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VIHCTHTYT BBIYHCIHTEIBHON MaTeMaTHKI W MaTeMarndeckoil reodusukn CO PAH!,
HoBocubupckuii rocyrapcTBeHHbIT yHI/IBepCI/ITeT2

PaccmarpuBatorcst ajropurMbl  MacuirabupyeMoro paciapajiie/IMBAHUA PEeLIeHUs
cBepxOosbIMX paspexernbix cerodnbix CJIAY, mpe/icTaBjeHHbIX B YHUBEPCAIbHBIX
ckarblx (popmarax, B TOM CMBIC/IE, YTO MX pPeau3alus OCYyIIeCTBJIeTCs 0e3 mpo-
FPAMMHBIX OIDAHUYEHUI HA MOPSIKN aJredpandecKux CUCTEM U Ha, KOJUIECTBO UC-
[OJIb3YEMbIX BBIYUCIUTEIBHBIX y3JI0B, IPOIECCOPOB U /HITH S7EP.

Jlannas 3aJa9a CBOAWTCA K PACIPEIEIEHHOMY BapHWAHTY  ajreOpamveckoi
3D-pekomno3uiuun  obsacreil, B KOTOPOM OTCYyTCTBYET 4YPE3MEPHAHA PACYETHO-
nHOPMAIMOHHAA HArPY3Ka KOPHEBOI'O IIPOIECcopa, T.e. Bce opranm3dyembie MPI-
MPOIIECCHI, KaXKJbI M3 KOTOPHIX COOTBETCTBYeT ‘‘CcBOeil” momobsacTu, SBJISIOTCS
MPAKTUIECKN paBHOMpaBHbIMU. OMUChIBAEMbIE METOIBI PEAJMIOBAHBI B COCTaBe OMO-
smorekn ajnredpandeckux permareneii KRYLOV. B pabore npuBoasTcsa HEKOTOpbBIE
OIIEHKH HCIIOJIb3YEMbIX PECypPCOB M OCODEHHOCTH [APAJLJIEIbHBIX BbIYUCJIATEb-
HbIX TexXHOJOruil. DD EKTUBHOCTD Pa3pabOTAHHBIX AJTOPUTMOB HJLIIOCTPUPYETCs
pe3y/ibraTaMy YUCJIEHHBIX YKCIEPUMEHTOB [0 DENIEHUIO0 XaPaKTEPHbIX ajredpande-
CKUX 33729 HA PA3JIMIHBIX KOH(MUTYDPAIUSIX MHOTOIPOIECCOPHON BBIYUCIUTEIHLHOMN
CHUCTEMBI.

1. BBeagenue

Meronpr nekommosurnuu obaacreit (M/10), kak riaBHOE Opyaue MacIITabUPyeMOro paciia-
paJLIe/IMBaHUs YUCJAEHHOTO PEIIeHus DOJIBIINX 33129 MATEMATUIECKOI0 MO/IE/TUPOBAHUS HA, MHO-
FOTIPOIECCOPHBIX BBIMUCIUTEbHBIX cucreMax (MBC), aBisgercs mpeaMeTroM u3ydeHus OrPOMHO-
ro KOJIMYECTBA crareil u MOHOrpaduil, IpeCTaB/IeHHbIX, HAIIPUMED, Ha CIEIUAIbHOM caiiTe [1]

ObmmpHYy0 00J1aCTh MU3y4daeMbIX 3/1€Ch BOIPOCOB MOXKHO Pa3dUTh HA JIBE OCHOBHBIE YACTH.
[lepBast U3 HUX OTHOCHUTCH K ITOCTPOEHUIO HOBBIX AJTOPUTMOB JIJIsi PA3IUIHBIX KJIACCOB 3a/1ad,
UX TEOPETUYECKOMY 0OOCHOBAHUIO, OIIEHKAM CKOPOCTH CXOIMMOCTH, OITUMUBAIMU U CPABHUTE b
HoMy aHaju3y. OTHOCUTE/IbHO CBEXKUE MaTeMaTH4eCKue Pe3y/IbTaThl B JAHHBIX HAIPABIECHUIX
MOXKHO Haiitu Ha caiire [2] 22-it MexjyHapouHoii KoHdepeHny 10 JeKoMIo3uiun obsacrei,
cocrosBIieiica B centsope 2013 r.

Bropast wactb He MeHee aKTya bHBIX pobsieM — 310 apderruBaoe orodbpaxernune MO Ha
apxurekTypy coBpeMmenubix MBC, koropasi, HeCMOTPs Ha CTPEMUTETbHOE OOHOBJIEHUE CYTIEPKOM-
ubtorepHoro crucka TOP-500, B O/nKafIIyi0 OSITUIIETKY, 10 POXKJIEHUS IEPBOI0 9K3a(IONCHU-
Ka, IPOTHO3UPYETCS TPAIUIMOHHON: K/IaCTEP U3 MeTEPOreHHBIX y3J/I0B, COIEPKAIIUX [0 HECKO/Ib-
KO HEHTPaJIbHBIX MHOrOsiepHbIX 1poreccopos (CPU) ¢ obimeii naMarsbio, a TakzKe 10 HECKOJIbKO
“rpaduueckux npoueccopos o6mero nasznauennss” (GPGPU), cBepxObiCcTPbIX, HO € JOCTATOYHO
CJIOYKHBIM HCIIO/Ib30BAaHUEM. YIIPAaBJ/IEHNE NEPAPXUUYECKOI TTAMATHIO C PACIPEIeIEHHBIM U O0TIUM
pocrynom orpanmauBaercs cpejgcrsamu MPI OpenMP u CUDA.

Hesb gannoit paboThl 3aK/I0YAETC B TOM, YTODBI XOTH JJjid JOCTATOYHO OTPAHUYEHHOI'O
Habopa aaropuTMOB JIEKOMIIO3UIUN CKOHIEHTPUPOBATHCI HA, BaAPUAHTAX TEXHOJIOIMMYECKUX Pe-
IIeHw#, 00eCIeYnBAONINX PEAJU3ANNUI0 B OIPEEJIeHHOM CMbIC/IE [VIABHOM 3aJ@4u — CO3/IaHUsd
BBICOKOIIPOUBBOAUTEHHOTO MATEMATUIECKOr0 U IIPOIPAMMHOTO ODecIiedeHus, He COEePKAIIEro
dopMaIbHBIX OTpaHUYEHNII Ha YUC/IO CTeleHeil CBODOIbl U HA KOJUYECTBO MCIIOIB3YEMbBIX BbI-
YUCJIUTE/IBHBIX S/IEP U/WJIU [IPOLECCOPOB.

*Pabora mogzepxkana rpaarom PODU Ne 11-01-00205, a Taxxke rpaatavu [Ipesnmmyma PAH Ne 15.9-4 w OMH
PAH Ne 1.3.3-4.



