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Abstract. The reconstruction of a tsunami source as a solution to the inverse problem in mathematical physics relies 
on the use of the truncated singular value decomposition method (a variant of the least squares method) for inverting 
remote records of the tsunami wave. The proposed method allows one to overcome the inevitable instability of the 
numerical solution. The result of inversion depends on the choice of the observation system, actual bathymetry 
and data noise level. Within the developed approach, a methodology for choosing key inversion options and an 
optimal dataset which provide the best accuracy of a tsunami source recovery is discussed. It is based on analyzing 

peculiarity of the algorithm is that the use of the most informative data allows one without re-computation of the 

were no observations, but those that were considered in preliminary calculations. Three real-life events, the Chilean 
Illapel tsunami on September 16, 2015, the tsunami near the Solomon Islands on February 6, 2013, and the Shikotan 
tsunami on October 5, 1994, are used as examples of the proposed approach. The results obtained allow one hope 
for using of this approach in practice. 
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Introduction
Numerous tsunami observation networks 

are currently deployed in large tsunami-prone 
regions, providing a wealth of data for real-time 

warning is an important factor in choosing loca-
tions for measuring instruments [1]. In particular, 
sensor placement for tsunami observation is often 
associated with historical records in the area of 

on various decisive factors including technical 

amount of data required the use of optimization 
methods for the number of observations and the 
optimal time of tsunami warning [3, 4]. Conclu-

are usually based on the analysis of an exhaustive 
number of synthetic experiments with hypotheti-
cal tsunami scenarios, such as in [5].

This paper describes a technique for select-
ing the optimal data set and inversion parameters. 
The locations of the most informative sensors are 
determined based on analyzing the distribution of 

-

the deep focus is not considered in this study that 
is aimed at restoring an initial tsunami waveform 
when data processing.

The proposed approach is based on our stud-
ies of using the truncated singular value decompo-
sition method (a variant of the least squares meth-
od) for determining the initial tsunami waveform 
(often replaced by the tsunami source) by invert-
ing remote records of the transmitted wave [6–8]. 

As our studies have shown, an increase in the 
total number of observed records, due to their sig-

accuracy for the considered ill-posed problem [8]. 
On the contrary, by excluding noninformative re-

of source function recovery.
The important feature of developed algo-

data, there is no need to re-solve the direct prob-
lem with recovered tsunami source. Within solv-
ing the direct problem, the theoretical marigrams 
from model sources should be calculated not only 
at the locations of the actual sensors, but also at 
points of interest. We named these points as the 

The proposed approach has been tested 

tsunami on September 16, 2015, the tsunami near 
the Solomon Islands on February 6, 2013 and the 
Shikotan tsunami on October 5, 1994. The events 
in question were triggered by earthquakes with a 

-
ences in bathymetry on the path of tsunami waves 
from the source area to monitoring stations.

A detailed description of the mathematical 
formulation is presented in [6]. The problem of 
determining a tsunami source by the known re-
cords of a tsunami in a set of remote points is 
posed as an ill-posed inverse problem of math-
ematical physics. It is assumed that the tsunami 
source is a vertical displacement of the ocean 
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(the piston model of tsunami). The free surface 
level function ) can be found as the solu-

coast and absorbing boundary conditions on an 

            (1)

      (2)

, (3)

where n is the external normal vector to the sol-
id wall is  a tangent direction at the boundary, 

( ) is the smooth function describing the bot-
tom topography, g is the acceleration of gravity, 

 the phase velocity of the wave 
. The condi-

tion of -
ed on the coastline . On the so-called open sea 

-
sorbing boundary conditions of the second order 
of accuracy. The mathematical formulation of the 
problem under these assumptions consists in deter-
mining the initial displacement of the free surface 

x, y, t) (x, y) in the area of the tsu-
nami source (the target domain) the rectangle 

l1 × l2], wherein the values of l1, l2 are as-
sumed to be known from the seismic information. 
The proposed method requires only approximate 
information about the location of the tsunami 
source. It is also assumed that oscillations in the 
level of the free sea surface are known at a certain 
set of points 

xi , yi),  i P x, y, t 0(xi , yi , t). 
Modeling of direct problem is carried out us-

ing
the inverse problem, the unknown function is 

Fourier series in spatial harmonics with unknown 
mn}

     (4)

A similar methodology is employed, e.g., in 
NOAA [9], where the initial tsunami waveform is 

determined via the least residual method applied 
to a set of known base models.

