà ëîêàëüíûõ ýêñòðåìóìàõ â îáëàñòÿõ ãëàäêîñòè òî÷íîãî

ðåøåíèÿ.
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Ðèñóíîê 2.9 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé â ìîìåíò âðåìåíè
T = 0.13 íà ñåòêàõ ñ ïðîñòðàíñòâåííûìè øàãàìè h = 0.08 � (à) è h = 0.04 � (á).
Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êðóæêè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ
íîâîé êîððåêöèåé ïîòîêîâ (2.9); òî÷êè � ðàñ÷¼ò ïî ñõåìå CABARET 2.5 ñ êîððåê-
öèåé ïîòîêîâ (2.9), êîòîðàÿ ïðèìåíÿåòñÿ ñ ó÷¼òîì îãðàíè÷åíèÿ (2.13).
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Ãëàâà 3

Îáåñïå÷åíèå ìîíîòîííîñòè

Ïðåäëîæåíà ìîäèôèêàöèÿ ñòàíäàðòíîé ñõåìû CABARET 2, îáåñïå÷èâàþùàÿ

å¼ ìîíîòîííîñòü ïðè àïïðîêñèìàöèè ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóêëûì

ïîòîêîì êàê â îáëàñòÿõ, â êîòîðûõ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòåðèñòèê èìå-

åò ïîñòîÿííûé çíàê, òàê è â ñëó÷àå, êîãäà ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòåðè-

ñòèê àïïðîêñèìèðóåìîãî äèâåðãåíòíîãî óðàâíåíèÿ ìåíÿåò çíàê.

3.1 Ñëó÷àé çíàêîïîñòîÿííîãî õàðàêòåðèñòè÷åñêîãî ïîëÿ

Êàê áûëî ïîêàçàíî â Ãëàâå 1, ñòàíäàðòíàÿ ñõåìà CABARET 2 íå ÿâëÿåòñÿ ìîíî-

òîííîé ïî Ãîäóíîâó. Ïðåäëîæèì ìîäèôèêàöèþ ñõåìû CABARET 2, îáåñïå÷èâàþ-

ùóþ ìîíîòîííîñòü äàííîé ñõåìû. Â îñíîâå äàííîé ìîäèôèêàöèè ëåæèò ïðåäëî-

æåííûé â [35] ïîäõîä, ñâÿçàííûé ñ ñîõðàíåíèåì ìîíîòîííîñòè ðàçíîñòíîãî ðåøå-

íèÿ îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè ÷åðåäóþùèõñÿ çíà÷åíèé ïîòîêîâûõ è êîí-

ñåðâàòèâíûõ ïåðåìåííûõ, âçÿòûõ íà äâóõ ðàçëè÷íûõ âðåìåííûõ ñëîÿõ, îòñòîÿ-

ùèõ äðóã îò äðóãà íà ïîëîâèíó âðåìåííîãî øàãà. Åñëè â [35] çíà÷åíèÿ ïîòîêîâûõ

ïåðåìåííûõ, âõîäÿùèõ â ýòè ïîñëåäîâàòåëüíîñòè, áðàëèñü íà öåëûõ, à êîíñåð-

âàòèâíûõ ïåðåìåííûõ � íà ïîëóöåëûõ âðåìåííûõ ñëîÿõ, òî â äàííîé ãëàâå, ïî

àíàëîãèè ñ [40], ïðè ïîñòðîåíèè òàêèõ ïîñëåäîâàòåëüíîñòåé çíà÷åíèÿ ïîòîêîâûõ

ïåðåìåííûõ áóäåì áðàòü íà ïîëóöåëûõ, à êîíñåðâàòèâíûõ ïåðåìåííûõ � íà öåëûõ
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âðåìåííûõ ñëîÿõ.

Îñíîâíîå îòëè÷èå ìîäèôèöèðîâàííîé ñõåìû CABARET 2 îò ñòàíäàðòíîé çà-

êëþ÷àåòñÿ â òîì, ÷òî â íåé çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1
j+1/2 îïðåäå-

ëÿþòñÿ íå èç óðàâíåíèÿ (1.16) èëè ýêâèâàëåíòíîãî åìó ñ ó÷¼òîì (1.11) óðàâíå-

íèÿ (1.17), à èç ðàçíîñòíîãî óðàâíåíèÿ

Un+1
j+1/2 − U

n
j+1/2

τn
+
f(u

n+1/2
j+1 )− f(u

n+1/2
j )

h
= 0, (3.1)

ãäå

u
n+1/2
j =

unj + un+1
j

2
.

Â ëèíåéíîì ñëó÷àå, êîãäà ïîòîê f(v) = av, a = const, ðàçíîñòíûå óðàâíåíèÿ (1.17)

è (3.1) ñòàíîâÿòñÿ ýêâèâàëåíòíûìè.

3.1.1 Ìîäèôèöèðîâàííàÿ ñõåìà CABARET

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ãèïåðáîëè÷åñêîãî ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ

vt + f(v)x = 0, v(x, 0) = v0(x) (3.2)

ñî ñòðîãî ìîíîòîííî âîçðàñòàþùåé è ñòðîãî âûïóêëîé ôóíêöèåé ïîòîêà f(v):

a(v) = f ′(v) > 0, a′(v) = f ′′(v) > 0. (3.3)

Àïïðîêñèìèðóåì ýòó çàäà÷ó ìîäèôèöèðîâàííîé ñõåìîé CABARET 2, çàäàííîé

íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå

{xj, tn} : xj = jh, tn+1 = tn + τn, t0 = 0, (3.4)
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â êîòîðîé h� ïîñòîÿííûé øàã ñåòêè ïî ïðîñòðàíñòâó, à τn �øàã ñåòêè ïî âðåìåíè,

îïðåäåëÿåìûé èç óñëîâèÿ óñòîé÷èâîñòè

τn = rh/max
j
|anj+1/2|, (3.5)

ãäå r ∈ (0, 1) � ÷èñëî Êóðàíòà, anj+1/2 = a(Un
j+1/2). Â ýòîé ñõåìå èñïîëüçóþòñÿ ïîòî-

êîâûå unj = v(xj, tn) è êîíñåðâàòèâíûå Un
j+1/2 = v(xj+1/2, tn) ïåðåìåííûå, çàäàííûå

ñîîòâåòñòâåííî â öåëûõ xj è ïîëóöåëûõ xj+1/2 = xj +h/2 ïðîñòðàíñòâåííûõ óçëàõ

ðàçíîñòíîé ñåòêè.

Ïóñòü unj , U
n
j+1/2 � èçâåñòíîå ÷èñëåííîå ðåøåíèå çàäà÷è (3.2) íà n-îì âðåìåí-

íîì ñëîå tn, ïðè n = 0 � ñåòî÷íàÿ àïïðîêñèìàöèÿ íà÷àëüíîé ôóíêöèè v0(x).

×èñëåííîå ðåøåíèå un+1
j , Un+1

j+1/2 íà (n+ 1)-îì âðåìåííîì ñëîå tn+1 áóäåì íàõîäèòü

ïî ìîäèôèöèðîâàííîé ñõåìå CABARET 2 â ÷åòûðå ýòàïà. Íà ïåðâîì ýòàïå ïî

ðàçíîñòíûì óðàâíåíèÿì

U
n+1/2
j+1/2 − U

n
j+1/2

τn/2
+
fnj+1 − fnj

h
= 0, (3.6)

ãäå fnj = f(unj ), âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ

U
n+1/2
j+1/2 = U(xj+1/2, tn+1/2) íà ïîëóöåëîì âðåìåííîì ñëîå tn+1/2 = tn + τn/2.

Íà âòîðîì ýòàïå íàõîäÿòñÿ çíà÷åíèÿ ïîòîêîâ fn+1/2
j = f(u

n+1/2
j ) íà ïîëóöåëîì

âðåìåííîì ñëîå tn+1/2. Íà òðåòüåì ýòàïå ïî ðàçíîñòíûì óðàâíåíèÿì

Un+1
j+1/2 − U

n
j+1/2

τn
+
f
n+1/2
j+1 − fn+1/2

j

h
= 0 (3.7)

âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1
j+1/2 íà (n+1)-îì âðåìåííîì

ñëîå tn+1. Íà ÷åòâ¼ðòîì ýòàïå íàõîäÿòñÿ çíà÷åíèÿ ïîòîêîâûõ ïåðåìåííûõ un+1
j íà

(n + 1)-îì âðåìåííîì ñëîå tn+1. Äåòàëüíîå îïèñàíèå ÷èñëåííîãî àëãîðèòìà íà
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âòîðîì è ÷åòâ¼ðòîì ýòàïàõ ïðèâîäèòñÿ íèæå.

Íà âòîðîì ýòàïå, ñ ó÷¼òîì òîãî, ÷òî a(v) = f ′(v) > 0, ñíà÷àëà âû÷èñëÿþòñÿ

ïðåäâàðèòåëüíûå çíà÷åíèÿ ïîòîêîâ

f̄
n+1/2
j = f

(
ū
n+1/2
j

)
, ū

n+1/2
j =

(
unj + ūn+1

j

)
/2, (3.8)

ūn+1
j = 2U

n+1/2
j−1/2 − u

n
j−1 (3.9)

íà ïîëóöåëîì âðåìåííîì ñëîå tn+1/2. Ïðè ïîìîùè ñòàíäàðòíîãî äâóõñòîðîííåãî

îãðàíè÷èòåëÿ

F (u,m,M) =


u, m ≤ u ≤M,

m, u ≤ m,

M, u ≥M,

(3.10)

ïîòîêè f
n+1/2

j ñ ó÷¼òîì ïðèíöèïà ìàêñèìóìà [34] êîððåêòèðóþòñÿ ïî ôîðìóëå

f̃
n+1/2
j = F

(
f
n+1/2

j ,mn
j ,M

n
j

)
, (3.11)

â êîòîðîé

mn
j = min

(
fnj−1/2, f

n
j

)
, Mn

j = max
(
fnj−1/2, f

n
j

)
, fnj−1/2 = f(Un

j−1/2). (3.12)

Â ðàáîòå [40] ïîêàçàíî, ÷òî êîððåêöèè ïîòîêîâ (3.11) íåäîñòàòî÷íî äëÿ ñîõðà-

íåíèÿ ìîíîòîííîñòè ðàçíîñòíîãî ðåøåíèÿ íà (n+ 1)-îì âðåìåííîì ñëîå. Ïîýòîìó,

åñëè íà n-îì âðåìåííîì ñëîå ïðè j = k âûïîëíåíû íåðàâåíñòâà

Un
k−3/2 ≤ unk−1 ≤ Un

k−1/2 ≤ unk ⇔ fnk−3/2 ≤ fnk−1 ≤ fnk−1/2 ≤ fnk , (3.13)



44

òî ïðè ïîìîùè ôóíêöèè

F1(u,M) =

 u, u ≤M,

M, u ≥M,
(3.14)

îãðàíè÷èâàþùåé ñâåðõó, ïðîâîäèòñÿ äîïîëíèòåëüíàÿ êîððåêöèÿ ïîòîêà f̃n+1/2
k ïî

ôîðìóëå

f
n+1/2
k = F1

(
f̃
n+1/2
k , ϕnk−1

)
, (3.15)

ãäå

ϕnk−1 = fnk−1 +
Un
k−1/2 − unk−1

zn
, zn =

τn
h
. (3.16)

Åñëè íà n-îì âðåìåííîì ñëîå ïðè j = k âûïîëíåíû íåðàâåíñòâà

Un
k−3/2 ≥ unk−1 ≥ Un

k−1/2 ≥ unk ⇔ fnk−3/2 ≥ fnk−1 ≥ fnk−1/2 ≥ fnk , (3.17)

òî ïðè ïîìîùè ôóíêöèè

F2(u,m) =

 u, u ≥ m,

m, u ≤ m,
(3.18)

îãðàíè÷èâàþùåé ñíèçó, äîïîëíèòåëüíàÿ êîððåêöèÿ ïîòîêà f̃n+1/2
k ïðîâîäèòñÿ ïî

ôîðìóëå

f
n+1/2
k = F2

(
f̃
n+1/2
k , ϕnk−1

)
. (3.19)

Åñëè íè îäíî èç äâóõ óñëîâèé (3.13) èëè (3.17) íå âûïîëíåíî, òî êîððåêöèÿ ïîòî-

êà f̃n+1/2
k íå ïðîâîäèòñÿ, òî åñòü ïîëàãàåòñÿ, ÷òî fn+1/2

k = f̃
n+1/2
k .

Òåîðåìà 1. Ðàçíîñòíàÿ ñõåìà CABARET 2 (3.6), (3.7), â êîòîðîé ïîòîêè

âû÷èñëÿþòñÿ è êîððåêòèðóþòñÿ ïî ôîðìóëàì (3.9)�(3.19), ïðè ÷èñëåííîì ïåðå-

õîäå ñ n-ãî íà (n + 1)-é âðåìåííîé ñëîé ñîõðàíÿåò ìîíîòîííîñòü ðàçíîñòíîãî
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ðåøåíèÿ {unj , Un
j+1/2} îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè êîíñåðâàòèâíûõ ïåðå-

ìåííûõ {Un+1
j+1/2}.

Äîêàçàòåëüñòâî.

Ïðåäïîëàãàÿ, ÷òî ðàçíîñòíîå ðåøåíèå {unj , Un
j+1/2} íà n-îì âðåìåííîì ñëîå ÿâ-

ëÿåòñÿ ìîíîòîííî âîçðàñòàþùèì, ïîòðåáóåì, ÷òîáû ìîíîòîííî âîçðàñòàþùåé ïî

j áûëà ïîñëåäîâàòåëüíîñòü {un+1/2
j , Un

j+1/2} çíà÷åíèé ýòîãî ðåøåíèÿ:

u
n+1/2
j−1 ≤ Un

j−1/2 ≤ u
n+1/2
j ≤ Un

j+1/2 ≤ u
n+1/2
j+1 ∀j. (3.20)

Íåðàâåíñòâà (3.20) áóäóò âûïîëíåíû, åñëè ê çíà÷åíèÿì un+1/2
j ïðèìåíèòü ïðèíöèï

ìàêñèìóìà, â ñèëó êîòîðîãî ñ ó÷¼òîì a(v) = f ′(v) > 0 èìååì

Un
j−1/2 ≤ u

n+1/2
j ≤ unj ∀j. (3.21)

Ïîñêîëüêó ôóíêöèÿ f(v) ìîíîòîííî âîçðàñòàåò, òî íåðàâåíñòâà (3.20) è (3.21)

ýêâèâàëåíòíû ñëåäóþùèì íåðàâåíñòâàì

f
n+1/2
j−1 ≤ fnj−1/2 ≤ f

n+1/2
j ≤ f

n+1/2
j+1 ∀j, (3.22)

fnj−1/2 ≤ f
n+1/2
j ≤ fnj ∀j.

Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû íåðàâåíñòâà (3.22), âûÿñíèì, ïðè êàêèõ óñëîâèÿõ

èç ìîíîòîííîãî âîçðàñòàíèÿ ïîñëåäîâàòåëüíîñòè çíà÷åíèé {fnj−1/2, f
n+1/2
j } ïîòîêîâ

ðàçíîñòíîãî ðåøåíèÿ ñëåäóåò ìîíîòîííîå âîçðàñòàíèå

u
n+1/2
j−1 ≤ Un+1

j−1/2 ≤ u
n+1/2
j ≤ Un+1

j+1/2 ≤ u
n+1/2
j+1 ∀j (3.23)

ïîñëåäîâàòåëüíîñòè çíà÷åíèé {Un+1
j−1/2, u

n+1/2
j } ýòîãî ðåøåíèÿ, ãäå âåëè÷èíû Un+1

j−1/2
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âû÷èñëÿþòñÿ ïî ôîðìóëå

Un+1
j−1/2 = Un

j−1/2 − zn
(
f
n+1/2
j − fn+1/2

j−1

)
, (3.24)

ïîëó÷àåìîé èç ðàçíîñòíîãî óðàâíåíèÿ (3.7).

Ïîñêîëüêó âòîðîå èç íåðàâåíñòâ (3.23) ñ ó÷¼òîì ôîðìóëû (3.24) ìîæíî ïåðå-

ïèñàòü â âèäå

Un
j−1/2 − u

n+1/2
j ≤ zn

(
f
n+1/2
j − fn+1/2

j−1

)
, (3.25)

òî åãî âûïîëíåíèå ñëåäóåò èç óñëîâèé (3.21) è (3.22), â ñèëó êîòîðûõ ëåâàÿ ÷àñòü

íåðàâåíñòâà (3.25) íåïîëîæèòåëüíà, à åãî ïðàâàÿ ÷àñòü � íåîòðèöàòåëüíà. Ïåðâîå

èç íåðàâåíñòâ (3.23) ìîæíî ïðåäñòàâèòü â âèäå

f
n+1/2
j ≤ f

n+1/2
j−1 +

Un
j−1/2 − u

n+1/2
j−1

zn
.

Ïîêàæåì, ÷òî ýòî íåðàâåíñòâî áóäåò âûïîëíåíî ïðè óñëîâèè

f
n+1/2
j ≤ ϕnj−1 = fnj−1 +

Un
j−1/2 − unj−1

zn
.

Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü âûïîëíåíèå íåðàâåíñòâà

fnj−1 +
Un
j−1/2 − unj−1

rn
≤ f

n+1/2
j−1 +

Un
j−1/2 − u

n+1/2
j−1

zn
,

êîòîðîå ìîæíî ïåðåïèñàòü â âèäå

zn

(
fnj−1 − f

n+1/2
j−1

)
≤ unj−1 − u

n+1/2
j−1 . (3.26)

Ïðè óñëîâèè unj−1 = u
n+1/2
j−1 ⇒ fnj−1 = f

n+1/2
j−1 íåñòðîãîå íåðàâåíñòâî (3.26)

ïåðåõîäèò â ðàâåíñòâî. Åñëè unj−1 > u
n+1/2
j−1 ⇒ fnj−1 > f

n+1/2
j−1 , íåðàâåíñòâî (3.26)
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ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì

zn

(
fnj−1 − f

n+1/2
j−1

)
unj−1 − u

n+1/2
j−1

=
zn

(
f
(
unj−1

)
− f

(
u
n+1/2
j−1

))
unj−1 − u

n+1/2
j−1

≤ 1. (3.27)

Ïîñêîëüêó ñ ó÷¼òîì ìîíîòîííîñòè (3.21), (3.22) è âûïóêëîñòè ôóíêöèè f(v) èìååò

ìåñòî íåðàâåíñòâî (ñì. Ðèñóíîê 3.1)

tgα =
fnj−1 − f

n+1/2
j−1

unj−1 − u
n+1/2
j−1

< tg γ = anj−1/2 = f ′
(
unj−1/2

)
, (3.28)

òî íåðàâåíñòâî (3.27) ñëåäóåò èç íåðàâåíñòâà

zn max
j
|anj+1/2| =

τn
h

max
j
|anj+1/2| = r < 1, (3.29)

ïîëó÷àåìîãî èç óñëîâèÿ óñòîé÷èâîñòè (3.5) ñõåìû CABARET 2.

uj-1

nuj-1

n+1
2
-

a b g

fj-1

n

fj-1

n+

fj-

n

1
2
-

1
2
-

Uj-

n

1
2
-

f

u

f u(  )

Ðèñóíîê 3.1 � Ãðàôè÷åñêàÿ èëëþñòðàöèÿ íåðàâåíñòâ (3.28) è (3.33).
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Òàêèì îáðàçîì, äëÿ âûïîëíåíèÿ íåðàâåíñòâ (3.23) äîñòàòî÷íî, ÷òîáû ïîòî-

êè fn+1/2
j óäîâëåòâîðÿëè îãðàíè÷åíèÿì

fnj−1/2 ≤ f
n+1/2
j ≤ min

(
fnj , ϕ

n
j−1/2

)
∀j. (3.30)

Äëÿ êîððåêòíîñòè ýòèõ îãðàíè÷åíèé íåîáõîäèìî, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

fnj−1/2 ≤ ϕnj−1/2 = fnj−1 +
Un
j−1/2 − unj−1

zn
,

êîòîðîå ìîæíî ïåðåïèñàòü â âèäå

zn

(
fnj−1/2 − fnj−1

)
≤ Un

j−1/2 − unj−1. (3.31)

Ïðè óñëîâèè Un
j−1/2 = unj−1 ⇒ fnj−1/2 = fnj−1 íåñòðîãîå íåðàâåíñòâî (3.31) ïåðåõî-

äèò â ðàâåíñòâî, à ïðè Un
j−1/2 > unj−1 ⇒ fnj−1/2 > fnj−1 íåðàâåíñòâî (3.31) ìîæíî

çàïèñàòü ñëåäóþùèì îáðàçîì

zn

(
fnj−1/2 − fnj−1

)
Un
j−1/2 − unj−1

=
zn

(
f
(
Un
j−1/2

)
− f

(
unj−1

))
Un
j−1/2 − unj−1

≤ 1. (3.32)

Íåðàâåíñòâî (3.32) ñ ó÷¼òîì óñëîâèé ìîíîòîííîñòè è óñëîâèÿ óñòîé÷èâîñòè (3.29)

ñëåäóåò èç âûïóêëîñòè ôóíêöèè f(v), â ñèëó êîòîðîé, êàê âèäíî èç Ðèñóíêà 3.1,

tg β =
fnj−1/2 − fnj−1
Un
j−1/2 − unj−1

< tg γ = anj−1/2 = f ′
(
unj−1/2

)
. (3.33)

Åñëè ðàçíîñòíîå ðåøåíèå {unj , Un
j+1/2} íà n-îì âðåìåííîì ñëîå ÿâëÿåòñÿ ìîíî-

òîííî óáûâàþùèì, òî àíàëîãè÷íûì îáðàçîì ïîêàçûâàåòñÿ, ÷òî äëÿ ñîõðàíåíèÿ
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ìîíîòîííîãî óáûâàíèÿ

u
n+1/2
j−1 ≥ Un+1

j−1/2 ≥ u
n+1/2
j ≥ Un+1

j+1/2 ≥ u
n+1/2
j+1 ∀j (3.34)

ïîñëåäîâàòåëüíîñòè çíà÷åíèé {un+1/2
j , Un+1

j+1/2} ýòîãî ðåøåíèÿ äîñòàòî÷íî, ÷òîáû

ïîòîêè fn+1/2
j óäîâëåòâîðÿëè îãðàíè÷åíèÿì

fnj−1/2 ≥ f
n+1/2
j ≥ max

(
fnj , ϕ

n
j−1/2

)
∀j. (3.35)

Èç íåðàâåíñòâ (3.23) è (3.34), êîòîðûå âûïîëíåíû ïðè óñëîâèÿõ (3.30) è (3.35)

ñîîòâåòñòâåííî, ñëåäóåò ìîíîòîííîñòü ðàçíîñòíîãî ðåøåíèÿ îòíîñèòåëüíî ïîñëå-

äîâàòåëüíîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ {Un+1
j+1/2}. Òåîðåìà äîêàçàíà.