PaccmarpuBaemas namu 3aja4a ¢ GyHKIMOHAJBHON TOYKU 3PEHUHA JOCTATOYHO MPOCTAT —
9TO YHCJIEHHOE PEIIeHne CHCTeM JIHHeHHbIX anrebpamdeckux ypasaeruit (CJIAY) ¢ paspexen-
HBIMYM MATPUIAMU DOJIBIIMX MOPSIAKOB (710 10871011), BOBHUKAIOIIMMHA TIPU PA3JIUIHBIX AIITPOK-
CHMAITAIX MHOTOMEPHBIX MEXKIUCIUILIMHAPHBIX HAYAJIbHO-KPAEBBIX 33029 CO CJIOKHOI reoMeT-
puteckoil KoHdurypanueii rpaHull Ha HECTPYKTYPUPOBAHHBIX CETKAX.

OcobeHHOCTD TPOOJIEMBI 3AKJIFOIALTCH B 00bEME JTAHHBIX, HEOOXOMMBIX JIJIst XDAHEHUsI HEHY-
JIEBBIX 3JIEMEHTOB PA3PEKEHHBIX MATPHUI], YHUCI0 KOTOPBHIX B KaXKIOi M3 CTPOK HE 3aBHUCHUT OT
pasmepuoctu CJIAY u cocraBisier 00bIYHO HECKOJIBKO JECITKOB (MX KOJIMYECTBO PACTET C yBe-
JIMYeHUeM MOPS/IKa TOYHOCTH anmnpokcuMarn). Hanpumep, cucrema ypasuenuit HaBre—Crokca,
OIIMCBbIBAIONIaAd I'M/IPO-Ta30/[MHAMUYECCKNEe TCeUYCeHUA, BKJIIOYIAET 4 HEn3BeCTHbIC CKaJIAPDHbIE (i)yHK—
I — TPHU KOMIIOHEHTHI BEKTOPA CKOPOCTHU 1 maBjeHue. [1osTomMy Ha TpexMepHOil ceTKe ¢ IUCI0M
yza08 10003 = 10° 06mmit nopsigox CJIAY cocrasisier npumepro 4 - 107, a kosmaectso memy.Jte-
BBIX MATPUIHBIX 371eMeHTOB — 0K0710 1010, ITocKo/IbKY BO3HUKATOIIHE IIPH STOM BBIUUCIUTEIbHbIE
3a/la9u SIBJIAFOTCSL OYEHb ILJIOXO ODYCJIOBJIEHHBIME, TO PACUEThl HEOOXOAUMO MPOBOANUTH, KAK MU-
HUMYM, CO CTAHJAPTHOI JBOIHON TOYHOCTBIO (64 ABOMYHBIX paspsaia, uan 8 GANTOB, HA OTHO
ancs10). Takum 0b6pazom, pasmenienue coorsercryiomeiit CJIAY ma ognom mponeccope, 06bem
OIIEPATUBHON MMaMITH KOTOPOIO COCTABJISIET OOBIYHO HECKOJIBKO I'MradaiiT, CTAHOBUTCH IPOD.JIe-
MaTUIHBIM. B 9TOM Cjaydae He IMpOXOAUT 3a4aCTyi0 MpUMEHseMas TaKTHKa pPaclapaJlie/THBa-
Husi agrebpandeckux 3aja4 (Haunbosiee JIerko nporpaMMupyemast), Korja cHadana, “riaobanbHas’
mMaTpuiia GopMHUPYeTCs Ha OZHOM (TOJIOBHOM) IIPOIECCOPE, a IIOTOM ee OJIOKH PACCHLIAIOTCS IO
OCTAJIBHBIM MCIIOJIB3YEMbIM IIpoIeccaM. EimHCTBeHHAs aJIbTEPHATUBA 3/1eCh — PaCIPE/IEIEHHOE
XpaHeHne MaTPUIlbI, KOTTa ee JIEMEHThl N3HAYAIbHO PACCIUTHIBAIOTCI B PA3HBIX IIPOIECCOPaX.

Jannasi crarhsd MOCTPOEHA ciepytonmMm obpaszom. B 1. 2 mbI mipejicraBiisieM OCHOBHbBIE CTPYK-
TypHBIe ocobermocTn paccmarpuBaeMbix CJIAY un mpumensgembix MJ1O. B m. 3 omumceiBatorca
HEKOTOPbIE IIPe/JIaraeMble apaJ/LIe/IbHbIE aJrOPUTMbl U UX IPOrPAMMHbIE peaju3anuu. B 1. 4
MPUBOIATCA PEe3yIbTAThl XapaKTePHBIX YNCIEHHBIX SKCIEPHMEHTOB 110 PEIIEHUIO [IPEICTABUTE /b
HOIT cepunm METOANYICCKUX 3a/a4.

2. HekoTopbie mocTaHOBKM, (DOPMAJIM3MbI I AJTOPUTMBI JEKOMIIO-
3Uunuu

PaccmarpuBaercs: cieyromas 3agada; mycrb marpuia CJIAY

Au=f, A={a;;} e RN, (1)

pa3bura Ha 6JIOYHBIE CTPOKHU

A={A, e RN p=1,.,P}, Ny+..+N,=N,

C IpUO/IM3UTEIBHO PABHBIM YUC/I0M CTPOK [V, > 1 B Kax10il. CooTBercTByommuM 00pa3oM Takxke
pa3bUBAIOTCA BEKTOPHI UCKOMOI'O DEIIeHUs U [PABON YacTH

u={u, € R"}, f={f, e RN},

TaK 4ro cucreMa ypasHenuii (1) moxker ObiTh 3anucana B ¢hopme coBoKynHocTn P rojgcucrem

P
Ap pup + Z Apgug = fp, p=1,..., P, 2)

q=1
q#p

rae Ay 4 € RNp:Na [PSIMOYTOJIbHBIE MATPpUIHBbIE OJIOKHU, [TOydaeMble TPU PA30ueHnn KaxK 0
6104mH0it cTpoku (u Beeil maTpunsl A) Ha 61049HBIE CTOIOIDL:

Ay={A4,5q9=1,...P}, A={A,;p.q=1,.., P}



IIycrs CJIAY (1) 3agana 8 CSR-dopmare, cm. [3], ¢ ykazanuem uuciaa crpok N, B KaxIoi u3
P nozcucrem (2), B coorBercrBun ¢ pasduenneM MarTpuipl A Ha 6s10UHBIE CTPOKE A)).

