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Abstract—Under study is the problem of numerical simulation of acoustic waves propagation in
a two-dimensional inhomogeneous medium represented by the “atmosphere–forestland–ground”
model. A specific feature of the simulation is the introduction into the basic equations of acoustics
of a linear damping function that characterizes the energy loss of the acoustic wave with respect
to afforestation. The problem is considered of interaction between the acoustic waves incident at
a given angle from the atmosphere to the “forestland–ground” boundary and the seismic waves
arising in the ground. The issue of the forestland influence on the levels of acoustic and seismic
waves is investigated. In particular, the impact of the friction coefficient on the attenuation rate
of acoustic oscillations in the forestland is estimated. The algorithm and software are developed
and implemented for calculating the acoustic pressure levels in various media, by using the wave
equation for the atmosphere, Euler’s gas dynamics equations for the forestland, and the elasticity
equation for the ground. The results of numerical experiments are presented as instantaneous images
of the wave field.
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INTRODUCTION

An important place among the today’s geo-environmental problems is occupied by the problem of
preventing geo-environmental risks for the surrounding social and natural environment from the effects
of noise generated by natural and technogenic sources of increased danger. These include acoustic noise
generated by the surface quarry and test site explosions [1, 2], major highways [3], as well as the noise
from airports [4] and rocket launch sites [5]. In recent time, the disposal of the accumulated expired
ammunition stocks by exploding has been carried out. An effective way to reduce the impact of the
ammunition disposal processes for residential buildings may be the placement of explosion fields in far
forestlands [6].

The negative impact of noise can multiply under the influence of meteorological factors, in particular,
causing the formation of phenomenon of spatial focusing of acoustic oscillations in a certain azimuth
direction relative to the noise source [7–9]. Designing measures to reduce the “noise risk” is one of the
urgent tasks, especially with respect to the noise at infra-low frequencies that is most threatening the
human brain.

One of the measures to combat noise is creation of protective afforestation along major highways
and railways, as well as near other sources of noise [10–12]. In connection with this, the problem arises
of studying the process of interaction of acoustic wave fronts with permeable obstacles, which includes
a forestland. The problem of propagation of acoustic waves in the forestland, from the standpoint of their
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Fig. 1. Three-layer “atmosphere–forestland–ground” model with the scheme of incident and
reflected waves in the layers.

properties of environmental protection from harmful technogenic acoustic disturbances, is topical but
yet poorly studied today.

In this paper, the special feature of the numerical simulation approach for solving the problem
under consideration is the use of acoustic vibrations from seismic vibration sources with the precision
characteristics which allows us further comparison of the results of numerical simulation and field
experiments. This technology of vibroseismic-acoustic sounding of complex organized media is well
developed today [13, 14] and provides high repeatability and accuracy of the obtained estimates of the
acoustic field parameters.

1. FORMULATION OF THE PROBLEM AND ANALYTICAL SOLUTIONS

The problem is considered of the acoustic wave incident at a given angle on an elastic half space with
a forestland on the surface for the case of long-range propagation of acoustic waves from an infra-low
frequency source. To solve the problem, a three-layer model is considered, whose domain consists of air,
forestland, and ground (Fig. 1).

An acoustic wave propagates in the atmosphere and falls on the forest edge at some angle θ to the
vertical, 0 ≤ θ ≤ 90◦. In this model, air occupies the upper half-space with the following parameters: the
sound velocity c and the density ρ. The forestland is characterized by the friction coefficient α whose
physical meaning is connected with the effect of absorption of the acoustic oscillation energy. In the
forestland, α depends on the aerodynamic resistance coefficient cd and the specific density S of the forest
surface (leaves and branches) [10]. The ground occupying the lower half-space is characterized by the
density ρg and the velocities of longitudinal and transverse waves Vp and Vs. The issue is studied of the
extent to which the forestland affects the absorption of acoustic oscillations and reduces the acoustic
wave level in dependence on the characteristics of the massif. Wherein, the assumption is made about
the source location at a distance much greater than the length of the acoustic wave. Therefore, the
wavefront is assumed locally flat, and the analysis is carried out within the framework of 2D simulation.
First of all, note that the measure of geoecological risk from the impact of acoustic waves is the specific
density of acoustic energy

E =
1
ρc

0∫

T

p2(t) dt
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Characteristics of the forestlands

Type of forest stand Height h, m S, m2 cd

Small-leaved forest 7–30 1.2 0.02

Pine 10–15 1.2 0.03

Brushwood 1–5 7 0.05

accepted by the sanitary norms. Here, ρc is the specific acoustic resistance of air equal to 42 g/(cm2·s),
p(t) is acoustic pressure recorded at a point in space, and T is the duration of the acoustic wave. Further
calculation results are related to the acoustic pressure levels.