Â íà÷àëå ÷åòâ¼ðòîãî ýòàïà ïî ôîðìóëàì

ũn+1
j = 2u

n+1/2
j − unj , u

n+1/2
j = f−1(f

n+1/2
j ), (3.36)

ãäå f−1 � ôóíêöèÿ, îáðàòíàÿ ê f , íàõîäÿòñÿ âòîðûå ïðåäâàðèòåëüíûå çíà÷åíèÿ

ïîòîêîâûõ ïåðåìåííûõ íà ïîëóöåëîì âðåìåííîì ñëîå tn+1/2. Êàê ïîêàçàíî â ðàáîòå

[40], ñîõðàíåíèå â ñõåìå CABARET 2 ìîíîòîííîñòè îòíîñèòåëüíî ïîñëåäîâàòåëü-

íîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ {Un+1
j+1/2} â îáùåì ñëó÷àå íå ãàðàíòèðóåò ìî-

íîòîííîñòè ðàçíîñòíîãî ðåøåíèÿ îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè {ũn+1
j , Un+1

j+1/2}

÷åðåäóþùèõñÿ çíà÷åíèé ïîòîêîâûõ ũn+1
j è êîíñåðâàòèâíûõ Un+1

j+1/2 ïåðåìåííûõ. Ïî-

ýòîìó â çàêëþ÷åíèå íåîáõîäèìî ïðîâåñòè äîïîëíèòåëüíóþ êîððåêöèþ ïîòîêîâûõ

ïåðåìåííûõ

un+1
j = F

(
ũn+1
j ,mn+1

j ,Mn+1
j

)
, (3.37)

mn+1
j = min

(
Un+1
j−1/2, U

n+1
j+1/2

)
, Mn+1

j = max
(
Un+1
j−1/2, U

n+1
j+1/2

)
, (3.38)

îáåñïå÷èâàþùóþ ñîõðàíåíèå ìîíîòîííîñòè âñåãî ðàçíîñòíîãî ðåøåíèÿ {un+1
j , Un+1

j+1/2}
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íà (n+ 1)-îì âðåìåííîì ñëîå.

3.1.2 Ãðàôè÷åñêàÿ èëëþñòðàöèÿ

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ðàçíîñòíîå ðåøåíèå ïî ñòàíäàðòíîé è ìîäèôèöè-

ðîâàííîé ñõåìàì CABARET 2 çàäà÷è Êîøè (3.2), â êîòîðîé ïîòîê f(v) = v2/2, à

ôóíêöèÿ íà÷àëüíûõ äàííûõ ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé è èìååò âèä

v0(x) =


0.5, x < 1,

2, 1 ≤ x ≤ 2,

0.5, x > 2.

(3.39)

Òî÷íîå ðåøåíèå äàííîé çàäà÷è îïèñàíî â Ãëàâå 1. Íà Ðèñóíêàõ 3.2 è 3.3 íà

äâà ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè ïðèâåäåíû çíà÷åíèÿ êîíñåðâàòèâíûõ ïå-

ðåìåííûõ Un
j+1/2, ïîëó÷àåìûå ïðè ðàñ÷¼òå ïî ñõåìàì CABARET 2 çàäà÷è Êîøè

(3.2), (3.39) ñ ñåòî÷íûìè íà÷àëüíûìè äàííûìè â âèäå

U 0
j+1/2 = v0(xj+1/2), u0j = (U 0

j−1/2 + U 0
j+1/2)/2.

Êðóæêàìè ïîêàçàíû ðåçóëüòàòû ðàñ÷¼òîâ ïî ñòàíäàðòíîé ñõåìå CABARET 2,

à òî÷êàìè � ïî ìîäèôèöèðîâàííîé ñõåìå, óäîâëåòâîðÿþùåé óñëîâèÿì Òåîðåìû 1.

Ðàñ÷¼òû ïðîâîäèëèñü íà ðàçíîñòíîé ñåòêå (3.4), (3.5) ñ ïðîñòðàíñòâåííûì øà-

ãîì h = 0.1 ïðè ÷èñëàõ Êóðàíòà r = 0.25 (Ðèñóíîê 3.2) è r = 0.75 (Ðèñóíîê 3.3).

Èç Ðèñóíêîâ 3.2 è 3.3 âèäíî, ÷òî ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ñòàíäàðò-

íîé ñõåìå, èìååò ïàðàçèòè÷åñêèå îñöèëëÿöèè, àìïëèòóäà êîòîðûõ âîçðàñòàåò ñ

óâåëè÷åíèåì ÷èñëà Êóðàíòà. Ïðè r = 0.25 ýòè îñöèëëÿöèè ñ òå÷åíèåì âðåìåíè

áûñòðî çàòóõàþò, à ïðè r = 0.75 ñîõðàíÿþòñÿ ïðè âñåõ t > 0. Êðîìå òîãî, ïðè

r = 0.75 ñòàíäàðòíàÿ ñõåìà CABARET 2 (êðóæêè íà Ðèñóíêå 3.3(á)) íå îáåñïå÷è-
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âàåò ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ (3.39),

ðàñïîëîæåííîãî â òî÷êå x = 1.

0,5 1 1,5 2 2,5 x

0

0,5

1

1,5

2

v

n = 1
( )

1 1,5 2 2,5 3 3,5 x

0

0,5

1

1,5

2

v

n = 64

( )

Ðèñóíîê 3.2 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé çàäà÷è Êîøè (3.2), (3.39),
â êîòîðîé ïîòîê f(v) = v2/2, íà ìîìåíòû âðåìåíè tn = 0.0125, ãäå n = 1 (à), è
tn = 0.8, ãäå n = 64 (á), ïðè r = 0.25. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; êðóæêè
� ðàñ÷¼ò ïî ñòàíäàðòíîé ñõåìå CABARET 2; òî÷êè � ðàñ÷¼ò ïî ìîäèôèöèðîâàí-
íîé ñõåìå.

0,5 1 1,5 2 2,5 x

0

0,5

1

1,5

2

v

n = 1
( )

1 1,5 2 2,5 3 3,5 x

0

0,5

1

1,5

2

v

n = 21
( )

Ðèñóíîê 3.3 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé çàäà÷è Êîøè (3.2), (3.39),
â êîòîðîé ïîòîê f(v) = v2/2, íà ìîìåíòû âðåìåíè tn = 0.0375, ãäå n = 1 (à), è
tn = 0.7875, ãäå n = 21 (á), ïðè r = 0.75. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå;
êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé ñõåìå CABARET 2; òî÷êè � ðàñ÷¼ò ïî ìîäèôè-
öèðîâàííîé ñõåìå.
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Â òî æå âðåìÿ èç ðèñóíêîâ âèäíî, ÷òî ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ìîäè-

ôèöèðîâàííîé ñõåìå, ÿâëÿåòñÿ ìîíîòîííûì, õîðîøî âîñïðîèçâîäèò ïðîôèëü öåí-

òðèðîâàííîé âîëíû ðàçðåæåíèÿ, âîçíèêàþùåé èç íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà

íà÷àëüíûõ äàííûõ, è ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü ïðè ëîêàëèçàöèè ñèëüíîãî

è ñëàáîãî ðàçðûâîâ òî÷íîãî ðåøåíèÿ.

3.2 Ñëó÷àé çíàêîïåðåìåííîãî õàðàêòåðèñòè÷åñêîãî

ïîëÿ

Ìîäèôèêàöèÿ ñõåìû CABARET 2, îáåñïå÷èâàþùàÿ å¼ ìîíîòîííîñòü â ñëó÷àå,

êîãäà õàðàêòåðèñòèêè àïïðîêñèìèðóåìîãî çàêîíà ñîõðàíåíèÿ ðàñïðîñòðàíÿþòñÿ

ñ îòðèöàòåëüíîé ñêîðîñòüþ, ïîëó÷àåòñÿ àíàëîãè÷íûì îáðàçîì. Îòäåëüíîãî ðàñ-

ñìîòðåíèÿ òðåáóåò ñëó÷àé, êîãäà ýòè õàðàêòåðèñòèêè ìîãóò ìåíÿòü çíàê.

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ êâàçèëèíåéíîãî ãèïåðáîëè÷åñêîãî ñêàëÿðíîãî

çàêîíà ñîõðàíåíèÿ ñî ñòðîãî âûïóêëîé ôóíêöèåé ïîòîêà

vt + f(v)x = 0, f ′′(v) > 0, v(x, 0) = v0(x), (3.40)

ãäå ôóíêöèÿ a(v) = f ′(v), çàäàþùàÿ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòåðèñòèê

óðàâíåíèÿ (3.40), ÿâëÿåòñÿ çíàêîïåðåìåííîé. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(v) äî-

ñòèãàåò ñâîåãî ìèíèìóìà ïðè çíà÷åíèè w, â ñèëó ÷åãî f ′(w) = 0. Ïî àíàëîãèè ñ

ãàçîâîé äèíàìèêîé ëèíèþ x = x1 íàçûâàþò çâóêîâîé õàðàêòåðèñòèêîé ðåøåíèÿ

v(x, t) çàäà÷è Êîøè (3.40), åñëè âûïîëíåíî óñëîâèå v(x1, t) = w, ñ ó÷¼òîì êîòîðî-

ãî ñêîðîñòü ðàñïðîñòðàíåíèÿ ýòîé õàðàêòåðèñòèêè ðàâíà íóëþ. Çâóêîâîé ïîëîñîé

ðåøåíèÿ v(x, t) áóäåì íàçûâàòü îòðåçîê [x1, x2], íà êîòîðîì âûïîëíåíî óñëîâèå

v(x, t) = w, a(v(x, t)) = 0 ∀x ∈ [x1, x2]. (3.41)
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Ïðè x1 = −∞ èëè x2 = +∞ ìû ïîëó÷èì çâóêîâóþ ïîëîñó, íåîãðàíè÷åííóþ ñëåâà

èëè ñïðàâà.

Íà çâóêîâûõ ëèíèÿõ è íà ãðàíèöàõ çâóêîâûõ ïîëîñ ñêîðîñòü ðàñïðîñòðàíå-

íèÿ õàðàêòåðèñòèê ñèñòåìû (3.40) ìîæåò ìåíÿòü çíàê. Ýòà ñêîðîñòü òàêæå áóäåò

ìåíÿòü çíàê íà óñòîé÷èâûõ óäàðíûõ âîëíàõ, íà ôðîíòàõ êîòîðûõ âûïîëíåíû óñëî-

âèÿ Ãþãîíèî

D(v1 − v0) = (f(v1)− f(v0)), v1 > w > v0, (3.42)

ãäå D = x′(t) � ñêîðîñòü ôðîíòà óäàðíîé âîëíû x = x(t), v1 = v(x(t) − 0, t),

v0 = v(x(t) + 0, t). Ïîñêîëüêó ïðè èçìåíåíèè çíàêà ñêîðîñòè õàðàêòåðèñòèê ñòàí-

äàðòíàÿ ïðîöåäóðà ïîñòðîåíèÿ ñõåìû CABARET 2 íàðóøàåòñÿ, à ïðåäëîæåííûå

ðàíåå ìîäèôèêàöèè ýòîé ñõåìû [39] â ýòîé ñèòóàöèè îêàçàëèñü íåäîñòàòî÷íî ýô-

ôåêòèâíûìè, ðàçðàáîòêà íîâîé ìîäèôèêàöèè ñõåìû CABARET 2, ñîõðàíÿþùåé

ïîâûøåííóþ òî÷íîñòü è ìîíîòîííîñòü â ñëó÷àå çíàêîïåðåìåííîãî õàðàêòåðèñòè-

÷åñêîãî ïîëÿ, îñòà¼òñÿ àêòóàëüíîé çàäà÷åé.

3.2.1 Ìîäèôèöèðîâàííàÿ ñõåìà CABARET

Àïïðîêñèìèðóåì çàäà÷ó (3.40) äâóõñëîéíîé ïî âðåìåíè ìîäèôèöèðîâàííîé ñõåìîé

CABARET 2, çàäàííîé íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå

{xj, tn} : xj = jh, tn+1 = tn + τn, t0 = 0, (3.43)

â êîòîðîé h� ïîñòîÿííûé øàã ñåòêè ïî ïðîñòðàíñòâó, à τn �øàã ñåòêè ïî âðåìåíè,

îïðåäåëÿåìûé èç óñëîâèÿ óñòîé÷èâîñòè

τn = rh/max
j
|anj+1/2|, (3.44)
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ãäå r ∈ (0, 1) � ÷èñëî Êóðàíòà, anj+1/2 = a(Un
j+1/2). Â ýòîé ñõåìå èñïîëüçóþòñÿ ïîòî-

êîâûå unj = v(xj, tn) è êîíñåðâàòèâíûå Un
j+1/2 = v(xj+1/2, tn) ïåðåìåííûå, çàäàííûå

ñîîòâåòñòâåííî â öåëûõ xj è ïîëóöåëûõ xj+1/2 = xj +h/2 ïðîñòðàíñòâåííûõ óçëàõ

ðàçíîñòíîé ñåòêè.

Ïóñòü {unj , Un
j+1/2} � èçâåñòíîå ÷èñëåííîå ðåøåíèå çàäà÷è (3.40) íà n-îì âðå-

ìåííîì ñëîå tn, ïðè n = 0 � ñåòî÷íàÿ àïïðîêñèìàöèÿ íà÷àëüíîé ôóíêöèè v0(x).

Ñëåäóÿ ïóíêòó 3.1.1, ÷èñëåííîå ðåøåíèå {un+1
j , Un+1

j+1/2} íà (n + 1)-îì âðåìåííîì

ñëîå tn+1 áóäåì íàõîäèòü ïî ìîäèôèöèðîâàííîé ñõåìå CABARET 2 â ÷åòûðå ýòàïà.

Íà ïåðâîì ýòàïå ïî ðàçíîñòíûì óðàâíåíèÿì

U
n+1/2
j+1/2 − U

n
j+1/2

τn/2
+
fnj+1 − fnj

h
= 0, fnj = f(unj ), (3.45)

âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1/2
j+1/2 = v(xj+1/2, tn+1/2) íà

ïîëóöåëîì âðåìåííîì ñëîå tn+1/2 = tn+τn/2. Íà âòîðîì ýòàïå íàõîäÿòñÿ çíà÷åíèÿ

ïîòîêîâ fn+1/2
j = f(u

n+1/2
j ) íà ïîëóöåëîì âðåìåííîì ñëîå tn+1/2. Íà òðåòüåì ýòàïå

ïî ðàçíîñòíûì óðàâíåíèÿì

Un+1
j+1/2 − U

n
j+1/2

τn
+
f
n+1/2
j+1 − fn+1/2

j

h
= 0 (3.46)

âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1
j+1/2 íà (n+1)-îì âðåìåííîì

ñëîå tn+1. Íà ÷åòâ¼ðòîì ýòàïå íàõîäÿòñÿ çíà÷åíèÿ ïîòîêîâûõ ïåðåìåííûõ un+1
j íà

(n + 1)-îì âðåìåííîì ñëîå tn+1. Äåòàëüíîå îïèñàíèå ÷èñëåííîãî àëãîðèòìà íà

âòîðîì è ÷åòâ¼ðòîì ýòàïàõ ïðèâîäèòñÿ íèæå.

Íà âòîðîì ýòàïå ñíà÷àëà âû÷èñëÿþòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ ïîòîêîâ

f̄
n+1/2
j = f

(
ū
n+1/2
j

)
, ū

n+1/2
j =

(
unj + ūn+1

j

)
/2, (3.47)
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ãäå âåëè÷èíà ūn+1
j îïðåäåëÿåòñÿ â çàâèñèìîñòè îò çíàêîâ ñêîðîñòåé õàðàêòåðèñòèê

anj−1/2 = a(Un
j−1/2), anj+1/2 = a(Un

j+1/2), a(v) = f ′(v),

â ÿ÷åéêàõ, ïðèìûêàþùèõ ê óçëó j. Ïðè ýòîì çàäà¼òñÿ äîñòàòî÷íî ìàëîå ïîëîæè-

òåëüíîå ÷èñëî ε è ââîäèòñÿ âñïîìîãàòåëüíàÿ ñåòî÷íàÿ ôóíêöèÿ bnj+1/2 òàêàÿ, ÷òî

bnj+1/2 = anj+1/2 ïðè |anj+1/2| ≥ ε è |bnj+1/2| = ε ïðè |anj+1/2| < ε. Òàêîå îòäåëåíèå ñêî-

ðîñòåé õàðàêòåðèñòèê îò íóëÿ íå ñíèæàåò òî÷íîñòü ñõåìû è ïîçâîëÿåò ñóùåñòâåííî

óïðîñòèòü àëãîðèòì âû÷èñëåíèÿ è êîððåêöèè ÷èñëåííûõ ïîòîêîâ. Çíàê âñïîìîãà-

òåëüíîé ôóíêöèè bnj+1/2 îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: åñëè |anj+1/2| ≥ ε è

|anj+(2k+1)/2| < ε ïðè âñåõ k = 1, 2, ...,m, ãäå m ∈ N èëè m = +∞, òî òîãäà

bnj+(2k+1)/2 =

 ε, anj+1/2 ≥ ε,

−ε, anj+1/2 ≤ −ε,
∀ k = 1, 2, ...,m; (3.48)

åñëè |anj−1/2| ≥ ε è |anj−(2k+1)/2| < ε ïðè âñåõ k ≥ 1, òî òîãäà

bnj−(2k+1)/2 =

 ε, anj−1/2 ≥ ε,

−ε, anj−1/2 ≤ −ε,
∀ k ≥ 1. (3.49)

Òàêîå çàäàíèå âñïîìîãàòåëüíîé ôóíêöèè bnj+1/2 ìèíèìèçèðóåò êîëè÷åñòâî ñìåí

çíàêà ó ýòîé ôóíêöèè.

Ïîñëå îïðåäåëåíèÿ ôóíêöèè bnj+1/2, çíà÷åíèå ū
n+1
j âû÷èñëÿåòñÿ ïî ôîðìóëå

ūn+1
j = 2U

n+1/2
j−1/2 − u

n
j−1 (3.50)

ïðè óñëîâèè

bnj−1/2 > 0, bnj+1/2 > 0, (3.51)
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ïî ôîðìóëå

ūn+1
j = 2U

n+1/2
j+1/2 − u

n
j+1 (3.52)

ïðè óñëîâèè

bnj−1/2 < 0, bnj+1/2 < 0, (3.53)

ïî ôîðìóëå

ūn+1
j = unj ⇒ ū

n+1/2
j = unj ⇒ f̄

n+1/2
j = fnj (3.54)

ïðè óñëîâèè

bnj−1/2 < 0, bnj+1/2 > 0 (3.55)

è ïî ôîðìóëàì

ūn+1
j =

anj−1/2(ūl)
n+1
j + |anj+1/2|(ūr)

n+1
j

anj−1/2 + |anj+1/2|
,

(ūl)
n+1
j = 2U

n+1/2
j−1/2 − u

n
j−1, (ūr)

n+1
j = 2U

n+1/2
j+1/2 − u

n
j+1

ïðè óñëîâèè

bnj−1/2 > 0, bnj+1/2 < 0. (3.56)

Äàëåå, ïðè ïîìîùè ñòàíäàðòíîé ôóíêöèè îãðàíè÷åíèÿ

F (u,m,M) =


u, m ≤ u ≤M,

m, u < m,

M, u > M,

âû÷èñëÿåì ïîòîêè fn+1/2
j ïóò¼ì êîððåêöèè èõ ïðåäâàðèòåëüíûõ çíà÷åíèé (3.47).