The problem under consideration is ill-posed, 
the numerical solution is unstable and, hence, 
a regularization procedure is required. To this 
end, the least squares inversion using a truncat-
ed singular value decomposition (SVD) method 
(hereinafter, the r-solution method) was applied.  
In other words, the regularization of the operator 
is carried out by restricting the operator to a sub-

vectors. 
mn } a linear system 

       ,      (5)

where the vector . To obtain the columns 
of matrix A, one should numerically solve the direct 
problem (1)–(3), when every harmonic mn(x, y) 
from the sum (4) is used as an initial displace-
ment. In this way, A is a matrix whose columns 
consist of the waveforms have been computed at 
the locations of all active sensors. If one intends 
to predict the marigrams at points of interest, the 
marigrams for each harmonic should in addition be 
calculated at those points, too. Using the notation 

, one can write the vector  

( , , ..., t, , ..., t, ..., P , ..., P t), 
where (x , y ), P
of active sensors.  The free surface oscillations are 

tj}, j t in every sensor. 
It should be noted that the calculation of the 

matrix A is the most time-consuming part of the 
algorithm.

Next, SVD decomposition is computed for 
the matrix A and a generalized normal r-solution 
of the system (5) approximating the initial tsuna-

    (6)
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Here  are singular num-
bers, right and left singular vectors of the matrix A. 
The ill-posedness of the problem manifests itself 
in the rapid decay of the singular values which is 
limiting the key parameter r of the r-solution (6).

By varying the value of r in formula (6), one 
can control the instability of the numerical solu-
tion. Naturally, with an increase in the value of r, 
the information content of the resulting r-solution 
increases, but the numerical stability deteriorates. 
It is clear that the number r is a key parameter re-
garding the reliability of the inversion. The value 
of r is determined by the behavior of the singular 
spectrum, which in turn depends on the observa-
tion system, bathymetry, and the level of noise in 
the data. Based on numerical experiments with 
three real-life events, we are going to illustrate 

Fig. 1. ; (b) ; 
(c) . Sensors of the observational systems, whose data 

digits show their DART numbers; earthquake epicenters are 
marked by red stars. 

three ways to choose the value of r. First, intro-

 Illapel Tsunami on September 16, 

2-32401, 3-32412, 4-32411, 5-43413), P 
t t

102° W x 70° W; 12° N y 38° S is shown 
in Fig. 1 a.

 Tsunami near the Solomon Islands 

buoys (1-55012, 2-55023, 3-52403, 4-52402, 
5-52406, 6-51425), P t t 
the simulation domain – 140° E  x E, 
13° N

 Shikotan Tsunami on 05.10.1994, 
observation system, as in [10], the locations of 

1 – Kushiro, 2 – Tokachikou, 3 – Hakodate (Hok-
kaido Island), as well as 4 – Hachinohe and 
5 – Miyako (Honshu Island), P 5; t
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E x E; 
33° N y
the GEBCO data . The data 
of the Shikotan tsunami are not deep-sea one, also, 
this data was not synchronized. The locations of the 
above tide gauges and bathymetry of the western 
slope of the Kuril-Kamchatka Trench gave a reason 
to add this event to our study as an experiment. Is it 

these sensors using proposed approach? 
First numerical experiments with model 

system, were based solely on the analysis of sin-
gular spectra of matrix A

spectrum graph, the larger value of r can be used. 
Comparing the plots in Fig. 2 a, one can expect 
that the reconstruction of the tsunami source using 

Fig. 2. Plots of decimal logarithms of singular values of 
matrix A versus their numbers (left) and the same plots in 

(dark blue). Sensors used in the inversion are given in paren-
theses. Below, there are the right-singular vectors (120 out 
of 225) in terms of spatial harmonics (120 out of 225); total 
225 for the calculations of the Illapel tsunami; the values of 
the singular vector components are plotted along the verti-
cal axis; the right-singular vectors and spatial harmonics are 
plotted on the horizontal axes. The red markers separate the 
selected subspace corresponding to r

since the nature of the spectrum of the correspond-
ing matrix (the magenta line) allows one to use a 

r. This assumption is 

It has been found that a smaller set of sensors 
-

time-consuming, as it requires iterating over a 
large number of versions of the observation sys-
tem. In addition, the choice of the best observa-
tion system is complicated if the lines of the spec-