Byaem cuurars, uro CJIAY (1) npeacrasaser coboii cucreMmy CETOUHBIX yPABHEHUIA, AIlIPOK-
CUMUPYIOIIIX HEKOTOPYIO MHOI'OMEDPHYIO KPaeByIo 3a/a4y /g JudhepeHnnaabHoro ypaBHeHns,
TaK 9T0 KaXKJjasi KOMIIOHEHTa, BEKTOPOB U, f COOTBETCTBYET y3JIy CETKU, ODIIEe YMCJIO KOTOPHIX

P

B pacderHoil cerounoii obmactu QF = U Qp, pasao N. Ormerum, 4ro B METOJAX KOHEYHBIX
p=1

ssrementoB (MKD), [4]) Takue cmcTeMBl HA3BIBAIOTCA Y3JIOBBIME, HO OOJI€€ CIIOXKHBIE CETOIHBIE

yDaBHEHUsI Mbl IIOKa He paccMmarpusaeM. [Ipu srom 6j109HOE pasdueHue Marpull 1 BEKTOPOB CO-

orBercTByer pasbuenuio (aexommosuiuu) 2 Ha P ceTOYHBIX HelepeceKalonuxcs 110100/ acTei

1), B Kax 106t n3 Koropbix Haxouurca Np yziuos, Ny + ...+ Np = N, cm. puc. 1.

N,=0

Puc. 1. Cxema 6/109HOr0 paszbueHns MaTpPUIbI

Omnucannas aexommosurnus (2" He HCIOMB3yeT y3/I0B-passienTeeii, T.e. yCIOBHbIE TPAHI-
bl 10100 IaCTel He MPOXOJAT depe3 y3jbl cerku. POpMabHOCTH PaJii MOXKHO CUYUTATH, 9TO
BHEITHOCTH PACUeTHOM 006IaCTH eCTh HeOrpaHWIeHHAs moa06acTh g ¢ wuemom y3m08 No = 0.

Cerounoe ypaBHeHME JIJIsl -I'0 y3Jia, CETKM MOXKET ObITh 3AlUCAHO B BUJIE

aiui+ Y aigu; = fi, i€ Q" (3)
JEw;
i
rzie depes w; 0003HATAETC CETOUIHBIN MA0J/IOH i-T'0 Y3713, T.€. COBOKYITHOCTH HOMEDOB BCEX Y3JIOB
(KaK MPABUJIO, SBJIAIOIINXCS T€OMETPUICCKAME COCEIAMI), YIACTBYIOMUX B {-M YDaBHEHUN.
Ecnum cerounbie y3Jibl 1 COOTBETCTBYIOIINE TEPEMEHHbBIE TIPOHYMEPOBAHBI CJIELYIOIAM 00pa-
30M: CHAuUaJIa MJYT IOAPsij BCe y3Jbl 1-if mogobaactu €2 (HEBaXKHO B KaKOM BHYTDEHHEM I10-
psijIKe), 3aTeM — y3Jibl BTOPOil MOA001aCTH U T.J., — TO BBIIICIPUBEICHHOE OJI0UHOE pa3bueHue
MaTPHIL U BEKTOPOB, NPUBOJAIIEE K HoacucTeMam (2), COOTBETCTBYET JIEKOMIIO3UIMU PACIETHOT
obsactu 6e3 nepecedenus mogobsiacreii. [Ipu aToM HOMEpPaA y3/10B U3 wW;, COCETHUX K -y y3J1y, yKa-
spiBatorca B CSR-dopmare pist i-it crpokn marpunp (bakruieckn tam yKas3blBAIOTCS HOMEPA
CTOJIONOB KaK /IS JIMArOHAJIBHOTO, TAK U BHEINATOHAJIBHBIX 31eMeHTOB). OTMeTHM, 9TO B3amM-
HO OJJHO3HAYHOTO COOTBETCTBUS AJAredpamdeckoil u reoMerpuveckoil (cerounoil) uarepuperanuu
ctpykTypbl CJIAY MoxKeT u He CyIecTBOBATh. T UIUIHBIN TPUMEP — OJHOMY Y3JIy CETKU MOYKET
COOTBETCTBOBATH M > 1 mepeMeHHBIX B ajredpanmteckoit cucreme. COOTBETCTBYIOIIAS CATYAIUS
UMEET MECTO B MEK/UCIUIIJTMHAPHBIX 33/a4ax, OMUCHIBAEMBIX cucTemMaMu u3 m nuddepeHiu-
AJIbHBIX YPaBHEHUIl, y KOTOPBIX PEIIEHUE eCTbh BeKTOP-pyHKmus padmepuoctu m. Kciau takwme
“kparHble’ MepeMeHHble HyMepyioTcs nojps, o crpykrypa CJIAY npuobperaer “menkob/i09-
ueiii” (m < N) BuJ, U Ha TAKUX CIy9IasX MbI OCTAHOBUMCS B IIOCJIE/IYIOMEM 0CO0O.
[Ipu sagannom Ojourom paszbuenuu CJIAY, wim JeKOMIO3UIMEU CETOYHON pacUeTHON 00-
jgactu 6e3 mepecedeHusi MOm00IACTel, Tl perneHnsi cucTeMbl (1) MOYXKHO MOCTPOUTH XOPOIIO



pacmapaJsutesmBaeMbliit aganTuHb Meroa [IIBapia, mpeacTaBuMbIil UTEPAIMOHHBIM TPOIIECCOM

P
-1 _ n—1
Appty, = fp— Z Apqug =g, - (4)
o

[Ipu BbIYUC/IEHHBIX TPABBIX YACTAX gg_l

CTH PeIIeHNs MOICHCTEM C MopaaKaMu [Ny, KOTOPBIe Ha KazKI0i N-if HTeparnui MOr'yT BBIIIOIHATD-

HAXOXKJICHUE BCEX ug Tpebyer /i Kazk10i no100.1a-

Cd HE3aBUCUMO M OJHOBPEMEHHO Ha PA3HbIX IIPOIECCOpPax. B JAHHOM C.Hy‘{ae ImepeBbIIucCjieHue
gg_l daKTUIeCKN 03HAYALT HCIOIH30BAHIE HOBBIX 3HAYCHUI ug_l IIJISI COCETHMX IomobsiacTeit
B KQYECTBE I'PAHUYHOrO ycsioBust 1-ro poga (JIupuxiie) s OKOJIOrpaHUYHBIX BHYTPEHHUX Y3JI0B
u3 ),

Paccmorpennoe nBoiicTrBeHHOE (MATPUIHO-AITe0PANIECKOE U CeTOTHO-T€OMETPUYECKOE) IPEI-
cragjierne crpykTypbl CJIAY (1) MozKeT ObITH JOMOTHEHO JI0 TPUAJIbL IIyTeM BBejIeHus rpachOBOro
onucanusi 3ol ke 3asaun. Kaxgomy cerounomy ysiy ¢ HOMEPOM ¢ (mau i-ii CTPOKE MATPUIIbI
A) MOXKHO COIOCTaBUTH BEpIIUHY v; HEKOTOporo rpada G, a cerounomy pebpy, COeJUHSIOIIEMY
y3abl i U j € w; (mam j-ii MarpuuHON crpoke) — conocrasuth pedpo rpada G = (V. E) u B
coorsercrBuu € [5] onpejeaurs MHOXKeCTBa, BepiInH U pebep:

V={v;i=1,...,N}, E={(vi,v)|aij #0}. (5)

Ormerum Caeayromumii CyIeCTBeHHbI TeXHOJOIMIECKUA aCeKT, BOSHUKAIOIIMI IPU peaJiv-
3alIlii IUCIEHHOTO pernenus mogcuctemsl (4). Tpaaunmuonto yHusepcabHble IPOrpaMMHbBIE “pe-
maresn” CJIAY, opuentupoBannbie Ha Marpuasbiii CSR-dopMmar, npe/noarafor CILIOMHY HY-
MEpAINI0 BEKTOPHBIX KOMIIOHEHT U COOTBETCTBYIOIIMX MATPUYHBIX CTPOK, HAYUHAST C €IUHUIIBI
win wysist. OpHako, ecu Jis ucxoquoit CJIAY undopmanus gaHa B ri00aJbHON HyMeparuu e-
peMeHHbIX, TO B 1nojobsactu (), Tpedyercs cBosd JoKa/ibHad HyMepalus. Takum obpasom, 3iech
BO3HHKaeT TeXHH4ecKad 3ajada nepedopmuposanng CSR,-bopmaTa 1714 JUArOHATBHOIO OT0Ka
App C 1mepexooM u3 1vI00aJIbHON HyMepalun B JIOKAIbHYIO. A II0C/I€ BbIYUC/IEHHS [0/BEKTO-
POB Up B I0/I00/IACTAX, €CTECTBEHHO, HOTpebyeTcs cOOpKa IMI0OAIBLHOTO BEKTOPa U, T.€. IIePeBOJI
BEKTOPHBIX KOMIIOHEHT W3 JIOKAJIbHOW HyMEPaluu B IJI0DAIBHYIO.

U3BecTHO, 9TO CKOPOCTH cxopumocTn urepanuii meroma Isapra (4) Bo3pacTer, eciu JeKOM-
MOBUIMIO PACIETHON 00JIACTH CIEIaTh C IepecedeHneM moo0acTeii.

B cujty TOro Mbl JIa/ UM OIpesie/iente PACIIMpPenHoii ceTounoit nogobmactu €, D (2, ¢ nepe-
CEYCHUAMMU, BEJIMYUHY KOTOPbIX MbI 6y,zgeM OIIpeJe/IdTh B TEPMUHAX KOJINYECTBA OKOJIOIDaHUIHBIX
CETOYHBIX CJIOEB, UJU (DPOHTOB, CM. pHUC. 2.

Ha sroit munocrpaiun paccMarpuBaeMas ceroudHas nojgobsacrs ), mnpejcrasiser coboit
KBa/IPAT, OKPYZKEeHHbBIH coceauumu cerounbiMu 1oaobaacrsavu 21, ..., Qg (cerka st npocToThl
paccMaTPUBAETCs KBAJpaTHasI, & [Ia00H CeTOYHOrO ypaBHEHUsS — OATUTO4YedHbI). [IpoBomu-
Mbl€ HHU2KE PACCY2K/eHUs JIEIKO [EPEHOCHATCs Ha 0O0Iuil ciydail HECTPYKTYPUPOBAHHBIX CETOK M
[IPOU3BO/IbHOI KOH(MUTYpallud TpeXMEPHBIX 110/100/1acTeil.

Obo3HaunM yepes I‘g € (), MHOXKECTBO BHY TPEHHMX OKOJIOIDAHUYHbIX y3/10B u3 {2, T.€. TaKux
y3ia0B P; € Q,, y KoTopbIX onuH u3 coceneil me jgexur B Q,(P; ¢ Qp, j € w;, j # i)). B Fg
OIIPEJIEIINM TOJIMHOXKECTBO Y3108 1)

p,q’
CME2KHOI 110 O6J'[aCTI/I Q S 0 riae — COBOKYVITHOCTH HOMEPOB IIO, 06JI&CT€I71 coceaHux c
q» P p )

2,. Takum obpazom,
0 _ 0
Ip= U Lo

qeQd

Yy KOTOpBbIX COCeaHue 110 LHEL6.HOHy y3Jibl IIPUHA/JICZKAT

npu4deM IMOJAMHO2KECTBaA ngq MOFyT nepeceKkaTbCd, T.e. COACPKaThb OKOJIOI'DaHUYIHbIC yS.HI)I, y KO-
TOPBIX €CThb COCeIH U3 PA3JIUIHBIX CMEXKHBIX ITOJ00IacTeil.

Ob6o3zHauum jlajee yepes Fll) MHOXKECTBO y3J/I0B, COCEJIHUX C y3/IaMu U3 Fg,
Kamux (2,, depe3 l“f, — MHOXKECTBO y3JI0B, COCEIHUX C y3JaMH U3 F},, HO HE IPHHAIIEKAINIX

HO HE IIPHHAJIIe-
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Puc. 2. Ilocrpoenue pacuimpeHHbIX CETOYHBIX M0100/1acTel

00 beIMHEHNTO Fl Uy, gepes F3 — MHOZKECTBO Y3JI0B, COCEIHUX C Fp, HO HE [PUHA/JIeXKaIIuX
2 1

Iy U I, UQp, u oo COOTBeTCTBeHHo 9T MHOYKECTBA HA30BEM II€PBBIM BHEITHUM cjioeM (hpoH-

TOM) y3JI0B, BTOPBIM CJIOEM, TPeTbuM 1 T.J1. Llosryqaemoe 00beuHeHne y3,/108

_ 1 A

—o,Urs-Ur
Oy/eM Ha3bBIBATH PACIIMPEHHON p-if ceTO4YHO 101001aCThI0, a Heayio Beqnduny A onpepess-
eM KakK BeJMYNHY PACIIUPEeHUs, WIH Iepecedenns (B TEPMUHAX KOJMYECTBA CETOUHBIX CJIOEB).
Cuyuait A = 0 daxTu4ecku 03HAYAET JIEKOMIIOBUIMIO 00JIaCTH Q" na nogobaacru Ges epece-

" 0 __ " " "
wennit (€2, —_Qp), a oOBeleHHAs Ha PUC. 2 BOCBMUYIOJIBHON YCIOBHON IpaHHIel pacIinpeHHas
no1001acTh ), = Qﬁ COOTBETCTBYeT 3HadeHno A = 3.