I. Ïðè óñëîâèÿõ (3.51) è ïðè óñëîâèè (3.53) ïîòîêè (3.47) êîððåêòèðóþòñÿ ïî

ôîðìóëå

f̃
n+1/2
j = F

(
f
n+1/2

j ,mn
j ,M

n
j

)
, (3.57)
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â êîòîðîé

mn
j = min

(
fnj−1/2, f

n
j

)
, Mn

j = max
(
fnj−1/2, f

n
j

)
, fnj−1/2 = f(Un

j−1/2) (3.58)

ïðè óñëîâèè (3.51) è

mn
j = min

(
fnj+1/2, f

n
j

)
, Mn

j = max
(
fnj+1/2, f

n
j

)
, fnj+1/2 = f(Un

j+1/2) (3.59)

ïðè óñëîâèè (3.51).

Äàëåå, åñëè íà n-îì âðåìåííîì ñëîå ïðè j = k âûïîëíåíû íåðàâåíñòâà

Un
k−3/2 ≤ unk−1 ≤ Un

k−1/2 ≤ unk ⇔ fnk−3/2 ≤ fnk−1 ≤ fnk−1/2 ≤ fnk , (3.60)

òî ïðè ïîìîùè ôóíêöèè

F1(u,M) =

 u, u ≤M,

M, u ≥M,
(3.61)

îãðàíè÷èâàþùåé ñâåðõó, ïðîâîäèòñÿ äîïîëíèòåëüíàÿ êîððåêöèÿ ïîòîêà f̃n+1/2
k ïî

ôîðìóëå

f
n+1/2
k = F1

(
f̃
n+1/2
k , ϕnk−1

)
(3.62)

ïðè óñëîâèè (3.51) è ïî ôîðìóëå

f
n+1/2
k = F1

(
f̃
n+1/2
k , ψnk−1

)
(3.63)

ïðè óñëîâèè (3.53), ãäå

ϕnk−1 = fnk−1 +
Un
k−1/2 − unk−1

zn
, (3.64)
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ψnk+1 = fnk+1 +
unk+1 − Un

k+1/2

zn
. (3.65)

Åñëè íà n-îì âðåìåííîì ñëîå ïðè j = k âûïîëíåíû íåðàâåíñòâà

Un
k−3/2 ≥ unk−1 ≥ Un

k−1/2 ≥ unk ⇔ fnk−3/2 ≥ fnk−1 ≥ fnk−1/2 ≥ fnk , (3.66)

òî ïðè ïîìîùè ôóíêöèè

F2(u,m) =

 u, u ≥ m,

m, u ≤ m,
(3.67)

îãðàíè÷èâàþùåé ñíèçó, äîïîëíèòåëüíàÿ êîððåêöèÿ ïîòîêà f̃n+1/2
k ïðîâîäèòñÿ ïî

ôîðìóëå

f
n+1/2
k = F2

(
f̃
n+1/2
k , ϕnk−1

)
(3.68)

ïðè óñëîâèè (3.51) è ïî ôîðìóëå

f
n+1/2
k = F2

(
f̃
n+1/2
k , ψnk+1

)
(3.69)

ïðè óñëîâèè (3.53).

Åñëè íè îäíî èç äâóõ óñëîâèé (3.60) èëè (3.66) íå âûïîëíåíî, òî êîððåêöèÿ

ïîòîêà f̃n+1/2
k íå ïðîâîäèòñÿ, òî åñòü ïîëàãàåòñÿ, ÷òî fn+1/2

k = f̃
n+1/2
k .

II. Ïðè óñëîâèè (3.56) ïîòîê fn+1/2
j âû÷èñëÿåòñÿ ïî ôîðìóëå

f
n+1/2
j = F

(
f̄
n+1/2
j ,mn

j ,M
n
j

)
, (3.70)

â êîòîðîé

mn
j = max

(
ϕnj−1/2, ψ

n
j+1/2

)
, Mn

j = max
(
mn
j , g

n
j

)
, (3.71)
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ãäå

gnj =
fnj−1 + fnj+1

2
+
Un
j−1/2 − Un

j+1/2

2zn
. (3.72)

III. Ïðè óñëîâèè (3.55) ïîëàãàåì

f
n+1/2
j = f̄

n+1/2
j . (3.73)

Äëÿ äîêàçàòåëüñòâà ìîíîòîííîñòè ìîäèôèöèðîâàííîé ñõåìû CABARET 2, íàì

ïîíàäîáèòñÿ ñëåäóþùåå âñïîìîãàòåëüíîå îïðåäåëåíèå.

Îïðåäåëåíèå 3. Ðàçíîñòíàÿ äâóõñëîéíàÿ ïî âðåìåíè ñõåìà CABARET ñî-

õðàíÿåò ìîíîòîííîñòü îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè êîíñåðâàòèâíûõ ïå-

ðåìåííûõ, åñëè äëÿ å¼ ðàçíîñòíûõ ðåøåíèé {unj , Un
j+1/2} âûïîëíåíû óñëîâèÿ

unj ≤ Un
j+1/2 ≤ unj+1 ∀j ⇒ Un+1

j−1/2 ≤ Un+1
j+1/2 ∀j,

unj ≥ Un
j+1/2 ≥ unj+1 ∀j ⇒ Un+1

j−1/2 ≥ Un+1
j+1/2 ∀j.

Ðåçóëüòàòû î ìîíîòîííîñòè ìîäèôèöèðîâàííîé ñõåìû CABARET 2 îòíîñè-

òåëüíî ïîñëåäîâàòåëüíîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ ñôîðìóëèðóåì â âèäå ÷å-

òûð¼õ òåîðåì.

Òåîðåìà 1. Ðàçíîñòíàÿ ñõåìà CABARET 2 (3.45), (3.46), â êîòîðîé ïîòîêè

âû÷èñëÿþòñÿ ïî ôîðìóëàì (3.47), (3.50) è êîððåêòèðóþòñÿ ïî ôîðìóëàì (3.57)�

(3.69), ñîõðàíÿåò ìîíîòîííîñòü îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè êîíñåðâà-

òèâíûõ ïåðåìåííûõ ïðè àïïðîêñèìàöèè çàäà÷è Êîøè (3.40) â ñëó÷àå, êîãäà õà-

ðàêòåðèñòèêè ýòîé çàäà÷è ðàñïðîñòðàíÿþòñÿ â ïîëîæèòåëüíîì íàïðàâëåíèè

îñè x.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðåäëîæåíî â ïóíêòå 3.2.1.
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Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì Òåîðåìû 1 äëÿ ñëó÷àÿ, êîãäà õàðàêòå-

ðèñòèêè çàäà÷è (3.40) ðàñïðîñòðàíÿþòñÿ â îòðèöàòåëüíîì íàïðàâëåíèè îñè x.

Òåîðåìà 2. Ðàçíîñòíàÿ ñõåìà CABARET 2 (3.45), (3.46), â êîòîðîé ïîòî-

êè âû÷èñëÿþòñÿ ïî ôîðìóëàì (3.47), (3.52) è êîððåêòèðóþòñÿ ïî ôîðìóëàì

(3.57)�(3.69), ñîõðàíÿåò ìîíîòîííîñòü îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè êîí-

ñåðâàòèâíûõ ïåðåìåííûõ ïðè àïïðîêñèìàöèè çàäà÷è Êîøè (3.40) â ñëó÷àå, êîãäà

õàðàêòåðèñòèêè ýòîé çàäà÷è ðàñïðîñòðàíÿþòñÿ â îòðèöàòåëüíîì íàïðàâëåíèè

îñè x.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî íà ðåøåíèè v(x, t) çàäà÷è Êîøè (3.40)

ôóíêöèÿ a(v) = f ′(v) ÿâëÿåòñÿ îòðèöàòåëüíîé, òî åñòü a(v) < 0 è, ñëåäîâàòåëü-

íî, õàðàêòåðèñòèêè ðàññìàòðèâàåìîé çàäà÷è ðàñïðîñòðàíÿþòñÿ â îòðèöàòåëüíîì

íàïðàâëåíèè îñè x. Ïðåäïîëàãàÿ, ÷òî ðàçíîñòíîå ðåøåíèå {unj , Un
j+1/2} íà n-îì

âðåìåííîì ñëîå ÿâëÿåòñÿ ìîíîòîííî âîçðàñòàþùèì, è òðåáóÿ, ÷òîáû ìîíîòîííî

âîçðàñòàþùåé ïî j áûëà ïîñëåäîâàòåëüíîñòü {un+1/2
j , Un

j+1/2} çíà÷åíèé ýòîãî ðåøå-

íèÿ, ïîëó÷èì, ÷òî íåðàâåíñòâà (3.20) áóäóò âûïîëíåíû, åñëè ê çíà÷åíèÿì u
n+1/2
j

ïðèìåíèòü ïðèíöèï ìàêñèìóìà, â ñèëó êîòîðîãî ïðè óñëîâèè a(v) < 0 èìååì

unj ≤ u
n+1/2
j ≤ Un

j+1/2 ∀j. (3.74)

Ïîñêîëüêó ôóíêöèÿ f(v) ïðè a = f ′(v) < 0 ìîíîòîííî óáûâàåò, òî íåðàâåíñòâà

(3.20) è (3.74) ýêâèâàëåíòíû ñëåäóþùèì íåðàâåíñòâàì

f
n+1/2
j−1 ≥ fnj−1/2 ≥ f

n+1/2
j ≥ fnj+1/2 ≥ f

n+1/2
j+1 ∀j, (3.75)

fnj ≥ f
n+1/2
j ≥ fnj+1/2 ∀j.

Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû íåðàâåíñòâà (3.75), âûÿñíèì, ïðè êàêèõ óñëîâèÿõ èç

ìîíîòîííîãî óáûâàíèÿ ïîñëåäîâàòåëüíîñòè çíà÷åíèé {fn+1/2
j , fnj+1/2} ïîòîêîâ ðàç-
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íîñòíîãî ðåøåíèÿ ñëåäóåò ìîíîòîííîå âîçðàñòàíèå (3.23) ïîñëåäîâàòåëüíîñòè çíà-

÷åíèé {un+1/2
j , Un+1

j+1/2} ýòîãî ðåøåíèÿ, ãäå âåëè÷èíû Un+1
j+1/2 âû÷èñëÿþòñÿ ïî ôîð-

ìóëå

Un+1
j+1/2 = Un

j+1/2 − zn
(
f
n+1/2
j+1 − fn+1/2

j

)
, (3.76)

ïîëó÷àåìîé èç ðàçíîñòíîãî óðàâíåíèÿ (3.46).

Ïîñêîëüêó òðåòüå èç íåðàâåíñòâ (3.23) ñ ó÷¼òîì ôîðìóëû (3.76) ìîæíî ïåðå-

ïèñàòü â âèäå

Un
j+1/2 − u

n+1/2
j ≥ zn

(
f
n+1/2
j+1 − fn+1/2

j

)
, (3.77)

òî åãî âûïîëíåíèå ñëåäóåò èç óñëîâèé (3.20) è (3.75), â ñèëó êîòîðûõ ëåâàÿ ÷àñòü

íåðàâåíñòâà (3.77) íåîòðèöàòåëüíà, à åãî ïðàâàÿ ÷àñòü � íåïîëîæèòåëüíà. ×åò-

â¼ðòîå èç íåðàâåíñòâ (3.23) ìîæíî ïðåäñòàâèòü â âèäå

f
n+1/2
j ≤ f

n+1/2
j+1 +

u
n+1/2
j+1 − Un

j+1/2

zn
.

Ïîêàæåì, ÷òî ýòî íåðàâåíñòâî áóäåò âûïîëíåíî ïðè óñëîâèè

f
n+1/2
j ≤ ψnj+1/2 = fnj+1 +

unj+1 − Un
j+1/2

zn
.

Äëÿ ýòîãî äîñòàòî÷íî äîêàçàòü âûïîëíåíèå íåðàâåíñòâà

fnj+1 +
unj+1 − Un

j+1/2

rn
≤ f

n+1/2
j+1 +

u
n+1/2
j+1 − Un

j+1/2

zn
,

êîòîðîå ìîæíî ïåðåïèñàòü â âèäå

zn

(
fnj+1 − f

n+1/2
j+1

)
≤ u

n+1/2
j+1 − unj+1. (3.78)

Ïðè óñëîâèè unj+1 = u
n+1/2
j+1 ⇒ fnj+1 = f

n+1/2
j+1 íåñòðîãîå íåðàâåíñòâî (3.78)
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ïåðåõîäèò â ðàâåíñòâî. Åñëè unj+1 < u
n+1/2
j+1 ⇒ fnj+1 > f

n+1/2
j+1 , íåðàâåíñòâî (3.78)

ìîæíî çàïèñàòü â âèäå

zn

(
fnj+1 − f

n+1/2
j+1

)
u
n+1/2
j+1 − unj+1

=
zn

(
f
(
unj+1

)
− f

(
u
n+1/2
j+1

))
u
n+1/2
j+1 − unj+1

≤ 1. (3.79)

Íåðàâåíñòâî (3.79) ñ ó÷¼òîì óñëîâèé ìîíîòîííîñòè (3.20), (3.75) è óñëîâèÿ óñòîé-

÷èâîñòè (3.29) ñëåäóåò èç âûïóêëîñòè ôóíêöèè f(v), â ñèëó êîòîðîé, êàê âèäíî èç

Ðèñóíêà 3.4,

tgα =
fnj+1 − f

n+1/2
j+1

u
n+1/2
j+1 − unj+1

< tg γ =
∣∣∣anj+1/2

∣∣∣ =
∣∣∣f ′(Un

j+1/2

)∣∣∣. (3.80)

uj+1

n uj+1

n+1
2
-

abg

Uj+

n

1
2
- u

f u(  )

fj+1

n

fj+1

n+

fj+

n
1
2
-

1
2
-

f

Ðèñóíîê 3.4 � Ãðàôè÷åñêàÿ èëëþñòðàöèÿ íåðàâåíñòâ (3.80) è (3.84).

Òàêèì îáðàçîì, äëÿ âûïîëíåíèÿ íåðàâåíñòâ (3.23) äîñòàòî÷íî, ÷òîáû ïîòîêè
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f
n+1/2
j óäîâëåòâîðÿëè îãðàíè÷åíèÿì

fnj+1/2 ≤ f
n+1/2
j ≤ min

(
fnj , ψ

n
j+1/2

)
∀j. (3.81)

Äëÿ êîððåêòíîñòè ýòèõ îãðàíè÷åíèé íåîáõîäèìî, ÷òîáû âûïîëíÿëîñü íåðàâåíñòâî

fnj+1/2 ≤ ψnj+1/2 = fnj+1 +
unj+1 − Un

j+1/2

zn
,

êîòîðîå ìîæíî ïåðåïèñàòü â âèäå

zn

(
fnj+1/2 − fnj+1

)
≤ unj+1 − Un

j+1/2. (3.82)

Ïðè óñëîâèè Un
j+1/2 = unj+1 ⇒ fnj+1/2 = fnj+1 íåñòðîãîå íåðàâåíñòâî (3.82) ïåðåõî-

äèò â ðàâåíñòâî, à ïðè unj+1 > Un
j+1/2 ⇒ fnj+1 < fnj+1/2 íåðàâåíñòâî (3.82) ìîæíî

çàïèñàòü â âèäå

zn

(
fnj+1/2 − fnj+1

)
unj+1 − Un

j+1/2

=
zn

(
f
(
Un
j+1/2

)
− f

(
unj+1

))
unj+1 − Un

j+1/2

≤ 1. (3.83)

Íåðàâåíñòâî (3.83) ñ ó÷¼òîì óñëîâèé ìîíîòîííîñòè (3.20), (3.75) è óñëîâèÿ óñòîé-

÷èâîñòè (3.29) ñëåäóåò èç âûïóêëîñòè ôóíêöèè f(v), â ñèëó êîòîðîé, êàê âèäíî èç

Ðèñóíêà 3.4,

tg β =
fnj+1/2 − fnj+1

unj+1 − Un
j+1/2

< tg γ =
∣∣∣anj+1/2

∣∣∣ =
∣∣∣f ′(Un

j+1/2

)∣∣∣. (3.84)

Ïðåäïîëîæèì, ÷òî ðàçíîñòíîå ðåøåíèå {unj , Un
j+1/2} íà n-îì âðåìåííîì ñëîå

ÿâëÿåòñÿ ìîíîòîííî óáûâàþùèì. Òîãäà àíàëîãè÷íûì îáðàçîì ïîêàçûâàåòñÿ,

÷òî äëÿ ñîõðàíåíèÿ ìîíîòîííîãî óáûâàíèÿ (3.34) ïîñëåäîâàòåëüíîñòè çíà÷åíèé

{un+1/2
j , Un+1

j+1/2} ýòîãî ðåøåíèÿ äîñòàòî÷íî, ÷òîáû ïîòîêè f
n+1/2
j óäîâëåòâîðÿëè
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îãðàíè÷åíèÿì

fnj+1/2 ≥ f
n+1/2
j ≥ max

(
fnj , ψ

n
j+1/2

)
∀j. (3.85)

Èç íåðàâåíñòâ (3.23) è (3.34), êîòîðûå âûïîëíåíû ïðè óñëîâèÿõ (3.81), (3.85),

ñîîòâåòñòâåííî, ñëåäóåò ìîíîòîííîñòü ðàçíîñòíîãî ðåøåíèÿ îòíîñèòåëüíî ïîñëå-

äîâàòåëüíîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1
j+1/2. Òåîðåìà äîêàçàíà.

Èç Òåîðåì 1 è 2 ñëåäóåò, ÷òî â ñëó÷àå çíàêîïîñòîÿííîãî õàðàêòåðèñòè-

÷åñêîãî ïîëÿ êîððåêöèÿ ïîòîêîâ (3.57)�(3.69) ñîõðàíÿåò ìîíîòîííîñòü ñõåìû

CABARET 2 (3.45)�(3.53) îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè êîíñåðâàòèâíûõ

ïåðåìåííûõ.

Ïåðåéä¼ì ê èçó÷åíèþ ìîíîòîííîñòè ìîäèôèöèðîâàííîé ñõåìû CABARET 2

ïðè àïïðîêñèìàöèè ìîíîòîííûõ ïî x ðåøåíèé v(x, t) çàäà÷è Êîøè (3.40), ñîäåð-

æàùèõ çâóêîâóþ ëèíèþ, çâóêîâóþ ïîëîñó (3.41) èëè óäàðíóþ âîëíó (3.42), íà

ôðîíòå êîòîðîé ñêîðîñòè õàðàêòåðèñòèê ìåíÿþò çíàê. Ðàññìîòðèì ñíà÷àëà ìîíî-

òîííî âîçðàñòàþùèå ïî x ðåøåíèÿ v(x, t), êîòîðûå ïðè t > 0 ÿâëÿþòñÿ íåïðåðûâ-

íûìè, ïîñêîëüêó íå ñîäåðæàò óñòîé÷èâûõ óäàðíûõ âîëí.

Òåîðåìà 3. Ðàçíîñòíàÿ ñõåìà CABARET 2 (3.45), (3.46), â êîòîðîé ïîòîêè

âû÷èñëÿþòñÿ ïî ôîðìóëàì (3.47)�(3.55) è êîððåêòèðóþòñÿ ïî ôîðìóëàì (3.57)�

(3.69), (3.73), ñîõðàíÿåò ìîíîòîííîñòü îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè êîí-

ñåðâàòèâíûõ ïåðåìåííûõ ïðè àïïðîêñèìàöèè çàäà÷è Êîøè (3.40) ñ ïðîèçâîëüíû-

ìè ìîíîòîííî âîçðàñòàþùèìè íà÷àëüíûìè äàííûìè.

Äîêàçàòåëüñòâî. Åñëè ìîíîòîííî âîçðàñòàþùåå ïî j íà n-îì âðåìåííîì ñëîå

ðàçíîñòíîå ðåøåíèå {unj , Un
j+1/2} óäîâëåòâîðÿåò óñëîâèþ

Un
j+1/2 ≥ w ∀j ⇒ anj+1/2 ≥ 0 ∀j, (3.86)

òî äàííàÿ òåîðåìà äîêàçûâàåòñÿ òàê æå, êàê è Òåîðåìà 1; åñëè òàêîå ðåøåíèå
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óäîâëåòâîðÿåò óñëîâèþ

Un
j+1/2 ≤ w ∀j ⇒ anj+1/2 ≤ 0 ∀j, (3.87)

òî äîêàçàòåëüñòâî äàííîé òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó Òåîðåìû 2.