For air, the wave equations are considered with constant density and sound speed. The equations for
the air pressure as well as the relation between velocities and pressures have the form

1
c2

∂2p

∂2t
− Δp = 0, ρ

∂�u

∂t
+ ∇p = 0, (1)

where p, �u = (ux, uz), ρ, and c are the pressure, the velocity vector of the air particle displacements, the
air density, and the sound speed respectively. A solution of (1) can be represented as a superposition of
two-dimensional harmonic oscillations. Thus, the resulting pressure in the air is represented as the sum
of the pressures of the incident and reflected waves:

p = P0e
−iωt+ikxx+ikzz + P1e

−iωt+ikxx−ikzz. (2)

Here, kx and kz are the projections of the wave vectors on the x and z axes.

The model of the forestland is based on the Euler system of equations and can be written as

∂ρ

∂t
+ ρ

(
∂ux

∂x
+

∂uz

∂z

)
= 0,

∂ux

∂t
=

1
ρ

∂p

∂x
− α

ρ
ux,

∂uz

∂t
=

1
ρ

∂p

∂z
− α

ρ
uz,

(3)

where ux and uz are the components of the velocity vector of the air particle displacements, while α is
the damping coefficient of friction for the forestland. The presence of a nonuniform component in (3) is
expressed by an additional term with the coefficient α. In result, we arrive at the equation for the pressure
p(x, z, t, α):

∂2p

∂t2
−

(
∂2p

∂x2
+

∂2p

∂z2

)
+

α

ρ

∂p

∂t
= 0. (4)

The solution of (4) can also be represented as the sum of pressures of the refracted and reflected waves:

p = P2e
−iωt+ikxx+ikzfz + P3e

−iωt+ikxx−ikzfz, (5)

where kx and kzf are the projections of the wave vectors on the x and z axes in the forestland.

The friction coefficient α depends on the aerodynamic resistance coefficient cd and the specific surface
density S of vegetation (leaves and branches). The table shows the characteristics of the forestlands.
Real forestlands are characterized by the distribution of the vegetation surface density S nonuniform
with respect to the height h.

The boundary conditions at the “air–forestland” interface are the equality of pressures and velocities
with respect to the component z in both media:

uza|z=0 = uzf |z=0, pa|z=0 = pf |z=0.
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In the boundary conditions, the acoustic refracted wave falling on the“forestland–ground” boundary
with the constant speed c and frequency ω is taken into account as follows: The pressure of the acoustic
wave is equal to the normal stress of the ground, and the z components of the velocities are equal in both
media. And so, we arrive at the equalities

σgr
xz

∣∣
z=h

= 0, σgr
zz

∣∣
z=h

= pe−i(ωt−kx), uair

∣∣
z=h

= ugr
z

∣∣
z=h

. (6)

For ground, the dynamic equations of elasticity are solved with constant values of λgr, μgr, and ρgr:

(λgr + μgr)grad · div ugr + μgrΔugr − ρgr ∂
2ugr

∂t2
= 0. (7)

The solution of (7) will be sought in the form of potentials:

ϕ = ϕ(x, z, t) = P4e
−iωt+ikx+ikϕzz,

ψ = ψ(x, z, t) = P5e
−iωt+ikx+ikψzz,

(8)

where kϕz and kψz are the wave numbers of the form

kϕz = kz

√
c2/V 2

p − 1, kψz = kz

√
c2/V 2

s − 1,

Vp and Vs are, respectively, the speed of the longitudinal and transverse waves.
The potentials ϕ and ψ are connected with the displacement field by the following formulas in general

form:

ux =
∂ϕ

∂x
− ∂ψ

∂z
, uz =

∂ϕ

∂z
+

∂ψ

∂x
.

Inserting into (6) the potentials ϕ and ψ (8), we obtain an inhomogeneous system of equations for
the coefficients P4 and P5 in general form:

σxz|z=0 = μ

[
2

∂2ϕ

∂x∂z
+

∂2ψ

∂x2
− ∂2ψ

∂z2

]
= 0,

σzz|z=0 =
[
λ

∂2ϕ

∂x2
+ (λ + 2μ)

∂2ϕ

∂z2
+ 2μ

∂2ψ

∂x∂z

]
= ρe−i(ωt−kx).

(9)

Having the value of pressure amplitude P0 of the incident wave, we can estimate the contribution of
the forestland to the energy of acoustic wave transferred to the ground. To this end, we should

(1) to determine the coefficients P1, P2, and P3 which reflect the amplitudes of pressure of the reflected
and refracted waves in the forestland;

(2) to determine the coefficients P4 and P5 which reflect the pressure amplitudes of longitudinal and
transverse waves arising in the ground;

(3) to construct a 2D model of inhomogeneous ”air-forestland” medium and obtain a numerical
solution of the Euler equations of gas dynamics.