MHuoxKecTBO Fﬁ € Qﬁ [IPEJCTAB/ISET COBOKYIIHOCTh BHYTPEHHHX OKOJOTPDAHHYHBIX Y3JI0B

A+1

Ly

pacCIIupeHHO 10100/1acTh Qﬁ, a €CTh MHOYKECTBO BHEITHUX OKOJIOTPAHUIHBIX Y3/I0B. ¥YCIOB-

Has TpaHUIA Qﬁ ITPOXOIUT MEXK Ty Fﬁ u Fﬁ“.

Anamorngmo Fg, MHOZKeCTBO Fﬁ MO2KHO pa30UTh HA MOJMHOYKECTBA OKOJIOIPDAHUYHBIX Y3/I0B

A A
Iy = p q1 U Fp a2 I‘zo,qmp

y KOTOPbIX cocejnue (110 mabiIoHy) HaXOASATCA COOTBETCTBEHHO B H0H00macTsax Qg , Qgy ;s ..o, qup
(311eCH My, O3HAYAET KOJMYECTBO HO400/1aCTel, 1ePECEKAIOIIUXCS ¢ Qﬁ, aq1, 42, - Gm, — HOMEDPA
srux nogobmacreit). Ormernm, 4To FA MOXKET COJIePXKATh ‘KparTHble” OKOJOIDAHUIHBIE Yy3JIbl,
IPUHA/IEKALIIE OJHOBPEMEHHO PA3HBIM HOJMHOKeCTBaM 2
PA3JIMYHBIX CMEXKHBIX 101006/1acTeil.

Ecsin obo3naunTh gepes Qﬁq nepecedeHne Kakoi-ro 1mozobiaactu (), ¢ pacIIMpeHHon 11000-

— b

JacThio {2, TO MOCJIETHIOI MOXKHO IIPEJICTaBUTh B (hopMe 00beMHeHIT

Qp, =9, 02, - --Uﬂﬁqm, (6)

IIpuYeM KazKaoe IIepecevdeHne COCTaBIdeTCd U3 qaCcTell BHEITHUX OKOJIOI'PaHUYIHBIX d)pOHTOBI

0, =10, T2, UTDy a= a1 dm,- (7)

Taxkum obpazom, coopka marpuinpl CJIAY s paciupeHHoi 10400/1acTu MoxKeT ObITh MH-
TepIpPeTHPOBaHa KaK HIeHTH(MUKAINS, 00beIUHEHIe U IePeHyMepaliis MHOXKECTBA, Y3/I0B, YIacT-
Bytomux B (6), (7).

Ha dopmanbHOM arebpandecKoM sSI3bIKe PaCIIHpeHHbIe IOJICHCTEMbl YPaBHEHII 1 HTepali-

pig» 1-€. Y KOTOPBIX €CTb COCEe/U U3

onnblit Meroy [IIBapua 3anuceiBaiorcs anagsoruduo (4):

Ayt = fp— ZAp ay =gyt 8)

q#p



3/1eCb pa3sMEpHOCTb BEKTOPOB Uy, U fp pasna unciy ysiaos N, B pacmupentoii nogobaactu
Qp. HpI/I 9TOM HaJ0 UMETHb B BU/Y, YTO B IEPECCHECHUAX Qﬁq OZlnH y3€J/1 IPUHAJAJICZKUT JIBYyM WJIA
Hostee mOMOBIACTAM, & aHAJOTHIHAA W300paKeHHoi Ha puc. 1 6109HAsS CTPYKTYpa MATpuiisl A
TPY/IHO TIPEJICTaBUMA, TTOCKO/IBKY pacimmupennbiii 610k Ay, , B (8) cocromT n3 Beex CTPOK 6710
Ka A, p, & TAKXKe U3 OT/AENbHBIX CTPOK OJIOKOB, COOTBETCTBYIONIIUX COCETHUM (reoMerputecku!)
10100/ IACTSM.

OcranoBumcst Tenepn noapobHee Ha POPMUPOBAHUY TIPABLIX 4aCTe gg—l uu gl’;_l B (7), (4).
/1151 TOTO PACCMOTPHM CETOYHOE ypaBHEHUE BHUA (3) /is PACIOJIOZKEHHOro B {1, i-r0 OKOJIOrpa-
HUYHOI'O y3/1a, y KOTOPOI'0 HEKOTOPBIE M3 COCEe/ell HAXOAATCH B APyrux mnogodiacrsax (g, q # p,

CM. puc. 3:
FPJI]
Qq[ Q,
- i )
/i Jy
IZ]/:QQ / 17)"]3
.1'2( k
J3
qu qu
r‘iz’(h

Puc. 3. UocTpaliusg CETOYHOrO MIA0/I0HA /i OKOJIOTPAHUYHOTO Y3/1a

QUi + E a; jUj = fi — E Qg jU;. (9)
JEQ JEQ
Ormerum, uro B (9) i-it y3es pacnonaraercs u B (), 1 B KAKOH-TO U3 COCEIHUX H0L00/1aCTel.
OTCIOﬂa; CTpouM I/ITean;I/IOHHbII'/'I npomecc, HeCKOJIbBKO MO,ELI/I(bI/IU;I/IpOBaB AaHHOEC YPaBHEHUE:

(CLZ‘,Z‘ + 0 Z am)u? + Z ai,jU? = fz + Z ai,j(eu?_l _ u;?—l)- (10)

J¢Qy JEQ JEQ

Baech 6 € [0,1] — HekoTOpBIl uTEpaMOHHBIN HapaMerp, KoTopslil pu § = 0 coorBercTByeT
ycstoBuio dupuxiie B okosiorpaHundHoM i-M y3iie, npu 8 = 1 — ycioButo Heiimana, a npu 0 < 0 < 1
— ycJioBuio 3-ro poja, win Pobena. 3uadenus u?_l, u?_l B npaBoii gactu (10) 6epyrcs ¢ mpe/b-
JyIeit HTepalii B y371ax U3 coceJHuX K {2, mogobmacreit. O4eBUIHO, U9TO €C/IH UTEPaIMOHHBII
npouecc (10) cxopurest, To npu sobom € ero npesesn Oyger pemennem UCxoaHOM cucrembl (9).