To reduce the search time for an optimal 
value of r, the following method was proposed in 
[11]. It is known that the right and left singular 
vectors form the bases in the solution space and 
data space, respectively. The components of each 
right-singular vector mn}
the spatial harmonics in the source function. As-
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sume the harmonics are numbered in ascending 
order of mn (m l1)

2 + (n l2)
2 (“oscillation in-

m and n are indices of spatial har-
monics l1, l2 are sizes of the target domain in lon-
gitude and latitude directions, respectively. The 
large values of the oscillation index correspond 
to the high-frequency harmonics, causing the ap-
pearance of non-physical artifacts in the solution. 
To avoid this problem, one should use only those 
right singular vectors in which the high-frequency 
components corresponding to large mn -
ciently small. Selection of solution subspace by 
this method for 
the red line with the red marker separates those 

frequency harmonics are weakly manifested (here 
we follow the concept of [11]). To suppress high-
frequency components in the solution, one can, for 
example, set a limit to r

one will have to use several values of r. Note that 
the complete absence of high-frequency compo-
nents will lead to a loss of amplitude accuracy. 

In the course of numerical experiments with 
model sources ([8]) it turned out that the location 
of the tsunami monitoring stations in the directions 

-
-

sequent studies with the real-life events shown that 
the revealed direction coincide with the direction 
of the most intensive propagation of wave energy. 
That’s why, a more promising approach seemed to 
us to analyze the location of the sensors in terms of 

The similar approach was employed in [4] 
for the purpose to infer the parameters of hypo-
thetical tsunami sources, in terms of the fault slip 
distribution around the Nankai Trough, Japan.

Fig. 3.

 in 3D format. 
Time stamps and indices of modes are on the horizontal axes; mode 

of t min.  
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Fig. 4. Model 1 Model 2 Model 3

In this paper, we discuss a technique for us-

the sensors of the observation system to select the 
number r. Each right singular vector  generates 
the space  mode according to the SVD formula 

, i

squared deviations of the time series (for observed 
marigrams or for each mode). Considering the 
sharp decrease in singular values, it can be argued 

of information (energy) transfer. Decreasing in 
mods amplitudes with increasing their numbers in 

20 modes for  are shown in Fig. 3 a. The 
 in 3D format are rep-

resented in Fig. 3 b. In Fig. 3 c there are 12 spatial 
modes computed for -
date tide gauge was excluded from the observa-

of modes (time-counts with 4 sec intervals) are 

1 min intervals), for the Model 3, respectively.
Another method to determine an upper 

bound on r is based on analyzing the distribution 
-

cisely, the upper limit can be set by determining 
-

i-th mode can be characterized 

as 

is shown as a function of the mode index i for the 
considered real-li , 

the maximum singular values carry 80 % of the 
energy, i.e. r -
ence for . The total number of modes is 
equal 

-
fore, this method limits the value of r  as r
For 
accumulate more than 90 % of the tot

Fig. 5. 
onto the solution subspace when r
n is on the horizontal axis; indices m is on the vertical axis.
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energy, see Fig. 4 c. This limits the value of r
when the total number of modes is equal to 64.

Thus, by applying the SVD procedure and 

over modes (in terms of singular values), one can 
choose a reasonable value of the parameter r for 
the inversion. After that, one can determine the 
number of spatial harmonics to be used in the 
source approximation. As it has been shown in 
[11], the recovery of high-frequency harmonics 
strongly depends on the subspace dimension. The 
smaller r, the more harmonics are not restored and 

which leads to the appearance of the artifacts in 
the solution. To determine the values of  and 

the harmonics onto the solution subspace under 

as the cosine of the angle of the spatial harmonic 
with the selected subspace. For example, the iso-

r .

Fig. 6.
; (b) ; (c) . 

As was established experimentally, the 
threshold value of the cosine must be at least 0.5, 
smaller values indicate a weak representation of 
such harmonic on the selected subspace, i.e., in 
the solution. On the contrary, an increase in this 
value leads to a loss of extreme values of the am-
plitudes. For example, it is clear from Fig. 5 that 
using harmonics with indices m -
dices n -
ous artifacts in the solution.

Based on numerical experiments, we have 
concluded that a reliable reconstruction of the 
tsunami source can be reached when the used ob-

. The diagram in Fig. 6 a shows that 
data of the DART buoys 1-32402 and 2-32401 
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Fig. 7.  The initial sea-surface displacements as inver-
sion result based on the data recorded by DART buoys 1-32402 
and 2-32401. Displacement of the sea surface scaled in m. On the 

latitude directions (in degrees), respectively; the yellow dotted line 
is marking the axis of the Atakama Trench; the epicenter of the 
earthquake is marked the red star.