Ïðåäïîëîæèì, ÷òî ìîíîòîííî âîçðàñòàþùåå ïî j íà n-îì âðåìåííîì ñëîå ðàç-

íîñòíîå ðåøåíèå {unj , Un
j+1/2} ïðè íåêîòîðûõ çíà÷åíèÿõ j1 < j2 óäîâëåòâîðÿåò íåðà-

âåíñòâàì

Un
j1+1/2 < w, Un

j2+1/2 > w, ⇒ anj1+1/2 < 0, anj2+1/2 > 0.

Òîãäà ñ ó÷¼òîì ôîðìóë (3.48) è (3.49) âñïîìîãàòåëüíàÿ ñåòî÷íàÿ ôóíêöèÿ bnj+1/2

íà n-îì âðåìåííîì ñëîå ïðè äîñòàòî÷íî ìàëîì ε ïðèíèìàåò çíà÷åíèÿ

bnj+1/2 = −ε ∀j ≤ k − 1, bnj+1/2 = ε ∀j ≥ k,

ãäå j1 < k < j2. Â ðåçóëüòàòå íà n-îì âðåìåííîì ñëîå êîððåêöèÿ ïîòîêîâ ïðîâî-

äèòñÿ ïî ôîðìóëàì (3.57), (3.58), (3.60)�(3.62) ïðè j ≥ k + 1, ïî ôîðìóëàì (3.57),

(3.59)�(3.61), (3.63) ïðè j ≤ k − 1 è ïî ôîðìóëàì (3.54), (3.73) ïðè j = k, ÷òî ñ

ó÷¼òîì Òåîðåì 1 è 2 îáåñïå÷èâàåò âûïîëíåíèå íåðàâåíñòâ (3.23).

Òåîðåìà äîêàçàíà.

Ðàññìîòðèì ìîíîòîííî óáûâàþùèå ïî x ðåøåíèÿ v(x, t) çàäà÷è Êîøè (3.40),

ñîäåðæàùèå çâóêîâóþ ïîëîñó (3.41) èëè óäàðíóþ âîëíó (3.42), íà ôðîíòå êîòîðîé

ñêîðîñòè õàðàêòåðèñòèê ìåíÿþò çíàê. Åñëè ïðè àïïðîêñèìàöèè òàêîãî ðåøåíèÿ

ðàçíîñòíîå ðåøåíèå {unj , Un
j+1/2} íà n-îì âðåìåííîì ñëîå ìîíîòîííî óáûâàåò ïî

j, òî ñîõðàíåíèå äëÿ ýòîãî ðàçíîñòíîãî ðåøåíèÿ ìîíîòîííîñòè îòíîñèòåëüíî ïî-

ñëåäîâàòåëüíîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ íà (n+ 1)-îì âðåìåííîì ñëîå ïðè

óñëîâèè (3.86) ñëåäóåò èç Òåîðåìû 1, à ïðè óñëîâèè (3.87) � èç Òåîðåìû 2.
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Ïðåäïîëîæèì, ÷òî ìîíîòîííî óáûâàþùåå ïî j íà n-îì âðåìåííîì ñëîå ðàçíîñò-

íîå ðåøåíèå {unj , Un
j+1/2} ïðè íåêîòîðûõ çíà÷åíèÿõ j1 < j2 óäîâëåòâîðÿåò íåðàâåí-

ñòâàì

Un
j1+1/2 > w, Un

j2+1/2 < w ⇒ anj1+1/2 > 0, anj2+1/2 < 0. (3.88)

Ñ ó÷¼òîì ôîðìóë (3.48) è (3.49) ïîëó÷àåì, ÷òî ñåòî÷íàÿ ôóíêöèÿ bnj+1/2 íà n-îì

âðåìåííîì ñëîå ïðè äîñòàòî÷íî ìàëîì ε ïðèíèìàåò çíà÷åíèÿ

bnj+1/2 = ε ∀j ≤ k − 1, bnj+1/2 = −ε ∀j ≥ k, (3.89)

ãäå j1 < k < j2. Â ðåçóëüòàòå íà n-îì âðåìåííîì ñëîå êîððåêöèÿ ïîòîêîâ ïðî-

âîäèòñÿ ïî ôîðìóëàì (3.57), (3.58), (3.66)�(3.68) ïðè j ≤ k − 1, ïî ôîðìóëàì

(3.57), (3.59), (3.66), (3.67), (3.69) ïðè j ≥ k + 1 è ïî ôîðìóëàì (3.70), (3.71) ïðè

j = k. Ïîñêîëüêó èç Òåîðåì 1 è 2 ñëåäóåò, ÷òî ïðèìåíåíèå ôîðìóë (3.57)�(3.69)

îáåñïå÷èâàåò âûïîëíåíèå íåðàâåíñòâ

u
n+1/2
j−1 ≥ Un+1

j−1/2 ≥ u
n+1/2
j ∀j 6= k, k + 1,

òî äëÿ ñîõðàíåíèÿ ìîíîòîííîñòè ðàçíîñòíîãî ðåøåíèÿ îòíîñèòåëüíî ïîñëåäîâà-

òåëüíîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ íà (n+ 1)-îì âðåìåííîì ñëîå íåîáõîäèìî,

÷òîáû êîððåêöèÿ ïîòîêîâ (3.70), (3.71) ïðèâîäèëà ê íåðàâåíñòâàì

u
n+1/2
k−1 ≥ Un+1

k−1/2 ≥ Un+1
k+1/2 ≥ u

n+1/2
k+1 . (3.90)

Òåîðåìà 4. Äëÿ âûïîëíåíèÿ íåðàâåíñòâ (3.90) äîñòàòî÷íî, ÷òîáû ïîòîê

f
n+1/2
k óäîâëåòâîðÿë óñëîâèÿì

gnk ≥ f
n+1/2
k ≥ max

(
ϕnk−1/2, ψ

n
k+1/2

)
,
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ãäå ôóíêöèè gnk , ϕ
n
k−1/2 è ψ

n
k+1/2 îïðåäåëÿþòñÿ ïî ôîðìóëàì (3.64), (3.65), (3.72).

Äîêàçàòåëüñòâî. Ïîñêîëüêó bnk−1/2 > 0, òî ñ ó÷¼òîì Òåîðåìû 1 ïåðâîå íåðà-

âåíñòâî (3.90) ñëåäóåò èç íåðàâåíñòâà f
n+1/2
k ≥ ϕnk−1/2. Ïîñêîëüêó bnk+1/2 < 0,

òî ñ ó÷¼òîì Òåîðåìû 2 òðåòüå íåðàâåíñòâî (3.90) ñëåäóåò èç íåðàâåíñòâà

f
n+1/2
k ≥ ψnk+1/2. Ïðèìåíÿÿ ôîðìóëû (3.24) è (3.76), âòîðîå íåðàâåíñòâî (3.90)

ìîæíî çàïèñàòü â âèäå

f
n+1/2
k ≤

f
n+1/2
k−1 + f

n+1/2
k+1

2
+
Un
k−1/2 − Un

k+1/2

2zn
. (3.91)

Ïîñêîëüêó fn+1/2
k−1 ≥ fnk−1 â ñèëó êîððåêöèè (3.57), (3.58), (3.66)�(3.68) è f

n+1/2
k+1 ≥ fnk+1

â ñèëó êîððåêöèè (3.57), (3.59), (3.66), (3.67), (3.69), ñ ó÷¼òîì âûïóêëîñòè âíèç

ïîòîêà f(v) íåðàâåíñòâî (3.91) ñëåäóåò èç íåðàâåíñòâà

f
n+1/2
k ≤ gnk =

fnk−1 + fnk+1

2
+
Un
k−1/2 − Un

k+1/2

2zn
.

Òåîðåìà äîêàçàíà.

Ìîæíî ïðèâåñòè ñïåöèàëüíûå ïðèìåðû ìîíîòîííî óáûâàþùèõ ïî j íà n-îì

âðåìåííîì ñëîå ðàçíîñòíûõ ðåøåíèé {unj , Un
j+1/2}, äëÿ êîòîðûõ ïðè óñëîâè-

ÿõ (3.88), (3.89) âûïîëíåíî íåðàâåíñòâî gnk < max(ϕnk−1/2, ψ
n
k+1/2), îçíà÷àþùåå

îòñóòñòâèå ïîòîêîâ f
n+1/2
k , óäîâëåòâîðÿþùèõ óñëîâèþ Òåîðåìû 4. Ýòî ó÷òåíî

â ôîðìóëàõ êîððåêöèè ïîòîêîâ (3.70), (3.71), êîòîðûå äàþò ëèøü íåîáõîäèìûå

óñëîâèÿ âûïîëíåíèÿ íåðàâåíñòâ (3.90). Íåñìîòðÿ íà ýòî, òåñòîâûå ðàñ÷¼òû ïî-

êàçàëè, ÷òî ïðèìåíåíèå êîððåêöèè (3.70), (3.71) ïðè óñëîâèè (3.56) îáåñïå÷èâàåò

äîñòàòî÷íóþ ìîíîòîíèçàöèþ ðàçíîñòíîãî ðåøåíèÿ îòíîñèòåëüíî ïîñëåäîâàòåëü-

íîñòè êîíñåðâàòèâíûõ ïåðåìåííûõ ïðè ðàñ÷¼òå ðàçðûâíûõ ðåøåíèé ñ óäàðíûìè

âîëíàìè.

Ïîñêîëüêó ôóíêöèÿ ïîòîêà f(v) àïïðîêñèìèðóåìîãî çàêîíà ñîõðàíåíèÿ (3.40)
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äîïóñêàåò ïðåäñòàâëåíèå â âèäå

f(v) =

 f−(v), v ≤ w,

f+(v), v ≥ w,

ãäå f ′−(v) < 0 ïðè v < w è f ′+(v) > 0 ïðè v > w, òî íà ÷åòâ¼ðòîì ýòàïå âòî-

ðûå ïðåäâàðèòåëüíûå çíà÷åíèÿ ïîòîêîâûõ ïåðåìåííûõ ¯̄un+1
j ïðè óñëîâèè (3.51)

âû÷èñëÿþòñÿ ïî ôîðìóëå

¯̄un+1
j = 2f−1+

(
f
n+1/2
j

)
− unj ,

ïðè óñëîâèè (3.53) � ïî ôîðìóëå

¯̄un+1
j = 2f−1−

(
f
n+1/2
j

)
− unj

è ïðè óñëîâèÿõ (3.55) èëè (3.56) � ïî ôîðìóëå ¯̄un+1
j = ūn+1

j , ãäå f−1+ (v) � ôóíêöèÿ,

îáðàòíàÿ ê f+(v), à f−1− (v) � ôóíêöèÿ, îáðàòíàÿ ê f−(v).

Êàê ïîêàçàíî â ðàáîòå [40], ñîõðàíåíèå â ñõåìå CABARET 2 ìîíîòîííîñòè

îòíîñèòåëüíî êîíñåðâàòèâíûõ ïåðåìåííûõ â îáùåì ñëó÷àå íå ãàðàíòèðóåò ìîíî-

òîííîñòè ðàçíîñòíîãî ðåøåíèÿ îòíîñèòåëüíî ïîñëåäîâàòåëüíîñòè ÷åðåäóþùèõñÿ

çíà÷åíèé ïîòîêîâûõ è êîíñåðâàòèâíûõ ïåðåìåííûõ. Ïîýòîìó íåîáõîäèìî ïðîâå-

ñòè äîïîëíèòåëüíóþ êîððåêöèþ ïðåäâàðèòåëüíûõ çíà÷åíèé ïîòîêîâûõ ïåðåìåí-

íûõ ¯̄un+1
j , îáåñïå÷èâàþùóþ ñîõðàíåíèå ìîíîòîííîñòè âñåãî ðàçíîñòíîãî ðåøåíèÿ

{un+1
j , Un+1

j+1/2} íà (n + 1)-îì âðåìåííîì ñëîå. Ïðè óñëîâèÿõ (3.51), (3.53) è (3.56)

ýòà êîððåêöèÿ ïðîâîäèòñÿ ïî ñòàíäàðòíûì ôîðìóëàì

un+1
j = F

(
¯̄un+1
j ,mn+1

j ,Mn+1
j

)
, (3.92)
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mn+1
j = min

(
Un+1
j−1/2, U

n+1
j+1/2

)
, Mn+1

j = max
(
Un+1
j−1/2, U

n+1
j+1/2

)
,

à ïðè óñëîâèè (3.55) � ïî ôîðìóëå ëèíåéíîé èíòåðïîëÿöèè

un+1
j =

Un+1
j−1/2 + Un+1

j+1/2

2
. (3.93)

Ïðèìåíåíèå ïðè óñëîâèè (3.55) áîëåå ñèëüíîé ïî ñðàâíåíèþ ñ (3.92) ñãëàæèâàþ-

ùåé ôîðìóëû (3.93) íåîáõîäèìî äëÿ îáåñïå÷åíèÿ ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî

ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ, ñîäåðæàùåãî çâóêîâóþ òî÷êó w. Êîððåê-

öèÿ ïîòîêîâûõ ïåðåìåííûõ (3.92), (3.93), êîòîðàÿ ïðîâîäèòñÿ ïîñëå ïðèìåíåíèÿ

îñíîâíîé äèâåðãåíòíîé ôîðìóëû (3.46), íå ïðèâîäèò ê íàðóøåíèþ êîíñåðâàòèâ-

íîñòè ñõåìû CABARET 2 [47], ïîñêîëüêó ýòó êîððåêöèþ ñëåäóåò ðàññìàòðèâàòü

êàê ïåðâûé øàã íà ïóòè âû÷èñëåíèÿ ïîòîêîâ íà (n+ 2)-îì âðåìåííîì ñëîå.

3.2.2 Ãðàôè÷åñêàÿ èëëþñòðàöèÿ

Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ðàçíîñòíîå ðåøåíèå ïî ìîäèôèöèðîâàííîé ñõåìå

CABARET 2 çàäà÷è Êîøè (3.40), â êîòîðîé ïîòîê

f(v) = v2/2. (3.94)

Íà Ðèñóíêå 3.5 ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òà ýòîé çàäà÷è ñ ðàçðûâíûìè íà-

÷àëüíûìè äàííûìè

v0(x) =


−1, x < 3,

3, 3 ≤ x ≤ 6,

−2, x > 6,

(3.95)



70

íà Ðèñóíêå 3.6 � ñ ðàçðûâíûìè íà÷àëüíûìè äàííûìè

v0(x) =



−2, x < 2,

3, 2 ≤ x ≤ 4,

0, 4 < x < 6,

−1, 6 ≤ x ≤ 8,

2, x > 8,

(3.96)

ñîäåðæàùèìè çâóêîâóþ ïîëîñó íà îòðåçêå [4, 6], à íà Ðèñóíêå 3.7 � ñ ãëàäêèìè

ïåðèîäè÷åñêèìè íà÷àëüíûìè äàííûìè

v0(x) = sin(2πx). (3.97)

Íà÷àëüíûå äàííûå ýòèõ çàäà÷ ïîêàçàíû ïóíêòèðíûìè ëèíèÿìè, òî÷íûå ðåøåíèÿ

ïîêàçàíû ñïëîøíûìè ëèíèÿìè, à êðóæêàìè ïðèâåäåíû çíà÷åíèÿ êîíñåðâàòèâíûõ

ïåðåìåííûõ Un
j+1/2, ïîëó÷àåìûå ïðè ÷èñëåííîì ðåøåíèè ýòèõ çàäà÷ ïî ìîäèôè-

öèðîâàííîé ñõåìå CABARET 2 ñ ñåòî÷íûìè íà÷àëüíûìè äàííûìè

U 0
j+1/2 = v0(xj+1/2), u0j =

U 0
j−1/2 + U 0

j+1/2

2
.

Ðàñ÷¼òû ïðîâîäèëèñü íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå (3.43) ñ ïðîñòðàíñòâåí-

íûì øàãîì h = 0.1 íà Ðèñóíêàõ 3.5, 3.6 è ñ øàãîì h = 0.02 íà Ðèñóíêå 3.7,

ïðè ÷èñëå Êóðàíòà r = 0.5. Íà Ðèñóíêå 3.5(à) ïîêàçàíû ðåçóëüòàòû ðàñ÷¼òà ïî

ìîäèôèöèðîâàííîé ñõåìå CABARET 2, â êîòîðîé êîððåêöèÿ ïîòîêîâûõ ïåðåìåí-

íûõ ïðîâîäèòñÿ ïî ôîðìóëàì (3.92) âî âñåõ óçëàõ ðàçíîñòíîé ñåòêè, â òîì ÷èñëå

ïðè óñëîâèè (3.55). Â ýòîì ñëó÷àå íå ïðîèñõîäèò ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî

ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ (3.95), ðàñïîëîæåííîãî â òî÷êå x = 3.
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Ðèñóíîê 3.5 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (3.40),
(3.94), (3.95) íà ìîìåíò âðåìåíè t = 0.75 ïðè ðàñ÷¼òå ïî ìîäèôèöèðîâàííîé ñõåìå
CABARET 2, â êîòîðîé êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ ïðîâîäèòñÿ ïî ôîð-
ìóëàì (3.92) âî âñåõ óçëàõ ðàçíîñòíîé ñåòêè (à) è ïî ìîäèôèöèðîâàííîé ñõåìå
CABARET 2, â êîòîðîé êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ ïðîâîäèòñÿ ïî ôîð-
ìóëàì (3.92) ïðè óñëîâèÿõ (3.51), (3.53), (3.56) è ïî ôîðìóëå (3.93) ïðè óñëî-
âèè (3.55) (á). Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; ïóíêòèðíàÿ ëèíèÿ � íà÷àëüíûå
äàííûå; êðóæêè � ÷èñëåííîå ðåøåíèå.
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Ðèñóíîê 3.6 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (3.40),
(3.94), (3.96) íà ìîìåíòû âðåìåíè t = 0.75 (à) è t = 2 (á) ïðè ðàñ÷¼òå ïî ìîäè-
ôèöèðîâàííîé ñõåìå CABARET 2, â êîòîðîé êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ
ïðîâîäèòñÿ ïî ôîðìóëàì (3.92) ïðè óñëîâèÿõ (3.51), (3.53), (3.56) è ïî ôîðìó-
ëå (3.93) ïðè óñëîâèè (3.55).
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Íà îñòàëüíûõ ðèñóíêàõ ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òà ïî ìîäèôèöèðîâàííîé

ñõåìå CABARET 2, â êîòîðîé êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ ïðîâîäèòñÿ ïî

ôîðìóëàì (3.92) ïðè óñëîâèÿõ (3.51), (3.53), (3.56) è ïî ôîðìóëå (3.93) ïðè óñëî-

âèè (3.55). Èç ýòèõ ðàñ÷¼òîâ ñëåäóåò, ÷òî ìîäèôèöèðîâàííàÿ ñõåìà CABARET 2

ÿâëÿåòñÿ ìîíîòîííîé êàê â îáëàñòÿõ, â êîòîðûõ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàê-

òåðèñòèê èìååò ïîñòîÿííûé çíàê, òàê è â îêðåñòíîñòÿõ çâóêîâûõ ëèíèé, çâóêîâûõ

ïîëîñ è óäàðíûõ âîëí, íà êîòîðûõ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòåðèñòèê àï-

ïðîêñèìèðóåìîãî äèâåðãåíòíîãî óðàâíåíèÿ ìåíÿåò çíàê. Òàêæå äàííàÿ ñõåìà õî-

ðîøî âîñïðîèçâîäèò ïðîôèëü öåíòðèðîâàííîé âîëíû ðàçðåæåíèÿ, âîçíèêàþùåé

èç íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ, è ñîõðàíÿåò ïîâûøåííóþ

òî÷íîñòü ïðè ëîêàëèçàöèè ñèëüíûõ è ñëàáûõ ðàçðûâîâ òî÷íîãî ðåøåíèÿ.
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Ðèñóíîê 3.7 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (3.40),
(3.94), (3.97) íà ìîìåíòû âðåìåíè t = 0.175 (à) è t = 0.5 (á) ïðè ðàñ÷¼òå ïî ìîäè-
ôèöèðîâàííîé ñõåìå CABARET 2, â êîòîðîé êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ
ïðîâîäèòñÿ ïî ôîðìóëàì (3.92) ïðè óñëîâèÿõ (3.51), (3.53), (3.56) è ïî ôîðìó-
ëå (3.93) ïðè óñëîâèè (3.55).
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Ãëàâà 4

Îáåñïå÷åíèå ïîëíîãî ðàñïàäà íåóñòîé÷èâûõ

ñèëüíûõ ðàçðûâîâ

Ïîêàçàíî, ÷òî ìîíîòîííîñòü ñõåìû CABARET 2 ïðè ÷èñëàõ Êóðàíòà

r ∈ (0.5, 1] íå îáåñïå÷èâàåò ïîëíîãî ðàñïàäà íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ.