Ecnu BBectu muaronansiyio Dy, = diag{ > a;;}, To ureparnuonusii mporecc (10) moxuO
I#p
3anucarhb B (popme, 0b6obIIaIIeii coorHoireHue (8):

By (a, — ) = _E_l =fp- (Aﬂn_l)pa (11)
rJ1e npeobycIaBanBaomas Marpuna B, nveer Buj

By, =A,,+0D,. (12)

B npusejieHHBIX BbIlIe PACCYK/IEHUSAX Mbl PACCMOTpeJU paciiupenue nojgobaacru ), B Ha-
pyxkHYyI0 cropony. OHAKO TaKWe 2Ke IPOIEyPhl OCYIIECTBIIAIOTCH U JIJIsd COCEHUX 0/100/1acTeit,
YTO LHPUBOAUT K HOCTPOEHMIO llepecedeHnit BHyTpu camoii €1, VIx peanusalus MOXKeT OCyIecTs-
JIATBCS 110 CETOYHBIX C10aM ((ppoHTaM), KaK U IpU pacummpeHun {1,



3. OcobenHOCTU peaam3anum pacipeieSIEHHbBIX aJrOPUTMOB

B BbICOKOIIPOM3BOAUTE/IBHBIX BEPCUSIX JIEKOMIIO3uImu 00J1acTell CymeCTBYIOT /1B KJIIOUEBBIX
MomenTa: dopmuposanue CSR-dopmarToB ajiredpanmdecKux IMOJCUCTEM Jjis COOTBETCTBYIOIINX
0100/1aCTel U peajm3alys Mapa/lIebHbIX 10 HOJ00ACTIM KPBLIOBCKUX UTEPAIMOHHBIX [IPO-
[IECCOB AKOOMEBOr'O THUIIA.

3.1. MeTox nocTpoeHns KBa3mcOAIaHCUPOBAHHBIX CETOYHBIX IMOmobJiacTeit

B magajie JaHHOIO MyHKTA OCTAHOBUMCH Ha OJHOM (haKTOpe, UMEIOIeM O0JIbIIoe 3HAYCHIE
J/IsE CKOPOCTH CXOJMMOCTH MTEPAIMOHHBIX 1poneccoB sBuja (4) mo mogobnracram. Peus maer o
TOIOJIONMHE U HEKOTOPBIX J[PYIHX XapaKTEPUCTUKAX PasOueHust pacyeTHoil cerounoii obmacru O
HA CeTOYHBIE 10/100/1aCTh Q;,L, p=1,..., P. 31ech ciiejlyer OTMETUTH, YTO BOODIIE IOBOPS, HYKHO
pas/inuaTh UCXOAHYIO HEIPEPBIBHYIO PACYeTHYIO 00J1acTh (), B KOTOPOIt pernatorcs auddepeHiiu-
aJbHBIE I /U HHTErPaIbHble YPABHEHHS, I ee JucKperHslii anaior 2. Bojee Toro, neKoMmosu-

P

U0 MOXKHO JIEJIATh B IIEPBYIO OYEpE/Ib: CHada 1a pa3bursb 006/1acTh Ha 1000/1aCTU (Q =U Qp),
p=1

a 3aTeM B KaxK/JOW W3 HUX CTPOHUTH “IOICETKY Qg, KOTOpasi TeOMETPUIECKH “IpuBsI3aHa’ K CO-

OTBeTCTByIOHLefI Qp. O,E[HaKO Mbl 9T ACIEKTbl CO3HATE/IbHO OIIyCKaeM, OI'DaHNYINBAACH TOJIBKO

JeKOMIIO3UITHEH CeTOUHOM 00/IaCTH.

CoBokymHOCTD 1101100/1aCTel 00pasyer coboit MaKpPOCeTh, Wik Makporpad, y KOTOPOro KaxK-
Jlas o700/1acTh MpeJcTaB/iger cob0il MAaKPOBEPIIUHY, & CBA3U C NEOMETPUYECKU COCETHUMU I10/I-
obsractsimu — makpopebpa. Kak uzsecrno [6], ckopocrs cxopumoctyu urepanuii 10 1101006sacrsim
Oy/ieT TeM BBIIIE, YeM MeHbIIe JuaMeTp Makporpada (MakCuMaabHOE M3 MUHUMA/IHLHO BO3MOXK-
HBIX PACCTOSTHUIT Mexky Makpoyssamu). IIpu pasbuenun TpexmepHoii 00/1acTh Ha JOCTATOYHO
Gosbinoe uncao P nogobaacreit jnamerp makporpada ects O(P) npu 01HOMEPHON JI€KOMIIO3H-
1uu, O(Pl/ 2) — mpum AByMepHOil 1 O(Pl/ 3) — mpm Tpexmepmoii. [1o3TOMY ecTecTBeHHO, UTO OI-
TUMAJIBHON SIBJISIETCS TPEXMEPHasi COAJTaHCUPOBAHHAS JEKOMIIO3UIINSI, [IPU KOTOPOI YUCTIO y3/10B
B KaK/I0# 1000/1acTU IBJI€TC IPUMEPHO OJMHAKOBBIM, YTOOBI [IPU OHOBPEMEHHOM PEIIeHNH
aJIredpamIecKuX MOJACUCTEM B HOA00/IACTIX COOTBETCTBYOMINE TPOLECCOPHI MME/IM MUHUMAJIbHBIE
[IPOCTOM.

B HEKOTOPOM CMBICJI€ a/IbTECPHATUBHBIM ITOAXO0A0M K JTCKOMITO3UIIUNA CEeTOYHOI O6.HaCTI/I ABJIA-
ercd cjaemyronuit. B cooTBeTCTBUM C BBIMIETPUBEIEHHBIMEI PACCYKIECHUSIMEI, ONTUMAIHLHOE Pa3-
buenne KyOuueckoil obsiactu ¢ KyOMYECKOil »Ke CerKoil — 3T0 JIeKOMIIO3UIMs Ha KyOuueckue ce-
TouHble o007 acTu. OCcoOOEHHOCTh 3TON KOH(MUTYPAIUU 3aKTI0YAETCI B TOM, YTO IIPHU 3aIaHHOM
YUC/IEe y3JI0B OHA MMEET OTHOCHUTEIbHO MAJIblil JMaMeTp COOTBETCTBYIOIIEr0 CETOYHOIO MOJrpa-
da, T.e. cpaBHUTEIBHO O/IM3KMIT K njeaabHOMy Bapuanty — cdepe. imernno 31o nabJiioienmue Mbl
U IOJIOXKUM B OCHOBY PacCCMaTPUBAEMOIO ‘JIOKAJHHOIO” MPUHITUIIA JIEKOMIIO3UITUN: CTPOUTH Ce-
TOYHbBIC HOZI;O6.H&CTI/I C IPUMEPHO PAaBHBIM KOJIMYECTBOM Yy3J/I0B U UMEIOIINE OTHOCUTE/IbHO MaJIble
IraMeTphl ‘cBonX’ CeTOYHBIX MOATrPadoB.

MT&K, OIIUChIBAEMbI it AJITOPUTM JAEKOMIIO3UIIUU IIpEeC/IeAyeT Ie/ib CO34aHnd CETOYHbIX II0/-
obmacreit €, p = 1,..., P, 10 BO3MOXXKHOCTH MEHBIIETO HaMeTPa, I/le JUAMeTP HOHIMAeTCS KaK
auamerp noarpada Gp(Vy, Ep), nopoxjeHaoro |7] MHOXKeCTBAMU COAEPKAIIUXCsE B 110100/ 1aCTH
sepmm V), u pebep £,. Boobmme ropopd, IONCK ONTUMAIbHOIO B TePMUHAX KAKOTO-H00 KpHUTe-
pusi pas3buenust rpada G gBisiercsd 3aja4deil Kak MUHUMYM [TOJMHOMUAJIBHOW CJIOKHOCTH, XOTS
mist perrerus bombimnx CJIAY HexemaTe pbHa TarkKe KBaPATHIHAS 3aBUCAMOCTD OT KOJUIECTBA
siaementos rpada NV, NF.