2. CALCULATION OF ACOUSTIC PRESSURE LEVELS
To calculate acoustic pressure levels, a special code is developed basing on equations (2)–(9). The

values of acoustic pressure are calculated for refracted and reflected waves in the case of passage of
a harmonic acoustic wave through the forestland and the ground, by taking into account the friction
coefficient. As an example, the graphs of acoustic pressure are depicted in Fig. 2 for both types of waves
respectively, depending on the incidence angle θ in the case of the acoustic wave passing through the
forestland at various heights 0, 5, 10, and 50 m; the frequency f = 10 Hz.

The graphs illustrate the pronounced absorption effect with increasing incidence angle θ; i.e., when
the direction of the wave front propagation approaches the horizontal. This is quite consistent with
a priori ideas. For h = 50 m and θ = 90◦, the amplitude of acoustic pressure can decrease by more than
an order of magnitude.

In Fig. 3, the graphs of acoustic pressure are depicted for refracted and reflected waves, respectively,
in its dependence on the incidence angle θ at the frequencies f = 8, 15, and 80 Hz. As can be seen from
the figure, with the frequency increase by an order of magnitude, the attenuation rate of acoustic pressure
is almost 10 times higher.
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Fig. 2. Graphs of the acoustic pressure dependence on the incidence angle θ (degrees) for refracted and
reflected waves in the case of passage of an acoustic wave through the forestland with the frequency
f = 10 Hz and various heights h (m): h = 0 (solid line), 5 (dashed curve), 10 (dash-dotted curve), and
h = 50 (dotted curve). We have the incident (a) and reflected (b) waves in the air, the refracted (c) and
reflected (d) waves in the forestland, and the longitudinal (e) and transverse (f) waves in the ground.

3. NUMERICAL SIMULATION OF THE DYNAMICS OF THE WAVE PATTERN
OF ACOUSTIC OSCILLATION PROPAGATION

To solve the problem under discussion in the article, it is expedient to perform numerical simulation
of the acoustic wave propagation from a point source located outside the forestland near the border with
the ground. The forestland has finite size. Investigation of the acoustic wave propagation is conducted
by numerical simulation in this case. The latter is connected with solving the system of equations
of gas dynamics (3) in the two-dimensional case under presence of an inhomogeneous component
characterizing the presence of tree cover. Let the computational domain be a rectangle in the two-
dimensional coordinate system Oxz (Fig. 4).

The system of equations (3) is solved with the corresponding zero boundary and initial conditions.
To eliminate the unwanted waves reflected from the side and upper boundaries of the computational
domain, the methodology of perfectly matched layers (PML) is applied [15, 16]. In this way, some
three subdomains of small size are identified on three borders, where the calculation formulas for PML
approach are realized. To generate a signal and simulate the propagation of acoustic waves, some point
source is applied. The source can be located at an arbitrary point inside the domain, excluding the PML
zone. In the system of equations (1) the source is presented as a component of force. For numerical
simulation of the acoustic wave propagation in the nonhomogeneous “atmosphere–forestland” model,
the finite difference method on shifted grids is used [17]. The method has the second order of accuracy
in space. We implemented a finite difference scheme with the same spatial grid sizes Δx and Δz,
respectively. The finite-difference approximation of equations can be represented in the form

pn+1
i,j = pn

i,j − ρi,jc
2
i,j

1
2

Δt

Δx

((
un

x,i+1/2,j − un
x,i−1/2,j

)
+

(
un

z,i,j+1/2 − un
z,i,j−1/2

))
,

un+1
x,i+1/2,j = un

x,i+1/2,j −
1

ρx,i+1/2,j

1
2

Δt

Δx

(
pn+1

i+1,j − pn+1
i,j

)
− 1

ρx,i+1/2,j
Δtαx,i+1/2,ju

n
x,i+1/2,j,
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Fig. 3. Dependences of acoustic pressure for refracted and reflected waves on the incidence angle θ (degrees)
at various frequencies f (Hz): f = 8 (solid line), 15 (dashed curve), and f = 80 (dash-dotted curve). We have
the incident (a) and reflected (b) waves in the air, the refracted (c) and reflected (d) waves in the forestland,
and the longitudinal (e) and transverse (f) waves in the ground.

Fig. 4. Schematic representation of the two-dimensional simulation domain: atmosphere (1),
the source (2), and the forestland (3).