Äëÿ ñòàíäàðòíîé è ìîäèôèöèðîâàííîé ñõåì CABARET 2 ïîëó÷åí ðàçíîñòíûé

àíàëîã ýíòðîïèéíîãî íåðàâåíñòâà è ïðåäëîæåí ìåòîä, îáåñïå÷èâàþùèé â ðàç-

íîñòíîì ðåøåíèè ïîëíûé ðàñïàä íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ äëÿ ëþáûõ

÷èñåë Êóðàíòà, ïðè êîòîðûõ ñõåìà CABARET 2 ÿâëÿåòñÿ óñòîé÷èâîé. Ïðèâåäåíû

òåñòîâûå ðàñ÷¼òû, èëëþñòðèðóþùèå äàííûå ñâîéñòâà.

4.1 Ðàñïàä íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ ãèïåðáîëè÷åñêîãî ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ

vt + f(v)x = 0, v(x, 0) = v0(x) (4.1)

ñ êâàäðàòè÷íîé ôóíêöèåé ïîòîêà

f(v) = v2/2 (4.2)
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è ñ êóñî÷íî-ïîñòîÿííîé íà÷àëüíîé ôóíêöèåé

v0(x) =

 w1, x < x0,

w2, x ≥ x0,
w1 < w2, (4.3)

èìåþùåé â òî÷êå x0 íåóñòîé÷èâûé ñèëüíûé ðàçðûâ. Ïðè t > 0 ýòîò ðàçðûâ ðàñ-

ïàäàåòñÿ è ïðåîáðàçóåòñÿ â öåíòðèðîâàííóþ âîëíó ðàçðåæåíèÿ. Â ðåçóëüòàòå ðå-

øåíèå äàííîé çàäà÷è èìååò âèä

v(x, t) =


w1, x ≤ x0 + w1t,

(x− x0)/t, x0 + w1t ≤ x ≤ x0 + w2t,

w2, x ≥ x0 + w2t.

(4.4)

Íà Ðèñóíêàõ 4.1�4.5 ïðèâåäåíû ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè

(4.1), (4.2), (4.3), ãäå

x0 = 1, w1 = 0.5, w2 = 2, (4.5)

íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå (3.4), (3.5) ñ ïðîñòðàíñòâåííûì øàãîì h = 0.1

ïðè ÷åòûð¼õ ðàçëè÷íûõ ÷èñëàõ Êóðàíòà r = 0.25, 0.5, 0.75, 0.95. Òî÷êàìè ïî-

êàçàíû ðåçóëüòàòû ðàñ÷¼òîâ ïî ìîíîòîííîé ñõåìå CABARET 2, ïðåäëîæåííîé

â Ãëàâå 3, à êðóæêàìè � ïî ñòàíäàðòíîé (íåìîíîòîííîé) ñõåìå CABARET 2.

Êâàäðàòèêàìè íà Ðèñóíêàõ 4.2�4.6 ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ðàñ÷¼òîâ ïî

ìîäèôèöèðîâàííîé ìîíîòîííîé ñõåìå CABARET, îïèñàííîé íèæå.

Íà Ðèñóíêàõ 4.1 è 4.4 íà òðè ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè t = τ0, t = 2

è t = 4 ïðèâåäåíî ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è (4.1), (4.2),

(4.3), (4.5). Òî÷íîå ðåøåíèå ïîêàçàíî ñïëîøíûìè ëèíèÿìè, à òî÷êàìè, êðóæêàìè

è êâàäðàòèêàìè èçîáðàæåíû çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un
j+1/2, ïîëó-

÷àåìûå ïðè ÷èñëåííîì ðåøåíèè ýòîé çàäà÷è ïî ñõåìàì CABARET 2, â êîòîðûõ
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ñåòî÷íûå íà÷àëüíûå äàííûå çàäàþòñÿ ïî ôîðìóëàì

U 0
j+1/2 = v0(xj+1/2), u0j =

U 0
j−1/2 + U 0

j+1/2

2
. (4.6)

0 4 8 x
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t = τ t = 2 t = 4
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t = τ t = 2 t = 4

( )

0 4 8 x
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t = τ t = 2 t = 4

( )
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v
( )

t = τ t = 2 t = 4

Ðèñóíîê 4.1 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è (4.1)�(4.3), (4.5)
íà òðè ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè t = τ , t = 2 è t = 4 ïðè ÷èñëàõ Êóðàíòà
r = 0.25 (à), r = 0.5 (á), r = 0.75 (â) è r = 0.95 (ã). Ñïëîøíàÿ ëèíèÿ � òî÷íîå
ðåøåíèå, ïóíêòèðíàÿ ëèíèÿ (â, ã) � ïðåäåë ïðè h → 0 ðàçíîñòíîãî ðåøåíèÿ,
ïîëó÷àåìîãî ïî ñòàíäàðòíîé ñõåìå CABARET 2, òî÷êè � ðåçóëüòàòû ðàñ÷¼òîâ ïî
ìîíîòîííîé ñõåìå CABARET 2, êðóæêè � ïî ñòàíäàðòíîé ñõåìå.
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Èç Ðèñóíêîâ 4.1(à) è 4.1(á) ñëåäóåò, ÷òî ïðè ÷èñëàõ Êóðàíòà r ∈ (0, 0.5] êàê ìî-

íîòîííàÿ, òàê è ñòàíäàðòíàÿ ñõåìû CABARET 2 ñ äîñòàòî÷íî âûñîêîé òî÷íîñòüþ

ïåðåäàþò ïðîôèëü öåíòðèðîâàííîé âîëíû (4.4). Ïðè ýòîì â ñòàíäàðòíîé ñõåìå

íà ïåðâûõ âðåìåííûõ øàãàõ çà ôðîíòîì íåóñòîé÷èâîãî ðàçðûâà (4.3) âîçíèêàåò

íåôèçè÷åñêàÿ îñöèëëÿöèÿ, êîòîðàÿ ñ òå÷åíèåì âðåìåíè áûñòðî ñãëàæèâàåòñÿ. Äëÿ

òîãî ÷òîáû â ðàçíîñòíîì ðåøåíèè, ïîëó÷àåìîì ïî ñòàíäàðòíîé ñõåìå ïðè r ≤ 0.5,

äîáèòüñÿ îòñóòñòâèÿ íåôèçè÷åñêèõ îñöèëëÿöèé, íåîáõîäèìî [35, 40] èñïîëüçîâàòü

ñïåöèàëüíóþ àïïðîêñèìàöèþ íà÷àëüíîé ôóíêöèè, íàïðèìåð,

u0j = v0(xj), U0
j+1/2 =

u0j + u0j+1

2
.

Èç Ðèñóíêîâ 4.1(â) è 4.1(ã) âèäíî, ÷òî ïðè ÷èñëàõ Êóðàíòà r ∈ (0.5, 1) êàê

ìîíîòîííàÿ, òàê è ñòàíäàðòíàÿ ñõåìû CABARET 2 èñêàæàþò ïðîôèëü òî÷íîãî

ðåøåíèÿ (4.4), íå îáåñïå÷èâàÿ ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà

(4.3). Ïðè ýòîì ÷èñëåííûå ðàñ÷¼òû, ïðîâåä¼ííûå íà ïîñëåäîâàòåëüíîñòè ñãóùàþ-

ùèõñÿ ñåòîê, ïîêàçàëè, ÷òî ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ìîíîòîííîé ñõåìå,

ïðè h→ 0 ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ (4.4), â òî âðåìÿ êàê ðàçíîñòíîå ðåøåíèå,

ïîëó÷àåìîå ïî ñòàíäàðòíîé ñõåìå, ïðè h→ 0 ñõîäèòñÿ ê äðóãîìó ðåøåíèþ, ñîäåð-

æàùåìó íåóñòîé÷èâûé ñèëüíûé ðàçðûâ (íà Ðèñóíêàõ 4.1(â) è 4.1(ã) ýòî ðåøåíèå

ïîêàçàíî ïóíêòèðíûìè ëèíèÿìè). Òåîðåòè÷åñêîå îáúÿñíåíèå äàííûõ ðåçóëüòàòîâ

äà¼òñÿ â ñëåäóþùåì ïóíêòå.
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4.2 Ðàçíîñòíûé àíàëîã ýíòðîïèéíîãî íåðàâåíñòâà

Äëÿ ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóêëûì ïîòîêîì f(v) óäàðíîé âîëíîé íà-

çûâàåòñÿ [48] òàêîé ñèëüíûé ðàçðûâ

v(x, t) =

 v1(t), x = s(t)− 0,

v2(t), x = s(t) + 0,
v1(t) 6= v2(t), (4.7)

òî÷íîãî ðåøåíèÿ v(x, t) çàäà÷è Êîøè (4.1), äëÿ êîòîðîãî âûïîëíÿåòñÿ õàðàêòåðè-

ñòè÷åñêîå óñëîâèå óñòîé÷èâîñòè

a(v1(t)) > s′(t) > a(v2(t)) ⇔ v1(t) > v2(t), (4.8)

îçíà÷àþùåå, ÷òî íà ëèíèþ ôðîíòà x = s(t) óäàðíîé âîëíû ñ îáåèõ ñòîðîí ïðè-

õîäÿò õàðàêòåðèñòèêè óðàâíåíèÿ (4.1). Õàðàêòåðèñòè÷åñêîå óñëîâèå óñòîé÷èâîñòè

(4.8) ýêâèâàëåíòíî �âÿçêîìó� óñëîâèþ [48, 49], â ñèëó êîòîðîãî ñèëüíûé ðàçðûâ

ïðåäñòàâëÿåò ñîáîé óäàðíóþ âîëíó, åñëè ñîäåðæàùåå åãî ðàçðûâíîå ðåøåíèå v(x, t)

ìîæíî ïîëó÷èòü â ðåçóëüòàòå ïðåäåëüíîãî ïåðåõîäà ïî âÿçêîñòè

v(x, t) = lim
µ→0

v(x, t, µ) (4.9)

èç ãëàäêîãî ðåøåíèÿ v(x, t, µ) çàäà÷è Êîøè äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ

vt + f(v)x = µvxx, µ > 0. (4.10)

Äèôôåðåíöèàëüíûì ñëåäñòâèåì óðàâíåíèÿ (4.1) ÿâëÿåòñÿ äèâåðãåíòíîå äèô-

ôåðåíöèàëüíîå óðàâíåíèå

V (v)t + F (v)x = 0, (4.11)
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V (v) = v2/2, F (v) =

∫
a(v)vdv,

ïîëó÷àåìîå â ðåçóëüòàòå óìíîæåíèÿ óðàâíåíèÿ (4.1) íà ôóíêöèþ v(x, t). Ïîñêîëü-

êó ôóíêöèÿ V (v) ÿâëÿåòñÿ âûïóêëîé, òî óðàâíåíèå (4.11) ïðåäñòàâëÿåò ñîáîé âû-

ïóêëîå ðàñøèðåíèå [49] áàçèñíîãî çàêîíà ñîõðàíåíèÿ (4.1), êîòîðîå â ôîðìå èíòå-

ãðàëüíîãî (ýíòðîïèéíîãî) íåðàâåíñòâà

∮
∂S

V (v)dx− F (v)dt ≤ 0 (4.12)

ìîæíî èñïîëüçîâàòü äëÿ îòáîðà óñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ [48, 49]. Åñëè îá-

ëàñòü S, ïî ãðàíèöå ∂S êîòîðîé ïðîèñõîäèò èíòåãðèðîâàíèå â ôîðìóëå (4.12),

ñîäåðæèò óäàðíóþ âîëíó, òî íåðàâåíñòâî (4.12) ñòàíîâèòñÿ ñòðîãèì, ïîñêîëüêó íà

ôðîíòå óäàðíîé âîëíû (4.7) âûïîëíåíî íåðàâåíñòâî

s′(V (v1)− V (v2))− (F (v1)− F (v2)) < 0. (4.13)

Äëÿ ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ (4.1) ñ âûïóêëûì ïîòîêîì (3.3) ýíòðîïèéíîå

óñëîâèå óñòîé÷èâîñòè (4.13) ýêâèâàëåíòíî õàðàêòåðèñòè÷åñêîìó (4.8) è �âÿçêîìó�

(4.9) óñëîâèÿì óñòîé÷èâîñòè ñèëüíûõ ðàçðûâîâ (4.7).

Åñëè ÿâíàÿ ðàçíîñòíàÿ ñõåìà, óäîâëåòâîðÿþùàÿ óñëîâèþ óñòîé÷èâîñòè (3.5),

ñ ïåðâûì ïîðÿäêîì àïïðîêñèìèðóåò çàäà÷ó Êîøè (4.1) è èìååò ïîëîæèòåëüíóþ

ñõåìíóþ âÿçêîñòü [12], òî åñòü å¼ ïåðâîå äèôôåðåíöèàëüíîå ïðèáëèæåíèå [11]

èìååò âèä (4.10), ãäå µ = O(h), òî ïðåäåëüíûå ïðè h → 0 ðåøåíèÿ ýòîé ñõå-

ìû ìîãóò ñîäåðæàòü òîëüêî óñòîé÷èâûå ñèëüíûå ðàçðûâû (4.7), ïðåäñòàâëÿþùèå

ñîáîé óäàðíûå âîëíû (4.8). Îäíàêî, åñëè ðàçíîñòíàÿ ñõåìà èìååò ïîâûøåííûé

ïîðÿäîê àïïðîêñèìàöèè, òî â íåé îòñóòñòâóåò ñõåìíàÿ âÿçêîñòü âòîðîãî ïîðÿäêà

äèâåðãåíòíîñòè, è ïðåäåëüíûå ðåøåíèÿ òàêîé ñõåìû ìîãóò ñîäåðæàòü íåóñòîé÷è-

âûå ñèëüíûå ðàçðûâû. Â êà÷åñòâå ïðîñòåéøåãî ïðèìåðà ìîæíî ïðèâåñòè ñõåìó
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Ëàêñà-Âåíäðîôôà [26], êîòîðàÿ, êàê ïîêàçàíî â [27], äîïóñêàåò òî÷íûå ðåøåíèÿ,

ïðåäñòàâëÿþùèå ñîáîé êóñî÷íî ïîñòîÿííûå ðåøåíèÿ àïïðîêñèìèðóåìîãî çàêîíà

ñîõðàíåíèÿ (4.1), ñîäåðæàùèå íåóñòîé÷èâûå ñèëüíûå ðàçðûâû. Ïîýòîìó âî ìíîãèõ

ðàáîòàõ, íàïðèìåð, [16,43,50�52], ïðè ïîñòðîåíèè ðàçíîñòíûõ ñõåì ïîâûøåííîé

òî÷íîñòè äëÿ îáåñïå÷åíèÿ ðàñïàäà íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ èñïîëüçóþòñÿ

ðàçëè÷íûå âàðèàíòû ðàçíîñòíîãî àíàëîãà ýíòðîïèéíîãî íåðàâåíñòâà.

Ïðèìåíèì ðàçíîñòíûé àíàëîã ýíòðîïèéíîãî íåðàâåíñòâà (4.12) äëÿ îáîñíîâà-

íèÿ ðåçóëüòàòîâ ÷èñëåííûõ ðàñ÷¼òîâ, ïðèâåä¼ííûõ â ïðåäûäóùåì ðàçäåëå. Óìíî-

æàÿ ðàçíîñòíîå óðàâíåíèå (3.7) íà ñåòî÷íóþ ôóíêöèþ

Û
n+1/2
j+1/2 =

1

2

(
Un
j+1/2 + Un+1

j+1/2

)
, (4.14)

ïîëó÷èì, ÷òî äëÿ ìîíîòîííîé ñõåìû CABARET 2 ðàçíîñòíîå óðàâíåíèå, àïïðîê-

ñèìèðóþùåå äîïîëíèòåëüíûé çàêîí ñîõðàíåíèÿ (4.11), èìååò âèä

V n+1
j+1/2 − V

n
j+1/2

τn
+
Û
n+1/2
j+1/2

(
f
n+1/2
j+1 − fn+1/2

j

)
h

= 0, (4.15)

ãäå V n
j+1/2 = V (Un

j+1/2).

Ïåðåïèøåì ðàçíîñòíîå óðàâíåíèå (4.15) ñëåäóþùèì îáðàçîì:

V n+1
j+1/2 − V

n
j+1/2

τn
+
F
n+1/2
j+1 − F n+1/2

j

h
=
ψ
n+1/2
j+1/2

h
, (4.16)

ãäå F n+1/2
j = F (u

n+1/2
j ), à ðàçíîñòíûé îïåðàòîð ψn+1/2

j+1/2 âû÷èñëÿåòñÿ ïî ôîðìóëå

ψ
n+1/2
j+1/2 =

∫ u
n+1/2
j+1

u
n+1/2
j

a(u)udu− Ûn+1/2
j+1/2

(
f
n+1/2
j+1 − fn+1/2

j

)
. (4.17)

Â ëåâîé ÷àñòè óðàâíåíèÿ (4.16) ñòîèò ñèììåòðè÷íûé äèâåðãåíòíûé ðàçíîñòíûé



80

îïåðàòîð, êîòîðûé ñî âòîðûì ïîðÿäêîì àïïðîêñèìèðóåò äèâåðãåíòíûé äèôôåðåí-

öèàëüíûé îïåðàòîð â ëåâîé ÷àñòè óðàâíåíèÿ (4.11), à â ïðàâîé ÷àñòè óðàâíåíèÿ

(4.16) íàõîäèòñÿ íåäèâåðãåíòíûé ðàçíîñòíûé îïåðàòîð (4.17), èìåþùèé âòîðîé

ïîðÿäîê ìàëîñòè íà ãëàäêèõ ôóíêöèÿõ, òî åñòü äèôôåðåíöèàëüíîå ïðåäñòàâëå-

íèå [11] ýòîãî îïåðàòîðà ψτh[u] = O(h2 + τ 2). Ïîñêîëüêó îïåðàòîð (4.17) ÿâëÿåòñÿ

íåäèâåðãåíòíûì, òî íà ðàçðûâíûõ ðåøåíèÿõ èìåííî îí îòâå÷àåò çà âûïîëíåíèå

ðàçíîñòíîãî àíàëîãà ýíòðîïèéíîãî íåðàâåíñòâà (4.12).

Äëÿ ïîëó÷åíèÿ ðàçíîñòíîãî óðàâíåíèÿ, àïïðîêñèìèðóþùåãî äîïîëíèòåëüíûé

çàêîí ñîõðàíåíèÿ (4.11) â ñëó÷àå ñòàíäàðòíîé ñõåìû CABARET 2, íåîáõîäèìî

ñåòî÷íóþ ôóíêöèþ (4.14) óìíîæèòü íà ïîëóñóììó óðàâíåíèé (1.11) è (1.16), òî

åñòü íà ðàçíîñòíîå óðàâíåíèå

Un+1
j+1/2 − U

n
j+1/2

τn
+
f̂
n+1/2
j+1 − f̂n+1/2

j

h
= 0,

ãäå f̂n+1/2
j =

(
fnj + fn+1

j

)
/2. Â ðåçóëüòàòå ïîëó÷èì ðàçíîñòíîå óðàâíåíèå

V n+1
j+1/2 − V

n
j+1/2

τn
+
Û
n+1/2
j+1/2

(
f̂
n+1/2
j+1 − f̂n+1/2

j

)
h

= 0,

ïðè ñòàíäàðòíîé ôîðìå çàïèñè êîòîðîãî â âèäå (4.16) íåäèâåðãåíòíûé ðàçíîñòíûé

îïåðàòîð ψn+1/2
j+1/2 âû÷èñëÿåòñÿ ïî ôîðìóëå

ψ
n+1/2
j+1/2 =

∫ û
n+1/2
j+1

û
n+1/2
j

a(v)vdv − Ûn+1/2
j+1/2

(
f̂
n+1/2
j+1 − f̂n+1/2

j

)
,

ãäå ûn+1/2
j =

(
unj + un+1

j

)
/2.

Ïðåäïîëîæèì, ÷òî çàäà÷à Êîøè (4.1), (4.2), (4.3) ÷èñëåííî ðåøàåòñÿ â ñåòî÷íîé

îáëàñòè, ñîäåðæàùåé M + 1 ïðîñòðàíñòâåííûé óçåë xj = jh ïðè j = 0, 1, ...,M .
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Ïîñêîëüêó ìàêñèìàëüíîå çíà÷åíèå òî÷íîãî ðåøåíèÿ (4.4) ýòîé çàäà÷è w2 = 2, òî

øàã ïî âðåìåíè â ñõåìàõ CABARET 2 ñ ó÷¼òîì óñëîâèÿ óñòîé÷èâîñòè (3.5) âîçüì¼ì

ïîñòîÿííûì

τn = τ = rh/max
x

v(x, t) = rh/w2 = r/20.