C 9roit TOYKM 3pEHUsi HHTEPECEH CJIEYIONUI XO/I: ¢ HOMOIIBI0 KAKOr0-Tu00 SKOHOMUUHOTO
METO/1a BBIIOJTHUTH HA IepBOM 3Tale pasbuenne rpada Ha CBI3HbIE HEIIEPECEKAIOIINEC O IMHO-
JKECTBA CPABHUTEIBHO HEDOJIBIION MOIHOCTH U MaJIOr0 JMaMeTpa, BIOCAEACTBAN PACCMATPUBAS
X KaK MaKpPOBEpPIIUHBI U JEKJApUpysd Hajumdue pedpa MexKJy JAByMs ‘coceHUMU’ MaKpPOBEP-
[IMHAMK B TOM M TOJIbKO TOM CJIy4Yae, eCJu eCTh XOTsi Obl OHO PeOpO, COEIUHSIONEE HEKOTOPHIE



9JIEMEHTDBI 9TUX ABYX IIOJAMHO2KECTB. B ,ELaJH)HeI.;IH_[eM nupeg/aracTCd MHTeprpeTupoBaThb 110J1yYCH-
HBI TakuM 06pa3oM rpad Kak orpybseHHY!O (arpermpOBaHHYI0) KOMUIO MCXOTHOTO, MPHMEHSIS
6osiee coxkubIe (MK, HAOOOPOT, MPOCTHIE) AJATOPUTMBI st (POPMUPOBAHUS MOCIEAYIOIIUX U KO-
HEYHOI'O pa30bueHmii.

He OCTaHABJ/JIMBaACh IIOKa Ha METO/JaX arperaimun KazK/J0ro 3Talla, OTMETHUM, 4YTO IIpe/jia-
raeMblil TOJIX0J] sIBJSIETCS MHOIOMIAIOBLIM ¥ (PpaKTUIeCKu 00pasyer MOC/Ie/I0BATEIbHOCTD BJIO-
JKEHHBIX CETOK, WJIM MaKpOCETOK, W3 mojobsacteii. Ecaum 0603HauYnTh depe3 § HOMEp Imara B
paccMaTpuBaeMoil MepapxuvecKoil CTpyKType, To s (popMasM3anuy JAHHOTO MPOIECCa MOXK-
HO BBecTH ciaemyiomue obosmadenns: G (V) E®)) s =0,1,..., M, — rpad MaKpoceTKu s-ro
yposhs (s = 0 COOTBETCTBYeT HAYAJIbHOMY CETOUHOMY Ipady, B KOTOPOM BEPIIMHA IIPEJICTABISIET
IpOoCTOit y3es cerku, a M ecTb KOJMYecTBO CTa (Wil arperanui, KOTOpOe 3apaHee HeW3BECTHO),

N‘(,S Ju N }; ) aucio MaKpOBEPIIIUH 1 MaKpoOpebep MaKpPOCETKU S-I'0 yPOBHSI.

B mengx mocTpoenns HaYAJIBHOTO pa30MeHus MpeIaraercs MCIOJb30BAThH MOWCK B ITHPH-
uy [5]. Jauublit meroy obsajaer npuBieKaTe/ bHbIM CBOCTBOM 1I0MEYaTh B LIEPBYIO 04Yepe/ib
BEPIINHBI C HAUMEHbBIIINM PaCCTOAHUEM OT I/ICXO,ZI;HOI.}'I7 9TO COOTBETCTBYET LEJIn CO3JaHnsd ITIOJMHO-
JKeCTB Majoro mmamverpa. llonck BejeTcss cpenn BepIIuH, eIe He OTHOCSIIIIXCSI K KaKOMY-JTHO0
MMOAMHO2KECTBY, /10 TE€X 110D, II0OKa KOJIUYIECTBO IIOMEYCHHbIX BEPINUH HE JOCTUTIHET OIIPEIC/IEHHOI'O
npezena (Kesaemoro pasmepa MakpOBEPIIUHbBI N,Sf[)m, rje N,SSBZ 03HAYAET YUCIIO Y3JI0B CETKH,
KOTOPOE JIOIYCKAeTCd BKJIIOYATh B MAKPOBEPIIWHY IEPBOro ypoBHs). Bce momedennbie Ha j-M
arare aJirOpuTMa BEPIIMHBI O6’])5[B.H§IIOTCS{ npuHa/JIC2KalluMn ]-My IMOAMHO2KECTBY, IIOCJIEe Y€ero
MPOIEypa MOBTOPAETCS IO UCIEPIAHUST MHOXKECTBA BEPIIIHH.

Dopmasmzyem aaropuTm noucka B mupuny. depes Adj(v) 0603HauIMM MHOXKECTBO BEPIINH,
CMEXKHBIX Bepinuae v. [IycTsb Takzke () — CTPYKTypa JaHHBIX TUla odepeb [5]. Oboznaunm depes
Q < S mobasrenue MHOXKeCTBa S K odepenu (B MPOU3BOJBLHOM MODsfKe), v — () — u3barue
sjeMeHTa u3 oudepesu. Jljist BBIOJIHEHUsI TIOUCKA, B IMUPUHY J0noaHUTEIbHO BBeJem C' u W —
[eJIOYNCIEHHbIE MACCUBBI (CIIUCKHU) [IBETOB M BECOB BEPIIUH (CMBIC/T TIOCTETHAX OY/I€T PACKPBIT
nosanee). Yepes C(v) u W(v) obo3nauum Tekympe 1BeT u BeC BepumuHbl v. llepes craprom
AJTOPUTMA TIBET BCEX BEpINUH WHUIUAIU3UPYETCS HyJIeM, a UX BeC IMOJaraeM PaBHBIM eIUHUIIe.
Tak:Ke BBEIEM Nypgr — KEJTAEMBII pa3Mep MaKpPOBEPIINHBI. TOraa aaropuTM 3aK/IH09aeTCsa B Ha-
JabHOM BBIOOpE MPOW3BOIBHON BEPIIUHEI ¥ U3 MHOXKECTBA V U B HaJbHEHINX Mpeodbpa3sOBaAHUIX
rpada B COOTBETCTBUU CO CJEAYIONIMM TICEBIOKOIOM.