Fig. 8. Comparison of the amplitudes of the observed marigrams (the black lines) and computed ones from the data of DART buoys 

from the beginning of the event (in minutes). 

energy recorded in the entire observation system. 
The record of the DART buoy 3-32412 has not 
been used because it has been corrupted. Data of 

on these data allows one to restore the tsunami 
-

vides a good agreement with the results obtained 
by other researchers [13]. 

Moreover, in the above case the wave ampli-
tudes in the locations of the DART buoys 4–32411 
and 5-43413 were obtained without repeatedly 
simulating the wave propagation. One can see 
in Fig. 8 a good matching between the observed 
and the computed marigrams in these sensors. 
As shown in [11], adding data recorded by the 
DART buoys 4-32411 and 5-43413 to the com-
putational process did not improve the overall in-
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Fig. 9.  (left)  using the DART 
buoys 1-55012 and 5-52406, r  using the tide gauges 1-Kushiro, 2-Tokachikou, and 5-Miyako, kmx kny
r

Fig. 10. 

and 4-Hachinohe;  5; kny t

version result that supports the idea of the “most 

 Data of DART buoys 1-55012 and 

the locations of these buoys amounted to 74 % of 
the total energy. The result of the inversion with 
data generated by these DART buoys is represent-
ed in Fig. 9 a. It should be noted that this result 
will not change if one adds data from the other 
sensors of the observation system (see [12]).

. The result of recovering the tsuna-
mi source based on data recorded by tide gauges 
1-Kushiro, 2-Tokachikou and 5-Miyako is shown 

in Fig. 9 b. As follows from Fig. 6 c, using records 

result.
Analyzing the amplitudes of modes in 

Fig. 3 c, we applied the above methodology to 
the . The data recorded by the tide gauge 

-
formative. The last is apparently caused by the di-
rection of the source radiation and the nature of 
the bathymetry of the western slope of the Kuril-
Kamchatka Trench. The diagram in Fig. 6 c shows 
that the data from tide gauges 2-Tokachikou to-
gether with 4-Hachinohe, or the data from 2-Toka-
chikou together with 1-Kushiro accumulate about 
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above-mentioned observation systems makes it 
possible to reconstruct the wave amplitudes at the 

-
cation, in this case. 

The reconstructed marigrams obtained at the 
-

sion) and 1-Kushiro (has not been used for inver-
sion), are presented in Figures 10 a and 10 b in 
comparison with the observed ones. 

In order to improve the result of tsunami 
source inversion based on truncated singular value 
decomposition method, we proposed a technique 
for a reasonable choice of the key inversion pa-

r, the number of the spatial 
harmonics and the most informative observation 
sensors. The approach based on the distribution of 

choosing the most informative data for the recov-
ering a tsunami source. We tested the fast-run al-
gorithm for selecting an optimal tsunami observa-

the Chilean Illapel tsunami on September 16, 
2015, the tsunami near the Solomon Islands on 
February 6, 2013, and the Shikotan tsunami on 
October 4, 1994. This algorithm is of particular 
importance in the development of future tsunami 
warning systems. 

The proposed methodology is the following. 
First, the tsunamigenic zone is covered by a set of 
target domains. For each of them, the direct prob-
lems of wave propagation from the model sources 
(set of spatial harmonics) are solved. Numerical 
simulation propagates the model sources up to all 
sensors of the observation system, including both 

without observations, but with an option for quick 
calculation of the wave amplitudes). The result 
of this step is the matrix of key system for each 
target domain. Second, the dimension of the solu-
tion subspace and the associated optimal number 
of spatial harmonics are determined. Third, an 

of the wave across the locations of real-life sen-
sors is carried out for each model source. Energy 
distribution is taken as a basis for selecting the set 
of the most informative sensors. Finally, the sen-

for multiple target domains should be considered 
as top candidates for creating an optimal observa-
tion system. 

We have demonstrated that the use of the pro-
posed algorithms to determine the key parameters 
makes it possible to obtain the inversion result 

solution method it is possible to obtain rapidly the 

sensors without solving the direct problem again. 
The last feature of this approach makes it suitable 
for real-time tsunami warning.
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