Ñóììèðóÿ ðàçíîñòíîå óðàâíåíèå (4.16), óìíîæåííîå íà h è τn = τ , ïî ïðîñòðàí-

ñòâåííûì óçëàì, ïîëó÷àåì

h
M−1∑
j=0

(
V n+1
j+1/2 − V

n
j+1/2

)
+ τ
(
F
n+1/2
M − F n+1/2

0

)
= τwn+1/2, (4.18)

ãäå

wn+1/2 =
M−1∑
j=0

ψ
n+1/2
j+1/2 . (4.19)

Ñóììèðóÿ óðàâíåíèå (4.18) ïî âðåìåííûì ñëîÿì îò n = 0 äî n = N − 1,

ïîëó÷àåì

h
M−1∑
j=0

(
V N
j+1/2 − V 0

j+1/2

)
+ τ

N−1∑
n=0

(
F
n+1/2
M − F n+1/2

0

)
= τWN , (4.20)

ãäå

WN =
N−1∑
n=0

M−1∑
j=0

ψ
n+1/2
j+1/2 . (4.21)

Èç óðàâíåíèÿ (4.20) ñëåäóåò, ÷òî óñëîâèå WN ≤ 0 ïðåäñòàâëÿåò ñîáîé ðàçíîñòíûé

àíàëîã ýíòðîïèéíîãî íåðàâåíñòâà (4.12) â ïðÿìîóãîëüíîé îáëàñòè

S =
{

(x, t) : 0 ≤ x ≤Mh, 0 ≤ t ≤ Nτ
}
.

Íà Ðèñóíêàõ 4.2 è 4.3 ïðèâåäåíû ãðàôèêè ñåòî÷íûõ ôóíêöèéWN (Ðèñóíîê 4.2)

è wn+1/2 (Ðèñóíîê 4.3), çàäàþùèõ çíà÷åíèÿ ïîëíîãî (4.21) è ëîêàëüíîãî ïî âðå-
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Ðèñóíîê 4.2 � Ãðàôèêè ñåòî÷íîé ôóíêöèè (4.21), çàäàþùåé çíà÷åíèÿ ïîëíîãî
äèñáàëàíñà ðàçíîñòíîãî ýíòðîïèéíîãî çàêîíà ñîõðàíåíèÿ äëÿ çàäà÷è (4.1)�(4.3),
(4.5) ïðè r = 0.25 (à), r = 0.5 (á), r = 0.75 (â) è r = 0.95 (ã). Òî÷êè ñîîòâåòñòâó-
þò ìîíîòîííîé ñõåìå CABARET 2, êðóæêè � ñòàíäàðòíîé ñõåìå, êâàäðàòèêè �
ìîäèôèöèðîâàííîé ìîíîòîííîé ñõåìå.

ìåíè (4.19) äèñáàëàíñîâ ðàçíîñòíîãî ýíòðîïèéíîãî çàêîíà ñîõðàíåíèÿ. Èç Ðèñóí-

êà 4.2 ñëåäóåò, ÷òî â ñëó÷àå ìîíîòîííîé ñõåìû óñëîâèå WN < 0, ýêâèâàëåíòíîå

ðàçíîñòíîìó àíàëîãó ýíòðîïèéíîãî íåðàâåíñòâà (4.12), âûïîëíåíî íà âñåõ âðåìåí-

íûõ ñëîÿõ N ≥ 1 äëÿ âñåõ ðàññìàòðèâàåìûõ ÷èñåë Êóðàíòà. Îäíàêî ëîêàëüíîå

ïî âðåìåíè ýíòðîïèéíîå óñëîâèå wn+1/2 < 0 äëÿ ÷èñëà Êóðàíòà r = 0.25 (Ðèñó-

íîê 4.3(à)), áóäó÷è âûïîëíåííûì íà ïåðâûõ òð¼õ âðåìåííûõ ñëîÿõ ïðè n = 0, 1, 2,
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íàðóøåíî íà ñëåäóþùèõ äâóõ âðåìåííûõ ñëîÿõ ïðè n = 3, 4. Äëÿ áîëüøèõ ÷è-

ñåë Êóðàíòà ýòî óñëîâèå, áóäó÷è âûïîëíåíî íà íà÷àëüíîì âðåìåííîì ñëîå ïðè

n = 0, íàðóøåíî íà ñëåäóþùèõ âðåìåííûõ ñëîÿõ ïðè n = 1, 2 äëÿ r = 0.5, 0.95

(Ðèñóíêè 4.3(á), 4.3(ã)) è ïðè n = 1, 8 äëÿ r = 0.75 (Ðèñóíîê 4.3(â)).

0 10 20 n+1/2
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ω
n+1/2 ( )

0 10 20 n+1/2

-0,6

-0,4

-0,2

0

0,2

ω
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ω
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ω
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Ðèñóíîê 4.3 � Ãðàôèêè ñåòî÷íîé ôóíêöèè (4.19), çàäàþùåé çíà÷åíèÿ ëîêàëüíîãî
ïî âðåìåíè äèñáàëàíñà ðàçíîñòíîãî ýíòðîïèéíîãî çàêîíà ñîõðàíåíèÿ äëÿ çàäà÷è
(4.1)�(4.3), (4.5) ïðè r = 0.25 (à), r = 0.5 (á), r = 0.75 (â) è r = 0.95 (ã). Òî÷-
êè ñîîòâåòñòâóþò ìîíîòîííîé ñõåìå CABARET 2, êðóæêè � ñòàíäàðòíîé ñõåìå,
êâàäðàòèêè � ìîäèôèöèðîâàííîé ìîíîòîííîé ñõåìå.
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Â ðåçóëüòàòå ìîíîòîííàÿ ñõåìà, ñ äîñòàòî÷íî âûñîêîé òî÷íîñòüþ ïåðåäàâàÿ

ïðîôèëü öåíòðèðîâàííîé âîëíû (4.4) ïðè ÷èñëàõ Êóðàíòà r = 0.25, 0.5 (Ðèñóí-

êè 4.2(à), 4.2(á)), íå îáåñïå÷èâàåò ïîëíîãî ðàñïàäà íåóñòîé÷èâîãî ñèëüíîãî ðàç-

ðûâà (4.3) íà ôèêñèðîâàííîé ðàçíîñòíîé ñåòêå (3.4), (3.5) ïðè ÷èñëàõ Êóðàíòà

r = 0.75, 0.95 (Ðèñóíêè 4.2(â), 4.2(ã)). Â òî æå âðåìÿ ÷èñëåííûå ðàñ÷¼òû, ïðîâå-

ä¼ííûå íà ïîñëåäîâàòåëüíîñòè ñãóùàþùèõñÿ ñåòîê, ïîêàçàëè, ÷òî ðàçíîñòíîå ðå-

øåíèå, ïîëó÷àåìîå ïî ìîíîòîííîé ñõåìå äëÿ ÷èñåë Êóðàíòà r ∈ (0.5, 1), ïðè h→ 0

ñõîäèòñÿ ê òî÷íîìó ðåøåíèþ (4.4), íåñìîòðÿ íà ëîêàëüíîå èñêàæåíèå ýòîãî ðåøå-

íèÿ ïðè êîíå÷íûõ çíà÷åíèÿõ h.

Èç Ðèñóíêà 4.2 ñëåäóåò, ÷òî ñòàíäàðòíàÿ ñõåìà CABARET 2 óäîâëåòâîðÿåò

ðàçíîñòíîìó àíàëîãó ýíòðîïèéíîãî íåðàâåíñòâà WN ≤ 0 äëÿ âñåõ N ≥ 1 ïðè ÷èñ-

ëå Êóðàíòà r = 0.25 (Ðèñóíîê 4.2(à)). Ïðè r = 0.5 (Ðèñóíîê 4.2(á)) ýòà ñõåìà

óäîâëåòâîðÿåò íåðàâåíñòâó WN ≤ 0 òîëüêî íà ïåðâûõ ÷åòûð¼õ âðåìåííûõ ñëîÿõ

N = 1, 4; ïðè N ≥ 5 äëÿ íå¼ âûïîëíÿåòñÿ ïðîòèâîïîëîæíîå íåðàâåíñòâî WN > 0.

Ïðè ÷èñëàõ Êóðàíòà r = 0.75 è r = 0.95 (Ðèñóíêè 4.2(ã) è 4.2(ä)) ñòàíäàðò-

íàÿ ñõåìà óäîâëåòâîðÿåò íåðàâåíñòâó WN ≤ 0 òîëüêî íà ïåðâîì âðåìåííîì ñëîå

N = 1, íà îñòàëüíûõ âðåìåííûõ ñëîÿõ äëÿ íå¼ ýòî íåðàâåíñòâî íå âûïîëíåíî. Èç

Ðèñóíêà 4.3 ñëåäóåò, ÷òî â ñòàíäàðòíîé ñõåìå ëîêàëüíîå ïî âðåìåíè ýíòðîïèéíîå

óñëîâèå wn+1/2 < 0 äëÿ ÷èñëà Êóðàíòà r = 0.25 (Ðèñóíîê 4.3(à)), áóäó÷è âûïîë-

íåííûì íà ïåðâûõ òð¼õ âðåìåííûõ ñëîÿõ ïðè n = 0, 1, 2, íàðóøåíî íà ñëåäóþùèõ

äâóõ âðåìåííûõ ñëîÿõ ïðè n = 3, 4. Äëÿ áîëüøèõ ÷èñåë Êóðàíòà ýòî óñëîâèå,

áóäó÷è âûïîëíåíî íà íà÷àëüíîì âðåìåííîì ñëîå ïðè n = 0, íàðóøåíî íà ñëåäóþ-

ùèõ âðåìåííûõ ñëîÿõ ïðè n = 1, 2 äëÿ r = 0.5 (Ðèñóíîê 4.3(á)) è ïðè n ≥ 1 äëÿ

r = 0.75, 0.95 (Ðèñóíêè 4.3(â), 4.3(ã)).

Â ðåçóëüòàòå ñòàíäàðòíàÿ ñõåìà ïðè ÷èñëàõ Êóðàíòà r = 0.25, 0.5 (Ðèñóí-

êè 4.1(à), 4.1(á)) îáåñïå÷èâàåò ïîëíûé ðàñïàä íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà

(4.3) è ñ äîñòàòî÷íî âûñîêîé òî÷íîñòüþ ïåðåäàåò ïðîôèëü öåíòðèðîâàííîé âîëíû
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(4.4). Â òî æå âðåìÿ ïðè ÷èñëàõ Êóðàíòà r = 0.75, 0.95 (Ðèñóíêè 4.2(ã), 4.2(ä))

â ðàçíîñòíûõ ðåøåíèÿõ, ïîëó÷àåìûõ ïî ýòîé ñõåìå, ñîõðàíÿþòñÿ íåóñòîé÷èâûå

ñèëüíûå ðàçðûâû (Ðèñóíêè 4.1(ã), 4.1(ä)), íà ôðîíòàõ êîòîðûõ ïðîèñõîäèò ïðî-

èçâîäñòâî ýíòðîïèè, ïðèâîäÿùåå ïðè áîëüøèõ çíà÷åíèÿõ N ê ëèíåéíîìó ðîñòó

ñîîòâåòñòâóþùåé ôóíêöèè WN íà Ðèñóíêàõ 4.2(ã) è 4.2(ä). ×èñëåííûå ðàñ÷¼òû,

ïðîâåäåííûå íà ïîñëåäîâàòåëüíîñòè ñãóùàþùèõñÿ ñåòîê, ïîêàçàëè, ÷òî (â îòëè÷èå

îò ìîíîòîííîé ñõåìû) ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ñòàíäàðòíîé ñõåìå äëÿ

÷èñåë Êóðàíòà r ∈ (0.5, 1), ïðè h→ 0 ñõîäèòñÿ ê ðàçðûâíîìó ðåøåíèþ, îòëè÷íîìó

îò òî÷íîãî íåïðåðûâíîãî ðåøåíèÿ (4.4).

4.3 Ìîäèôèêàöèÿ ìîíîòîííîé ñõåìû CABARET

Ìîäèôèêàöèÿ ìîíîòîííîé ñõåìû CABARET 2, îáåñïå÷èâàþùàÿ â ðàçíîñòíîì ðå-

øåíèè ïîëíûé ðàñïàä íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ äëÿ ëþáûõ ÷èñåë Êóðàíòà

r ∈ (0, 1), ïðè êîòîðûõ ñõåìà CABARET 2 ÿâëÿåòñÿ óñòîé÷èâîé, ïðîèñõîäèò íà

÷åòâ¼ðòîì ýòàïå è ñâÿçàíà ñ èçìåíåíèåì çàêëþ÷èòåëüíîé êîððåêöèè ïîòîêîâûõ

ïåðåìåííûõ ũn+1
j . Îñíîâíàÿ èäåÿ òàêîé ìîäèôèêàöèè çàêëþ÷àåòñÿ â áîëüøåé ìî-

íîòîíèçàöèè ðàçíîñòíîãî ðåøåíèÿ íà íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâàõ è âîçíè-

êàþùèõ ïðè èõ ðàñïàäå âîëíàõ ðàçðåæåíèÿ, â îêðåñòíîñòÿõ êîòîðûõ õàðàêòåðè-

ñòèêè àïïðîêñèìèðóåìîé çàäà÷è ðàñõîäÿòñÿ, ïðè ñîõðàíåíèè èñõîäíîé ìîíîòîíè-

çàöèè (3.37), (3.38) íà óäàðíûõ âîëíàõ è âîëíàõ ñæàòèÿ, â îêðåñòíîñòÿõ êîòîðûõ

õàðàêòåðèñòèêè àïïðîêñèìèðóåìîé çàäà÷è ñõîäÿòñÿ. Â ðåçóëüòàòå ïðåäëàãàåòñÿ

ñëåäóþùàÿ çàêëþ÷èòåëüíàÿ êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ

un+1
j =


F
(
ũn+1
j ,mn+1

j ,Mn+1
j

)
, anj−1/2 ≥ anj+1/2,

1

2

(
Un+1
j−1/2 + Un+1

j+1/2

)
, anj−1/2 < anj+1/2,

(4.22)
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â êîòîðîé ñåòî÷íûå ôóíêöèè mn+1
j è Mn+1

j çàäàþòñÿ ïî ôîðìóëàì (3.38). Â ÷àñò-

íîì ñëó÷àå òàêàÿ êîìáèíèðîâàííàÿ êîððåêöèÿ ïîòîêîâûõ ïåðåìåííûõ áûëà èñ-

ïîëüçîâàíà â Ãëàâå 3 äëÿ îáåñïå÷åíèÿ ïîëíîãî ðàñïàäà â ðàçíîñòíîì ðåøåíèè

íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ, íà êîòîðîì ñêîðîñòü ðàñïðî-

ñòðàíåíèÿ õàðàêòåðèñòèê àïïðîêñèìèðóåìîãî çàêîíà ñîõðàíåíèÿ ìåíÿåò çíàê.

Èç Ðèñóíêà 4.2 ñëåäóåò, ÷òî òàê æå, êàê äëÿ èñõîäíîé ìîíîòîííîé ñõåìû, äëÿ

ìîäèôèöèðîâàííîé ñõåìû CABARET 2 óñëîâèå WN < 0, ýêâèâàëåíòíîå ðàçíîñò-

íîìó àíàëîãó ýíòðîïèéíîãî íåðàâåíñòâà (4.12), âûïîëíåíî íà âñåõ âðåìåííûõ ñëî-

ÿõ N ≥ 1 äëÿ âñåõ ðàññìàòðèâàåìûõ ÷èñåë Êóðàíòà. Îäíàêî, êàê ñëåäóåò èç Ðè-

ñóíêà 4.3, â îòëè÷èå îò èñõîäíîé ìîíîòîííîé ñõåìû, äëÿ ìîäèôèöèðîâàííîé ñõåìû

ëîêàëüíîå ïî âðåìåíè ýíòðîïèéíîå óñëîâèå wn+1/2 < 0 âûïîëíåíî ïðè âñåõ ÷èñëàõ

Êóðàíòà è íà âñåõ íà÷àëüíûõ âðåìåííûõ ñëîÿõ, íà êîòîðûõ ëîêàëüíûé ýíòðîïèé-

íûé äèñáàëàíñ wn+1/2, â ñèëó íåðàâåíñòâà |wn+1/2| > 0(h2), îêàçûâàåò âëèÿíèå íà

ðàñïàä íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà (4.3). Â ðåçóëüòàòå, êàê ñëåäóåò èç Ðè-

ñóíêà 4.4, ìîäèôèöèðîâàííàÿ ñõåìà CABARET äëÿ âñåõ ÷èñåë Êóðàíòà r ∈ (0, 1)

îáåñïå÷èâàåò ïîëíûé ðàñïàä íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà (4.3) è ñ äîñòàòî÷íî

âûñîêîé òî÷íîñòüþ ïåðåäà¼ò ïðîôèëü öåíòðèðîâàííîé âîëíû (4.4).

Èç ñðàâíåíèÿ Ðèñóíêîâ 4.1 è 4.4 ñëåäóåò, ÷òî ðàçíîñòíûå ðåøåíèÿ, ïîëó÷àåìûå

ïî ìîäèôèöèðîâàííîé ñõåìå CABARET 2, íåñêîëüêî ñèëüíåå, ÷åì àíàëîãè÷íûå

ðåøåíèÿ, ïîëó÷àåìûå ïî ñòàíäàðòíîé è èñõîäíîé ìîíîòîííîé ñõåìàì, ðàçìàçûâà-

þò ñëàáûå ðàçðûâû íà ãðàíèöàõ öåíòðèðîâàííîé âîëíû ðàçðåæåíèÿ (4.4). Îäíà-

êî ýòîò íåäîñòàòîê ìîäèôèöèðîâàííîé ñõåìû ñâÿçàí ñ å¼ ïðåèìóùåñòâîì (Ðèñó-

íîê 4.5), â ñèëó êîòîðîãî å¼ ðàçíîñòíûå ïðîèçâîäíûå (unj+1 − unj )/h (â îòëè÷èå îò

òàêèõ æå ðàçíîñòíûõ ïðîèçâîäíûõ, ïîëó÷àåìûõ ïðè ðàñ÷¼òàõ ïî ñòàíäàðòíîé è

ìîíîòîííîé ñõåìàì) ñîõðàíÿþò ìîíîòîííîñòü â îêðåñòíîñòÿõ ñèëüíûõ ðàçðûâîâ

ïðîñòðàíñòâåííîé ïðîèçâîäíîé
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Ðèñóíîê 4.4 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è (4.1)�(4.3), (4.5)
íà òðè ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè t = τ , t = 2 è t = 4 ïðè ÷èñëàõ Êóðàíòà
r = 0.25 (à), r = 0.5 (á), r = 0.75 (â) è r = 0.95 (ã). Ñïëîøíàÿ ëèíèÿ � òî÷íîå
ðåøåíèå, êâàäðàòèêè � ðåçóëüòàòû ðàñ÷¼òîâ ïî ìîäèôèöèðîâàííîé ìîíîòîííîé
ñõåìå CABARET 2.

vx(x, t) =


0, x ≤ x0 + w1t,

1/t, x0 + w1t ≤ x ≤ x0 + w2t,

0, x ≥ x0 + w2t,

(4.23)

òî÷íîãî ðåøåíèÿ (4.4), â ðåçóëüòàòå ÷åãî ìîäèôèöèðîâàííàÿ ñõåìà áîëåå ñèììåò-
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ðè÷íî ðàçìàçûâàåò ñëàáûå ðàçðûâû íà ãðàíèöàõ öåíòðèðîâàííîé âîëíû ðàçðåæå-

íèÿ, âõîäÿùåé â ýòî ðåøåíèå.
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Ðèñóíîê 4.5 � Ñðàâíåíèå òî÷íîé è ÷èñëåííîé ïðîñòðàíñòâåííûõ ïðîèçâîä-
íûõ (4.23) ðåøåíèÿ çàäà÷è (4.1)�(4.3), (4.5) â ìîìåíò âðåìåíè t = 4 ïðè ÷èñëàõ
Êóðàíòà r = 0.25 (à), r = 0.5 (á), r = 0.75 (â) è r = 0.95 (ã). Ñïëîøíàÿ ëèíèÿ
ñîîòâåòñòâóåò òî÷íîìó ðåøåíèþ, òî÷êè � ìîíîòîííîé ñõåìå CABARET 2, êðóæêè
� ñòàíäàðòíîé ñõåìå, êâàäðàòèêè � ìîäèôèöèðîâàííîé ìîíîòîííîé ñõåìå.
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Ïðèìåíèì ìîäèôèöèðîâàííóþ ñõåìó CABARET 2 äëÿ ÷èñëåííîãî ðåøåíèÿ

çàäà÷è Êîøè (4.1) äëÿ íà÷àëüíûõ äàííûõ

v0(x) =



2, x < 1,

6, 1 ≤ x < 3.5,

1, 3.5 ≤ x < 6,

3, x ≥ 6,

(4.24)

ñîäåðæàùèõ îäèí óñòîé÷èâûé è äâà íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâà. Íà Ðèñóí-

êå 4.6 íà òðè ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè t = 0.5, t = 1.1, t = 5.5 ïðèâåäå-

íû ðåçóëüòàòû ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè (4.1), (4.2), (4.24), ïîëó÷åííûå ïî

ìîäèôèöèðîâàííîé ñõåìå CABARET 2 íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå (3.4),

(3.5) ñ ïðîñòðàíñòâåííûì øàãîì h = 0.1 è ÷èñëîì Êóðàíòà r = 0.95. Ïóíêòèð-

íîé ëèíèåé (Ðèñóíîê 4.6(à)) ïîêàçàíà íà÷àëüíàÿ ôóíêöèÿ, ñïëîøíûìè ëèíèÿìè

ïðèâåäåíî òî÷íîå ðåøåíèå, à êâàäðàòèêàìè èçîáðàæåíû çíà÷åíèÿ êîíñåðâàòèâ-

íûõ ïåðåìåííûõ Un
j+1/2, ïîëó÷àåìûå ïðè ÷èñëåííîì ðåøåíèè, â êîòîðîì ñåòî÷-

íûå íà÷àëüíûå äàííûå çàäàþòñÿ ïî ôîðìóëàì (4.6). Èç Ðèñóíêà 4.6 âèäíî, ÷òî

ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ìîäèôèöèðîâàííîé ñõåìå CABARET 2 (ïðè

÷èñëå Êóðàíòà, áëèçêîì ê ìàêñèìàëüíîìó çíà÷åíèþ r = 1, äîïóñòèìîìó óñëîâè-

åì óñòîé÷èâîñòè), íå èìååò ñõåìíûõ îñöèëëÿöèé, õîðîøî âîñïðîèçâîäèò ïðîôèëè

öåíòðèðîâàííûõ âîëí ðàçðåæåíèÿ, âîçíèêàþùèõ èç íåóñòîé÷èâûõ ñèëüíûõ ðàç-

ðûâîâ íà÷àëüíûõ äàííûõ, è ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü ïðè ëîêàëèçàöèè

ñèëüíûõ è ñëàáûõ ðàçðûâîâ òî÷íîãî ðåøåíèÿ.
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Ðèñóíîê 4.6 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííûõ ðåøåíèé çàäà÷è (4.1), (4.2), (4.24)
íà òðè ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè t = 0.5 (à), t = 1.1 (á) è t = 5.5 (â) ïðè
÷èñëå Êóðàíòà r = 0.95. Ïóíêòèðíàÿ ëèíèÿ (à) � íà÷àëüíûå äàííûå, ñïëîøíàÿ
ëèíèÿ � òî÷íîå ðåøåíèå, êâàäðàòèêè � ðåçóëüòàòû ðàñ÷¼òîâ ïî ìîäèôèöèðîâàí-
íîé ìîíîòîííîé ñõåìå CABARET 2.
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Ãëàâà 5

Íåîäíîðîäíûé ñêàëÿðíûé çàêîí ñîõðàíåíèÿ

Ïðåäëîæåí ìåòîä ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì äëÿ ñõåìû

CABARET 2, àïïðîêñèìèðóþùåé çàäà÷ó Êîøè äëÿ íåîäíîðîäíîãî ñêàëÿðíî-

ãî çàêîíà ñîõðàíåíèÿ ñ âûïóêëîé è ìîíîòîííî âîçðàñòàþùåé ôóíêöèåé ïîòîêà.