ρx,i+1/2,j =
1
2
(ρi+1,j + ρi,j), αx,i+1/2,j =

1
2
(αi+1,j + αi,j).

To exclude any wave reflections from the boundaries of the computational domain, the PML imple-
mentation methodology is applied in the form of convolutional PML (CPML). In connection with this,
the equations in PML zones are solved for the approximation that takes into account the additional factor
and damping coefficients [16]. This approach is applied successfully to solving the dynamic problem of
elasticity theory of the numerical simulation of seismic fields [18, 19].
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Fig. 5. Wave field images for acoustic pressure with various types of acoustic waves: the incident wave (1),
the waves reflected from the lower rigid boundary (2), and the refracted waves due to the presence of the
forestland (3).

4. RESULTS OF NUMERICAL SIMULATION
To conduct theoretical experiments on simulating the propagation of acoustic waves from a point

source in an inhomogeneous media, a computational code is developed which implements the pro-
posed finite difference scheme. In this case, the parallelizing technology using OpenMP (open multi-
processing) is used in multicore processors.

To study the interaction of the acoustic wave with the forestland, numerical simulation using the
developed program is carried out for the inhomogeneous “air–forestland” model. A two-dimensional
simulation domain is selected with the linear dimensions of 2.04 × 2.04 km2 (see Fig. 4). The inhomo-
geneous medium is represented by two objects: 1 corresponds to the enclosing air medium (atmosphere)
and 3, to the forestland. The values of parameters for the atmosphere are selected as c = 340 m/s and
ρ = 1.2 g/m3. The grid model for calculations has 1200 × 1200 nodes. The point source of acoustic
waves with the frequency of 5 Hz is located in the air and has the coordinates 0.25 km along the axis Ox
and 1.95 km along the Oz axis. As a forestland, a subdomain is created in the enclosing medium with
length from 0.5 to 1.5 km along the Ox axis and height of 0.05 km along the Oz axis.

As a result of application of the implemented program for calculating the acoustic wave propagation
in the two-dimensional model of inhomogeneous medium in the presence of forestland, a set of wave
field images is taken which were shot at the calculation times t = 0.5, 1.5, 4.0, and 5.0 s (Fig. 5). The
images show various types of acoustic waves: the incident wave (1), the waves reflected from the lower
rigid boundary of the ground (2) (see Figs. 5, a and b), and the refracted waves due to the presence of the
forestland (3) (see Fig. 5, b). The results are obtained by the Matlab package.
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In the presented images we can trace the evolution the pressure field. In particular, we can clearly
observe the formation of reflected wave after the acoustic wave coming on the front boundary of the
forestland (Fig. 5, b).

CONCLUSION

In a three-layer “atmosphere–forestland–ground” model, the problem was considered of the interac-
tion of the acoustic wave incident at some given angle on the elastic half-space with a forestland on the
surface. We discussed the case of long-range propagation of acoustic waves from an infra-low frequency
source. For this problem, the conditions are analyzed and the results are presented of solving the problem
of acoustic propagation through a permeable obstacle in the form of a forestland.

Mathematical simulation was performed of the processes of infrasonic acoustic wave distribution in
the atmosphere in the presence of forestland, taking into account the friction force introduced in this
case. It was supposed that, at long distances from the source, the spherical wave field was locally flat,
which allowed 2D simulation. The influence of the friction coefficient on the attenuation rate of acoustic
oscillations in the forestland was evaluated.

There were developed and implemented an algorithm and a code for calculating the acoustic pressure
levels in various media using the wave equation for the atmosphere processes and the Euler gas dynamics
equations for the forestland. Within the framework of the mathematical model, the choice of initial
parameters and boundary conditions was substantiated and the test calculations that use the developed
codes were performed.

A system of equations of acoustics in the two-dimensional case was presented to study the interaction
of the acoustic waves with some forestland. A method was proposed for solving the system of equations
describing the propagation of acoustic waves from a point source in an inhomogeneous “atmosphere–
forestland” model. In this case, the linear damping function characterizing the energy loss of the acoustic
wave in the forestland was introduced into the basic acoustics equations. For numerical realization,
a finite difference scheme was developed and presented.

Basing on the algorithm, the software implementation was performed by using OpenMP parallel
programming technology. This approach allows us to carry out calculations on the multiple processors
and use the multicore computing systems with shared memory, even on a PC. With the help of this
program, an inhomogeneous “atmosphere–forestland” model was designed in the article and numerical
experiments on simulating the acoustic wave propagation from a point source were conducted. The
theoretical results of model calculations were obtained and presented in the form of two-dimensional
images of the acoustic wave field. The developed code can be used for calculation on SMP systems, as
well as on computing devices like Xeon Phi.
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