Ïîêàçàíî, ÷òî íà ïåðâîì øàãå ýòîãî ìåòîäà, êîãäà àïïðîêñèìèðóåòñÿ îäíîðîäíûé

çàêîí ñîõðàíåíèÿ, ñõåìà ÿâëÿåòñÿ ìîíîòîííîé, ÷òî îáåñïå÷èâàåò îòñóòñòâèå â å¼

÷èñëåííûõ ðåøåíèÿõ íåôèçè÷åñêèõ îñöèëëÿöèé íà ôðîíòàõ óäàðíûõ âîëí. Ïðè-

âåäåíû òåñòîâûå ðàñ÷¼òû, èëëþñòðèðóþùèå ïðåèìóùåñòâà äàííîé ìîäèôèêàöèè

ñõåìû CABARET 2.

5.1 Ñòàíäàðòíàÿ ñõåìà CABARET

Ðàññìîòðèì çàäà÷ó Êîøè äëÿ íåîäíîðîäíîãî ãèïåðáîëè÷åñêîãî ñêàëÿðíîãî çàêîíà

ñîõðàíåíèÿ

vt + f(v)x = g(v), v(x, 0) = v0(x) (5.1)

ñî ñòðîãî ìîíîòîííî âîçðàñòàþùåé, ñòðîãî âûïóêëîé ôóíêöèåé ïîòîêà f(v):

a(v) = f ′(v) > 0, a′(v) = f ′′(v) > 0,
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è íåïðåðûâíîé ïðàâîé ÷àñòüþ g(v). Àïïðîêñèìèðóåì ýòó çàäà÷ó äâóõñëîéíîé ïî

âðåìåíè ñõåìîé CABARET 2, çàäàííîé íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå

{xj, tn} : xj = jh, tn+1 = tn + τn, t0 = 0, (5.2)

â êîòîðîé h� ïîñòîÿííûé øàã ñåòêè ïî ïðîñòðàíñòâó, à τn �øàã ñåòêè ïî âðåìåíè,

îïðåäåëÿåìûé èç óñëîâèÿ óñòîé÷èâîñòè

τn = rh/max
j
|anj+1/2|, (5.3)

ãäå r ∈ (0, 1) � ÷èñëî Êóðàíòà, anj+1/2 = a(Un
j+1/2). Â ýòîé ñõåìå èñïîëüçóþòñÿ ïîòî-

êîâûå unj = v(xj, tn) è êîíñåðâàòèâíûå Un
j+1/2 = v(xj+1/2, tn) ïåðåìåííûå, çàäàííûå

ñîîòâåòñòâåííî â öåëûõ xj è ïîëóöåëûõ xj+1/2 = xj +h/2 ïðîñòðàíñòâåííûõ óçëàõ

ðàçíîñòíîé ñåòêè.

Ïóñòü unj , U
n
j+1/2 � èçâåñòíîå ÷èñëåííîå ðåøåíèå çàäà÷è (5.1) íà n-îì âðåìåí-

íîì ñëîå tn, ïðè n = 0 � ñåòî÷íàÿ àïïðîêñèìàöèÿ íà÷àëüíîé ôóíêöèè v0(x).

×èñëåííîå ðåøåíèå un+1
j , Un+1

j+1/2 íà (n + 1)-îì âðåìåííîì ñëîå tn+1 íàõîäèòñÿ ïî

ñòàíäàðòíîé ñõåìå CABARET 2 [39] â òðè ýòàïà. Íà ïåðâîì ýòàïå ïî ðàçíîñòíûì

óðàâíåíèÿì
U
n+1/2
j+1/2 − U

n
j+1/2

τn/2
+
fnj+1 − fnj

h
= gnj+1/2, (5.4)

ãäå fnj = f(unj ), g
n
j+1/2 = g(Un

j+1/2), âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðå-

ìåííûõ Un+1/2
j+1/2 = U(xj+1/2, tn+1/2) íà ïîëóöåëîì âðåìåííîì ñëîå tn+1/2 = tn+ τn/2.

Íà âòîðîì ýòàïå ïóòåì ýêñòðàïîëÿöèè

ūn+1
j+1 = 2U

n+1/2
j+1/2 − u

n
j (5.5)

íàõîäÿòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ ïîòîêîâûõ ïåðåìåííûõ ūn+1
j+1 , êîòîðûå êîð-



93

ðåêòèðóþòñÿ ïî ôîðìóëå

un+1
j+1 = F

(
ūn+1
j+1 ,m

n
j ,M

n
j

)
, (5.6)

â êîòîðîé

F (u,m,M) =


u, m ≤ u ≤M,

m, u < m,

M, u > M,

(5.7)

mn
j = min

(
unj , U

n
j+1/2, u

n
j+1

)
+ τng

n+1/2
j+1/2 , (5.8)

Mn
j = max

(
unj , U

n
j+1/2, u

n
j+1

)
+ τng

n+1/2
j+1/2 , (5.9)

ãäå gn+1/2
j+1/2 = g(U

n+1/2
j+1/2 ).

Íà òðåòüåì, çàêëþ÷èòåëüíîì ýòàïå, ïî ðàçíîñòíûì óðàâíåíèÿì

Un+1
j+1/2 − U

n+1/2
j+1/2

τn/2
+
fn+1
j+1 − fn+1

j

h
= gn+1

j+1/2 = g(Un+1
j+1/2) (5.10)

âû÷èñëÿþòñÿ çíà÷åíèÿ êîíñåðâàòèâíûõ ïåðåìåííûõ Un+1
j+1/2 íà (n+1)-îì âðåìåííîì

ñëîå tn+1. Ñóììèðóÿ óðàâíåíèÿ (5.4) è (5.10), ïîëó÷àåì ñèììåòðè÷íîå ðàçíîñòíîå

óðàâíåíèå

Un+1
j+1/2 − U

n
j+1/2

τn
+
fnj+1 + fn+1

j+1 − (fnj + fn+1
j )

2h
=
gnj+1/2 + gn+1

j+1/2

2
,

àïïðîêñèìèðóþùåå ñî âòîðûì ïîðÿäêîì äèâåðãåíòíîå äèôôåðåíöèàëüíîå óðàâ-

íåíèå (5.1).

Êàê ïîêàçàíî â Ãëàâå 1, îñíîâíîé íåäîñòàòîê ñòàíäàðòíîé ñõåìû CABARET 2

(5.4)�(5.10) çàêëþ÷àåòñÿ â òîì, ÷òî îíà ÿâëÿåòñÿ íåìîíîòîííîé ïðè àïïðîêñèìà-
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öèè îäíîðîäíîãî çàêîíà ñîõðàíåíèÿ

vt + f(v)x = 0, (5.11)

òî÷íûå ðåøåíèÿ êîòîðîãî îáëàäàþò ñâîéñòâîì ñîõðàíåíèÿ ìîíîòîííîñòè íà-

÷àëüíûõ äàííûõ. Â òî æå âðåìÿ òî÷íûå ðåøåíèÿ íåîäíîðîäíîãî çàêîíà ñîõðà-

íåíèÿ (5.1) â îáùåì ñëó÷àå òàêîãî ñâîéñòâà ìîíîòîííîñòè íå èìåþò è ïîýòîìó

ïðåäñòàâëÿåòñÿ íå ñîâñåì îïðàâäàííûì ïðè êîððåêöèè ïîòîêîâûõ ïåðåìåí-

íûõ (5.7)�(5.9) ó÷èòûâàòü âëèÿíèå ñåòî÷íîé ôóíêöèè gn+1/2
j+1/2 , àïïðîêñèìèðóþùåé

ïðàâóþ ÷àñòü íåîäíîðîäíîãî óðàâíåíèÿ (5.1).

Â ñëåäóþùåì ïóíêòå ïðåäëîæåíà ìîäèôèöèðîâàííàÿ ñõåìà CABARET, â êî-

òîðîé îòñóòñòâóþò óêàçàííûå íåäîñòàòêè.

5.2 Ìîäèôèöèðîâàííàÿ ñõåìà CABARET

Äëÿ ïîñòðîåíèÿ ìîäèôèöèðîâàííîé ñõåìû CABARET 2, àïïðîêñèìèðóþùåé

çàäà÷ó Êîøè (5.1), ïðèìåíèì ìåòîä ðàñùåïëåíèÿ ïî ôèçè÷åñêèì ïðîöåññàì [53],

èäåþ êîòîðîãî ïðîèëëþñòðèðóåì íà ïðèìåðå àáñòðàêòíîé äèôôåðåíöèàëüíî-

ðàçíîñòíîé ñõåìû

wn+1 − wn

τn
+ fn+1/2

x = gn+1/2, wn = w(x, tn),

àïïðîêñèìèðóþùåé íåîäíîðîäíîå óðàâíåíèå (5.1), ãäå fn+1/2 = f̂(wn) è gn+1/2 =

ĝ(wn, wn+1) � íåêîòîðûå ñåòî÷íûå àïïðîêñèìàöèè ôóíêöèé f(v) è g(v) â òî÷êå

(x, tn+1/2). Íà ïåðâîì øàãå ýòîãî ìåòîäà ðåøàåòñÿ îäíîðîäíîå äèôôåðåíöèàëüíî

ðàçíîñòíîå óðàâíåíèå

ŵn+1 − wn

τn
+ fn+1/2

x = 0 ⇔ ŵn+1 = wn − τnfn+1/2
x , (5.12)
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àïïðîêñèìèðóþùåå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå (5.11). Â ðåçóëüòàòå

íàõîäÿòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ ŵn+1, êîòîðûå èñïîëüçóþòñÿ íà âòîðîì øàãå

wn+1 − ŵn+1

τn
= gn+1/2 ⇔ wn+1 = ŵn+1 + τng

n+1/2 (5.13)

äëÿ íàõîæäåíèÿ âåëè÷èí wn+1.

Íà ïåðâîì øàãå (5.12) ìåòîäà ðàñùåïëåíèÿ ïðèìåíÿåòñÿ ìîíîòîííàÿ ìîäèôè-

êàöèÿ ñõåìû CABARET, ïðåäëîæåííàÿ â Ãëàâå 4, îáåñïå÷èâàþùàÿ ñîõðàíåíèå

ìîíîòîííîñòè ðàçíîñòíîãî ðåøåíèÿ ïðè àïïðîêñèìàöèè îäíîðîäíîãî óðàâíåíèÿ

(5.11). Íà âòîðîì øàãå (5.13) ýòîãî ìåòîäà èñïîëüçóåòñÿ íåÿâíàÿ ðàçíîñòíàÿ ñõå-

ìà âòîðîãî ïîðÿäêà, êîòîðàÿ íå ïðåïÿòñòâóåò ôîðìèðîâàíèþ íîâûõ ëîêàëüíûõ

ýêñòðåìóìîâ â ðàçíîñòíîì ðåøåíèè, åñëè òàêèå ýêñòðåìóìû âîçíèêàþò â òî÷íîì

ðåøåíèè íåîäíîðîäíîãî óðàâíåíèÿ (5.1). Ïîäðîáíîå îïèñàíèå äàííîé ìîäèôèêà-

öèè ñõåìû CABARET 2 ïðèâîäèòñÿ íèæå.

Ïåðâûé øàã ðàñùåïëåíèÿ, íà êîòîðîì ñõåìà CABARET 2 àïïðîêñèìèðóåò îä-

íîðîäíîå äèâåðãåíòíîå äèôôåðåíöèàëüíîå óðàâíåíèå (5.12), ñîñòîèò èç ÷åòûð¼õ

ýòàïîâ. Íà ïåðâîì ýòàïå ïî ðàçíîñòíûì óðàâíåíèÿì

U
n+1/2
j+1/2 − U

n
j+1/2

τn/2
+
fnj+1 − fnj

h
= 0

îïðåäåëÿþòñÿ êîíñåðâàòèâíûå ïåðåìåííûå Un+1/2
j+1/2 . Íà âòîðîì ýòàïå ïî ôîðìó-

ëå (5.5) íàõîäÿòñÿ âåëè÷èíû ūn+1
j+1 , èñïîëüçóåìûå äëÿ îïðåäåëåíèÿ ïðåäâàðèòåëü-

íûõ çíà÷åíèé ïîòîêîâ

f̄
n+1/2
j+1 = f

(
ū
n+1/2
j+1

)
, ū

n+1/2
j+1 =

(
unj+1 + ūn+1

j+1

)
/2,
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êîòîðûå êîððåêòèðóþòñÿ ïî ôîðìóëå

f̃
n+1/2
j+1 = F

(
f̄
n+1/2
j+1 ,mn

j ,M
n
j

)
,

ãäå

mn
j = min

(
fnj+1/2, f

n
j+1

)
, Mn

j = max
(
fnj+1/2, f

n
j+1

)
, fnj+1/2 = f(Un

j+1/2).

Åñëè íà n-îì âðåìåííîì ñëîå ïðè j = k âûïîëíåíû íåðàâåíñòâà

Un
k−3/2 ≤ Un

k−1/2 ≤ Un
k+1/2 ⇔ fnk−3/2 ≤ fnk−1/2 ≤ fnk+1/2, (5.14)

òî ïðè ïîìîùè ôóíêöèè

F1(u,M) =

 u, u ≤M,

M, u ≥M,

îãðàíè÷èâàþùåé ñâåðõó, ïðîâîäèòñÿ äîïîëíèòåëüíàÿ êîððåêöèÿ ïîòîêà f̃n+1/2
k ïî

ôîðìóëå

f
n+1/2
k = F1

(
f̃
n+1/2
k , ϕnk−1

)
,

ãäå

ϕnk−1 = fnk−1 +
Un
k−1/2 − unk−1

zn
, zn =

τn
h
.

Åñëè íà n-îì âðåìåííîì ñëîå ïðè j = k âûïîëíåíû íåðàâåíñòâà

Un
k−3/2 ≥ Un

k−1/2 ≥ Un
k+1/2 ⇔ fnk−3/2 ≥ fnk−1/2 ≥ fnk+1/2, (5.15)
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òî ïðè ïîìîùè ôóíêöèè

F2(u,m) =

 u, u ≥ m,

m, u ≤ m,

îãðàíè÷èâàþùåé ñíèçó, äîïîëíèòåëüíàÿ êîððåêöèÿ ïîòîêà f̃n+1/2
k ïðîâîäèòñÿ ïî

ôîðìóëå

f
n+1/2
k = F2

(
f̃
n+1/2
k , ϕnk−1

)
.

Åñëè íè îäíî èç äâóõ óñëîâèé (5.14) èëè (5.15) íå âûïîëíåíî, òî êîððåêöèÿ ïîòî-

êà f̃n+1/2
k íå ïðîâîäèòñÿ, òî åñòü ïîëàãàåòñÿ, ÷òî fn+1/2

k = f̃
n+1/2
k .

Íà òðåòüåì ýòàïå èç ðàçíîñòíûõ óðàâíåíèé

Ûn+1
j+1/2 − U

n
j+1/2

τn
+
f
n+1/2
j+1 − fn+1/2

j

h
= 0

íàõîäÿòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ Ûn+1
j+1/2 êîíñåðâàòèâíûõ ïåðåìåííûõ. Íà ÷åò-

â¼ðòîì ýòàïå ïî ôîðìóëàì

ũn+1
j = 2u

n+1/2
j − unj , u

n+1/2
j = f−1(f

n+1/2
j ),

ãäå f−1 � ôóíêöèÿ, îáðàòíàÿ ê f , íàõîäÿòñÿ âòîðûå ïðåäâàðèòåëüíûå çíà÷å-

íèÿ ũn+1
j ïîòîêîâûõ ïåðåìåííûõ, êîòîðûå êîððåêòèðóþòñÿ ïî ôîðìóëå

ûn+1
j =


F
(
ũn+1
j ,mn+1

j ,Mn+1
j

)
, an+1

j−1/2 ≥ an+1
j+1/2,

1

2

(
Ûn+1
j−1/2 + Ûn+1

j+1/2

)
, an+1

j−1/2 < an+1
j+1/2,

(5.16)

ãäå

mn+1
j = min

(
Ûn+1
j−1/2, Û

n+1
j+1/2

)
, Mn+1

j = max
(
Ûn+1
j−1/2, Û

n+1
j+1/2

)
. (5.17)
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Íà ýòîì çàâåðøàåòñÿ ïåðâûé øàã ìåòîäà ðàñùåïëåíèÿ, â ðåçóëüòàòå êîòîðî-

ãî îïðåäåëÿþòñÿ ïðåäâàðèòåëüíûå çíà÷åíèÿ ûn+1
j è Ûn+1

j+1/2 ðàçíîñòíîãî ðåøåíèÿ

íà (n+1)-îì âðåìåííîì ñëîå. Íà âòîðîì øàãå (5.13) ìåòîäà ðàñùåïëåíèÿ ïî íåÿâ-

íûì ôîðìóëàì

un+1
j = ûn+1

j + τng

(
un+1
j + unj

2

)
, Un+1

j+1/2 = Ûn+1
j+1/2 + τng

(
Un+1
j+1/2 + Un

j+1/2

2

)
,

âû÷èñëÿþòñÿ îêîí÷àòåëüíûå çíà÷åíèÿ ðàçíîñòíîãî ðåøåíèÿ un+1
j è Un+1

j+1/2 íà

(n+ 1)-îì âðåìåííîì ñëîå.

Èç Ãëàâû 3 ñëåäóåò, ÷òî íà ïåðâîì øàãå ìåòîäà ðàñùåïëåíèÿ ìîäèôèöèðîâàí-

íàÿ ñõåìà CABARET 2 ÿâëÿåòñÿ ìîíîòîííîé, òî åñòü óäîâëåòâîðÿåò óñëîâèÿì

Un
j−1/2 ≤ unj ≤ Un

j+1/2 ∀j ⇒ Ûn+1
j−1/2 ≤ ûn+1

j ≤ Ûn+1
j+1/2 ∀j,

Un
j−1/2 ≥ unj ≥ Un

j+1/2 ∀j ⇒ Ûn+1
j−1/2 ≥ ûn+1

j ≥ Ûn+1
j+1/2 ∀j,

÷òî îáåñïå÷èâàåò îòñóòñòâèå â å¼ ðàçíîñòíûõ ðåøåíèÿõ ÷èñëåííûõ îñöèëëÿöèé íà

ëèíèÿõ ñèëüíûõ ðàçðûâîâ òî÷íîãî ðåøåíèÿ.

5.3 ×èñëåííîå ìîäåëèðîâàíèå ïë¼íî÷íûõ òå÷åíèé

Â êà÷åñòâå êîíêðåòíîãî ïðèìåðà ðàññìîòðèì çàäà÷ó Êîøè (5.1), â êîòîðîé

f(v) = v3/3, g(v) = β/v, v > 0, β = const. (5.18)

Òàêàÿ çàäà÷à âîçíèêàåò ïðè ìîäåëèðîâàíèè â ðàìêàõ äëèííîâîëíîâîãî ïðèáëèæå-

íèÿ ïðîöåññà ñòåêàíèÿ âÿçêîé ïë¼íêè ïî âåðòèêàëüíîé ñòåíêå ñ ó÷¼òîì òåïëîìàññî-

ïåðåíîñà íà ìåæôàçíîé ïîâåðõíîñòè [54�56]. Ïðè β > 0 íà ñâîáîäíîé ïîâåðõíîñòè
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ñòåêàþùåé ïë¼íêè æèäêîñòü êîíäåíñèðóåòñÿ, à ïðè β < 0 � èñïàðÿåòñÿ. Òî÷íûå

ðåøåíèÿ äàííîé çàäà÷è, ñîäåðæàùèå öåíòðèðîâàííûå âîëíû, áûëè ïîëó÷åíû â

ðàáîòå [57]. Ïðèâîäèìûå äàëåå ÷èñëåííûå ðàñ÷¼òû äâóõ ðàçëè÷íûõ çàäà÷ Êîøè

(5.1), (5.18) âûïîëíåíû ïî ñòàíäàðòíîé è ìîäèôèöèðîâàííîé ñõåìàì CABARET 2,

çàäàííûì íà ïðÿìîóãîëüíîé ðàçíîñòíîé ñåòêå (5.2)�(5.3) c ïðîñòðàíñòâåííûì øà-

ãîì h = 0.1 è ñ ÷èñëîì Êóðàíòà r = 0.5. Ñåòî÷íûå íà÷àëüíûå äàííûå çàäàâàëèñü

ïî ôîðìóëàì

u0j = v0(xj), U0
j+1/2 =

u0j + u0j+1

2
(5.19)

èëè ïî ôîðìóëàì

U 0
j+1/2 = v0(xj+1/2), u0j =

U 0
j−1/2 + U 0

j+1/2

2
. (5.20)

Íà Ðèñóíêàõ 5.1 è 5.2 íà òðè ïîñëåäîâàòåëüíûõ ìîìåíòà âðåìåíè t = τ0, t = 2.5

è t = 4.5 ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òà ïî ñòàíäàðòíîé (êðóæêè) è ìîäèôè-

öèðîâàííîé (òî÷êè) ñõåìàì CABARET 2 çàäà÷è Êîøè (5.1), (5.18) ñ êóñî÷íî-

ïîñòîÿííîé íà÷àëüíîé ôóíêöèåé

v(x) =


1, x < 1,

3, 1 ≤ x < 3,

1, 3 ≤ x,

(5.21)

èìåþùåé â òî÷êå x = 1 íåóñòîé÷èâûé ñèëüíûé ðàçðûâ, ïåðåõîäÿùèé ïðè t > 0

â öåíòðèðîâàííóþ âîëíó ðàçðåæåíèÿ, à â òî÷êå x = 3 � óñòîé÷èâûé ñèëüíûé

ðàçðûâ, ïåðåõîäÿùèé ïðè t > 0 â óäàðíóþ âîëíó. Ðèñóíêè 5.1(à) è 5.2(à) ñîîòâåò-

ñòâóþò ñëó÷àþ êîíäåíñàöèè (β = 1), à Ðèñóíêè 5.1(á), 5.2(á) � ñëó÷àþ èñïàðåíèÿ

(β = −1). Ðàçíîñòíàÿ ñåòêà (5.2)�(5.3) çàäàâàëàñü íà îòðåçêå [0, X] îñè x, ãäå

X = 10, ÷òî ñîîòâåòñòâóåò M = X/h = 100 ïðîñòðàíñòâåííûì ÿ÷åéêàì ñåòêè.
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Ðèñóíîê 5.1 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (5.1), (5.18),
(5.21) ñ íà÷àëüíûìè äàííûìè (5.20) ïðè ïàðàìåòðàõ β = 1 (a) è β = −1 (á) íà
ìîìåíòû âðåìåíè t = τ0, t = 2.5 è t = 4.5. Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå;
êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé ñõåìå CABARET 2; òî÷êè � ïî ìîäèôèöèðî-
âàííîé ñõåìå.

Íà Ðèñóíêå 5.1 ïîêàçàíû ðàñ÷¼òû, â êîòîðûõ ñåòî÷íûå íà÷àëüíûå äàííûå çà-

âàëèñü ïî ôîðìóëå (5.20). Èç ýòîãî ðèñóíêà âèäíî, ÷òî â îòëè÷èå îò ìîäèôèöèðî-

âàííîé ñõåìû CABARET, êîòîðàÿ íà ïåðâîì øàãå ìåòîäà ðàñùåïëåíèÿ ÿâëÿåòñÿ

ìîíîòîííîé, ðàçíîñòíîå ðåøåíèå, ïîëó÷àåìîå ïî ñòàíäàðòíîé ñõåìå, êîòîðàÿ ÿâ-

ëÿåòñÿ íåìîíîòîííîé, èìååò íà ïåðâûõ âðåìåííûõ øàãàõ ïàðàçèòè÷åñêèå îñöèë-

ëÿöèè, äîñòàòî÷íî áûñòðî çàòóõàþùèå ñ òå÷åíèåì âðåìåíè. Îäíàêî, åñëè òàêèå
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ðàñ÷¼òû ïðîâåñòè ïðè ñåòî÷íûõ íà÷àëüíûõ äàííûõ (5.19), òî óêàçàííûå îñöèë-

ëÿöèè â íåé áóäóò îòñóòñòâîâàòü (Ðèñóíîê 5.2). Ïðè ýòîì ÷èñëåííûå çíà÷åíèÿ,

ïîëó÷àåìûå ïî ñòàíäàðòíîé è ìîäèôèöèðîâàííîé ñõåìàì, ïîëó÷àþòñÿ äîñòàòî÷-

íî áëèçêèìè äðóã ê äðóãó.

0 2 4 x
0

1

2

3

v (a)

0 2 4 x
0

1

2

3

v
(б)

Ðèñóíîê 5.2 � Ñðàâíåíèå òî÷íîãî è ÷èñëåííîãî ðåøåíèé çàäà÷è Êîøè (5.1), (5.18),
(5.21) ñ ñåòî÷íûìè íà÷àëüíûìè äàííûìè (5.19) ïðè ïàðàìåòðàõ β = 1 (a) è
β = −1 (á) íà ìîìåíòû âðåìåíè t = τ0, t = 2.5 è t = 4.5. Ñïëîøíàÿ ëèíèÿ �
òî÷íîå ðåøåíèå; êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé ñõåìå CABARET 2; òî÷êè � ïî
ìîäèôèöèðîâàííîé ñõåìå.

Íà Ðèñóíêå 5.3 íà ìîìåíò âðåìåíè t = 0.4 ïðèâåäåíû ðåçóëüòàòû ðàñ÷¼òà

ïî ñòàíäàðòíîé (Ðèñóíîê 5.3(à)) è ìîäèôèöèðîâàííîé (Ðèñóíîê 5.3(á)) ñõåìàì
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CABARET 2 çàäà÷è Êîøè (5.1), (5.18) ñ ïåðèîäè÷åñêèìè íà÷àëüíûìè äàííûìè

v0(x) =


√
x(2− x) + 1, 0 ≤ x ≤ 2,

1, 2 ≤ x ≤ X,
v0(x) = v0(x+X) ∀x, (5.22)

ãäå X = 2.4, ìîäåëèðóþùèìè áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ñòåêàþùèõ êàïåëü

æèäêîñòè. Ðàçíîñòíàÿ ñåòêà (5.2)�(5.3) çàäàâàëàñü íà îòðåçêå [0, X] îñè x, ãäå

X = 7.2, ÷òî ñîîòâåòñòâóåò M = X/h = 72 ïðîñòðàíñòâåííûì ÿ÷åéêàì ñåòêè. Íà

Ðèñóíêå 5.3 øòðèõîâîé ëèíèåé èçîáðàæåíà ôóíêöèÿ íà÷àëüíûõ äàííûõ (5.22), à

ñïëîøíîé ëèíèåé � òî÷íîå ðåøåíèå, êîòîðîå ìîäåëèðóåòñÿ ÷èñëåííûì ðàñ÷¼òîì

ïî ìîäèôèöèðîâàííîé ñõåìå CABARET 2 íà ìåëêîé ñåòêå ñ ïðîñòðàíñòâåííûì

øàãîì h = 0.01.

Ðàñ÷¼òû, ïðèâåä¼ííûå íà (5.3), ïðîâîäèëèñü ïðè ñåòî÷íûõ íà÷àëüíûõ äàí-

íûõ (5.19). Íåñìîòðÿ íà ýòî, èç Ðèñóíêà 5.3 âèäíî, ÷òî ñòàíäàðòíàÿ ñõåìà, â îòëè-

÷èå îò ìîäèôèöèðîâàííîé, äîïóñêàåò íåáîëüøèå îòêëîíåíèÿ îò òî÷íîãî ðåøåíèÿ â

îáëàñòè âîëíû ïîâûøåíèÿ óðîâíÿ æèäêîñòè, ïðèâîäÿùèå ê òîìó, ÷òî â ðàçíîñòíîì

ðåøåíèè íå ñîõðàíÿåòñÿ âûïóêëîñòü ââåðõ ïðîôèëÿ âîëíû ïîâûøåíèÿ. Ïðè ýòîì

äàííàÿ ñèòóàöèÿ íå ìåíÿåòñÿ ïðè èçìåëü÷åíèè ñåòêè (â òîì ÷èñëå ïðè ðàñ÷¼òàõ

ñ ÷èñëàìè Êóðàíòà r < 0.5), à ïðè èñïîëüçîâàíèè ñåòî÷íûõ íà÷àëüíûõ äàííûõ,

çàäàâàåìûõ ïî ôîðìóëå (5.20), òàêîå èñêàæåíèå ïðîôèëÿ âîëíû ïîâûøåíèÿ ñòàíî-

âèòñÿ áîëåå çàìåòíûì. Îáúÿñíåíèå ýòîãî ýôôåêòà ñëåäóåò èç Ðèñóíêà 5.4, íà êîòî-

ðîì ïîêàçàíû òî÷íûå (ñïëîøíàÿ ëèíèÿ) è ÷èñëåííûå çíà÷åíèÿ ïðîñòðàíñòâåííîé

ïðîèçâîäíîé vx(x, t) ïðè β = 1 (Ðèñóíîê 5.4(à)) è β = −1 (Ðèñóíîê 5.4(á)). ×èñ-

ëåííûå çíà÷åíèÿ, èçîáðàæ¼ííûå êðóæêàìè äëÿ ñòàíäàðòíîé ñõåìû è òî÷êàìè äëÿ

ìîäèôèöèðîâàííîé ñõåìû, îïðåäåëÿëèñü ïî ôîðìóëå (∆U)nj = (Un
j+1/2 − Un

j−1/2).

Äëÿ íàãëÿäíîñòè íà Ðèñóíêå 5.4 ïðèâåäåíû çíà÷åíèÿ v̄x = F (vx, w,W ) ïðîèç-

âîäíîé vx, îãðàíè÷åííîé ñâåðõó è ñíèçó, è çíà÷åíèÿ ∆Ū = F2(∆U,w) ÷èñëåííûõ
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Ðèñóíîê 5.3 � Ðàñ÷¼ò ïî ñòàíäàðòíîé (à) è ìîäèôèöèðîâàííîé (á) ñõåìàì
CABARET 2 çàäà÷è Êîøè (5.1), (5.18), (5.22) íà ìîìåíò âðåìåíè t = 0.4 ñ ïðî-
ñòðàíñòâåííûì øàãîì h = 0.1 è ïàðàìåòðîì β = 1 (ñëó÷àé 1) è β = −1 (ñëó÷àé 2).
Ñïëîøíàÿ ëèíèÿ � òî÷íîå ðåøåíèå; ïóíêòèðíàÿ ëèíèÿ � íà÷àëüíûå äàííûå; òî÷-
êè � ÷èñëåííûé ðàñ÷¼ò.

ïðîèçâîäíûõ ∆U , îãðàíè÷åííûõ ñíèçó, ãäå W = 1.5 è w = −0.2. Êàê âèäíî íà

Ðèñóíêå 5.4, ðàçíîñòíûå ïðîèçâîäíûå, ïîëó÷àåìûå ïî ñòàíäàðòíîé ñõåìå, èìåþò

îñöèëëÿöèè íà âîëíå ïîâûøåíèÿ óðîâíÿ, êîòîðûå îòñóòñòâóþò â ìîäèôèöèðîâàí-

íîé ñõåìå.

×èñëåííûå ðàñ÷¼òû ïîêàçàëè, ÷òî åñëè â ñòàíäàðòíóþ ñõåìó CABARET 2 íà

ïîñëåäíåì ýòàïå äîáàâèòü êîððåêöèþ ïîòîêîâ (5.16), (5.17), òî ïðè ðàñ÷¼òå çàäà÷è

Êîøè (5.1), (5.18), (5.22) ñ ñåòî÷íûìè íà÷àëüíûìè äàííûìè (5.19) îñöèëëÿöèè ðàç-
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Ðèñóíîê 5.4 � Ñðàâíåíèå òî÷íîé è ÷èñëåííîé ïðîñòðàíñòâåííîé ïðîèçâîäíûõ ðå-
øåíèÿ çàäà÷è Êîøè (5.1), (5.18), (5.22) ïðè ïàðàìåòðàõ β = 1 (à) è β = −1 (á) â
ìîìåíò âðåìåíè t = 0.4. Ñïëîøíàÿ ëèíèÿ � ïðîñòðàíñòâåííàÿ ïðîèçâîäíàÿ òî÷-
íîãî ðåøåíèÿ, êðóæêè � ðàñ÷¼ò ïî ñòàíäàðòíîé ñõåìå CABARET 2, òî÷êè � ïî
ìîäèôèöèðîâàííîé ñõåìå CABARET 2.

íîñòíûõ ïðîèçâîäíûõ â å¼ ÷èñëåííîì ðåøåíèè ïîëíîñòüþ èñ÷åçàþò è ýòî ðåøåíèå

ñòàíîâèòñÿ î÷åíü áëèçêèì ê ðàçíîñòíîìó ðåøåíèþ, ïîëó÷àåìîìó ïî ìîäèôèöèðî-

âàííîé ñõåìå CABARET 2. Ïîëîæèòåëüíûé ýôôåêò ââåäåíèÿ äâîéíîé êîððåêöèè

äëÿ óâåëè÷åíèÿ òî÷íîñòè ðàñ÷¼òîâ ñòàíäàðòíîé ñõåìû CABARET 2 îòìå÷àëñÿ â

ðàáîòå [58], ãäå áûë ïðåäëîæåí äðóãîé, áîëåå ñëîæíûé ñïîñîá ïîâòîðíîé êîððåê-

öèè ïåðåìåííûõ, îòëè÷íûé îò ïðåäëîæåííîãî â äàííîé ãëàâå.
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Çàêëþ÷åíèå

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû çàêëþ÷àþòñÿ â ñëåäóþùåì:

1. Ïîêàçàíî, ÷òî ñòàíäàðòíàÿ ñõåìà CABARET 2.5 ñíèæàåò ïîðÿäîê ñõî-

äèìîñòè â îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ, ðàñïîëîæåííûõ â ãëàäêèõ

÷àñòÿõ ðàññ÷èòûâàåìûõ îáîáù¼ííûõ ðåøåíèé. Ïðåäëîæåíà ìîäèôèêàöèÿ ñõå-

ìû CABARET 2.5, êîòîðàÿ îáåñïå÷èâàåò å¼ ñèëüíóþ ìîíîòîííîñòü ïðè ÷èñëàõ

Êóðàíòà r ∈ (0, 0.5] è îäíîâðåìåííî ñîõðàíÿåò ïîâûøåííóþ òî÷íîñòü ñõåìû â

îêðåñòíîñòÿõ ëîêàëüíûõ ýêñòðåìóìîâ òî÷íîãî ðåøåíèÿ.

2. Ïðåäëîæåíà ìîäèôèêàöèÿ ñòàíäàðòíîé ñõåìû CABARET 2, îáåñïå÷èâàþ-

ùàÿ å¼ ìîíîòîííîñòü ïðè àïïðîêñèìàöèè ñêàëÿðíîãî çàêîíà ñîõðàíåíèÿ ñ âûïóê-

ëûì ïîòîêîì êàê â îáëàñòÿõ, â êîòîðûõ ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòåðèñòèê

èìååò ïîñòîÿííûé çíàê, òàê è â ñëó÷àå, êîãäà ñêîðîñòü ðàñïðîñòðàíåíèÿ õàðàêòå-

ðèñòèê àïïðîêñèìèðóåìîãî äèâåðãåíòíîãî óðàâíåíèÿ ìåíÿåò çíàê.

3. Ïîêàçàíî, ÷òî ñòàíäàðòíàÿ ñõåìà CABARET 2, àïïðîêñèìèðóþùàÿ ñêà-

ëÿðíûé çàêîí ñîõðàíåíèÿ ïðè ÷èñëàõ Êóðàíòà r > 0.5, íå îáåñïå÷èâàåò ïîëíî-

ãî ðàñïàäà íåóñòîé÷èâîãî ñèëüíîãî ðàçðûâà íà÷àëüíûõ äàííûõ. Äëÿ ýòîé ñõå-

ìû ïîëó÷åí ðàçíîñòíûé àíàëîã ýíòðîïèéíîãî íåðàâåíñòâà è ïðåäëîæåí ìåòîä,

îáåñïå÷èâàþùèé â ðàçíîñòíîì ðåøåíèè, ïîëó÷àåìîì ïî ìîäèôèöèðîâàííîé ñõåìå

CABARET 2, ïîëíûé ðàñïàä íåóñòîé÷èâûõ ñèëüíûõ ðàçðûâîâ äëÿ ëþáûõ ÷èñåë

Êóðàíòà r ∈ (0, 1], ïðè êîòîðûõ äàííàÿ ñõåìà ÿâëÿåòñÿ óñòîé÷èâîé.

4. Äëÿ ñõåìû CABARET 2, àïïðîêñèìèðóþùåé íåîäíîðîäíûé ñêàëÿðíûé çà-
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êîí ñîõðàíåíèÿ ñ âûïóêëîé è ìîíîòîííî âîçðàñòàþùåé ôóíêöèåé ïîòîêà, ïðåäëî-

æåí ìåòîä ðàñùåïëåíèÿ ïî ôèçè÷åñêèõ ïðîöåññàì, îáåñïå÷èâàþùèé ìîíîòîííîñòü

ýòîé ñõåìû íà ïåðâîì øàãå ðàñùåïëåíèÿ, êîãäà ðåøàåòñÿ îäíîðîäíîå óðàâíåíèå.

Ïîêàçàíû ñóùåñòâåííûå ïðåèìóùåñòâà ìîäèôèöèðîâàííîé ñõåìû ïî ñðàâíåíèþ

ñî ñòàíäàðòíîé ñõåìîé CABARET 2 ïðè ðàñ÷¼òå ðàçðûâíûõ ðåøåíèé ñ óäàðíûìè

âîëíàìè.

5. Ïðè ïîìîùè ìîäèôèöèðîâàííîé ñõåìû CABARET 2 ïðîâåäåíî ÷èñëåííîå

ìîäåëèðîâàíèå ïðîöåññà ðàñïðîñòðàíåíèÿ âîëí íà ïîâåðõíîñòè ñòåêàþùåé ïë¼íêè

êîíäåíñàòà.

Ìîäèôèêàöèè ñõåìû CABARET 2, ïîëó÷åííûå â äàííîé ðàáîòå, îáîáùåíû

íà ñëó÷àé àïïðîêñèìàöèè ãèïåðáîëè÷åñêîé ñèñòåìû çàêîíîâ ñîõðàíåíèÿ [41] è

èñïîëüçîâàíû ïðè ïîñòðîåíèè êîìáèíèðîâàííûõ ðàçíîñòíûõ ñõåì ñêâîçíîãî ñ÷¼-

òà [59,60], êîòîðûå ñ ïîâûøåííîé òî÷íîñòüþ ëîêàëèçóþò ôðîíòû óäàðíûõ âîëí è

îäíîâðåìåííî ñîõðàíÿþò ïîâûøåííóþ òî÷íîñòü âî âñåõ îáëàñòÿõ ãëàäêîñòè ðàñ-

ñ÷èòûâàåìûõ îáîáù¼ííûõ ðåøåíèé.
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