1=1
while {ueV | C(u) =0} #0
pick any v from {u eV | C(u) =0}
Q= {v)
n=>0
while (n < Npae and Q # ()
v Q
Cv):=1
Q< (Adj(v) N{u eV | Cu) =0} \@Q
n=mn+W(v)
end while
t=1+4+1
end while
[Tocie paborsr anropurma oobasum V; = {u | C(u) = i}. Chopmupyem rpad ¢ maxposep-
wmaavu G = (V' E'), tne V! = {V1,... Vr}, N — KOIM4eCTBO 1MOJ1y YMBIINXCS MaKPOBEPIIKH,
a MHO2KecTBO pebep E’ ompenensgerca Tax:

E':{(Vi,Vj) | Ju e Vi,veV;| (u,v) € E}.



VkazaHHBIN BBIIIE aJATOPUTM MOXKHO MCIOJIB30BATh U it (DOPMUPOBAHUST COOCTBEHHO IMOJI-
obsracreit HyKHOro pasmepa, nojaoxkus W (V;) = |V;|, a g, PABHBIM 2KejiaeMOMy pa3Mepy Mojl-
obstactu. Ha manubiit MOMEHT MMEHHO TAKO# aJiropuTM ucnosib3yercs B bubanoreke Krylov, xors,
BOODIIE TOBOPs, IIPEICTABJIAETCS 11e/1eCO00PA3HBIM HCIIO0/Ib30BAHNE HEKOTOPOI'O0 AHAJIOra O4Yepe-
I C IPUOPUTETOM, [Jie, HAIIPUMED, IPUOPUTET TeM Bbiliie, 4YeM 00Jibiie pedep CBA3BIBAIOT Pac-
CMaTpUBAEMyI0 MAKPOBEPIIUHY C TEKYIIMM COCTaBoM (opMupyemoiil mopobact, U TeM HUKe,
YeM MEHbBIIe BeC (MOIIHOCTH) 3TOil MaKPOBEPIIUHBI (CTOUT 3aMETUTH, UTO B TAKOM CIydae pa-
3YMHO BbIYUC/IATH IIPpUOPUTET MAKPOBEPIIMH B MOMEHT HU3BJIEHECHUA IJIEMEHTA U3 O4Yepeu, a
He B MOMeHT jobasenns). Takoit airopur™ Oy/er oTAaBaTh MIPEIIOUTEHIE MAKPOBEPIIHHAM C
pa3dMepoM MEHbIIC TUIIMYHOT'O, BBIIIOJIHAA WX IOIVIOINIEHWE, 1 TEeM MaKpPOBEPpHINHAM, BKJ/IIOYEHUE
KOTOPBIX CIIOCOOCTBYET yMEHBIIEHUIO "TIIOMA i’ TPAHUIBI 0100/1acT (T.e. KoamdecTBa pebep,
CBABBIBAIOIINX Ty M0/00/1aCTh ¢ OCTAIBHBIMHU).

W3 smnmpudeckux coobparkeHuii Ipeo/iaraercs, 9To CO3/aHHble TaKuM 00pa3oM 1momobiia-
cru OyjyT obecrednBaTh XOPOIIYI0 CKOpOCTh cxoaumoctu Meroga [IBapia. Ormernm, aro xors
PACCMOTPEHHBIH aJICOPUTM SBJISIETCH JeTEPMUHUPOBAHHBIM, KAUeCTBEHHbIE OCOOEHHOCTH TEKOM-
MO3UIUUN 3apaHEC ABJIAIOTCA TPYAHO IIPEJACKA3YEMbIMU, XO0THA €€ KOJIMYECTBECHHBIE XaPaAKTEPUCTUKHU
(Ko/IMmuecTBa y3/10B U qMaMeTPbl 10A00/1aCTeli MOAKHO ONPEIEUTh AllOCTEPUOPH ).

3.2. OcobenHOCTH ITPOTrpaMMHOIT peajan3aruu

Paccvorpum 6ostee 1ogpoOHO HEKOTOPHIE BOMPOCHI, KACAIOIIAECST HEITOCPEICTBEHHO OPraHMU-
3alliM BBIYUC/IUTEHHOIO IIPOIECCA, IPUYEM OCTAHOBUMCH JIjid KPATKOCTH HA ajropurMax 0e3
repecedenns moa00/1acTeit.

B nepByto ouepenb 3aMeTuM, YTO BBIIOJHEHUE OJHOIO Iara ajauTuBHOro meroja LlIBapia
(8) cocrour u3 P nezasucumbix onepauuii pemenunss CJIAY, s peasmsanun Kax ol u3 KOTO-
poeix dopmupyercss MPI-tiporiecc, a BbinojiHeHNE €€ OCYIIECTBJIAETCS OJHUM W3 IIPOIECCOPOB C
YKa3bIBAEMbBIM KOJIUIECTBOM JIOCTYIHBIX BBIUUC/IUTE/bHBIX SIJIED, WA MOTOKOB Nip, KOTOPBIME
BBINIOJTHSETC “BHyTpeHHee” pacrapaJjenBanue naj obieit mamarbio cpeacrsamu OpenMP.

Bo Bropeix, peasibHO mrepaimu 1m0 1moxobsactsaM npoBoggrcd e 1o ajropurmy [lIBapia
(8), a ¢ momompBIO MPeoByCI0BIEHHOrO “rubKOro” 0OOBIIEHHOrO METOIA MUHUMA/ILHBIX HEBS30K
FGMRES |[8], 8 koropoMm 6s104HO-qrarona bHas Marpuna ¢ 6;oxkamu Ay, Ha [IaBHON JHArOHAJIN
BBICTYITAET B KQUeCTBe MpeodycaaBauBaresis. Perenue mojacucreMpl JIjisi KaxK 0l p-it mogobiia-
CTU OCYIIECTBJIAETCH MPAMBIM JITOPUTMOM HUJIU UTEPAIMOHHBIM, U B IOCEIHEM C/Iydae IIpeio-
OyciaBimBaresb (hakTuuecku spjsercs nepemenabim. Peasmsanus FGMRES ocymecrsisiercs
B pacipeje/leHHOM BapuaHTe, T.e. “Tioba/ibHble” BEKTOPHbIE U BEKTOPHO-MATPUYHBIE ONEPAIUN
BBITIOJIHAIOTCS B OCHOBHOM “‘CBOMMK’ MPOIECCOPAMU, [IPY MUHUMAJIbHBIX OOMEHAX MEXKIy HUMHU.

Y4auThiBas BCE BBIIIECKA3AHHOE, JIOTUYHOM IPEJICTAB/IAETCS CAeYIOIasd CXeMa pean3alun
Boluucaenuit. Byjem Xpanurh BeKTOpbl Tak ke, Kak u marpuiyy (cm. puc. 1), mo N, Komuo-
HEHT B KaXKJIOM IIPOIECCe, COOTBETCTBYIOIEM “cBoeil” mojobsactu. B TakoMm ciydyae BEKTOpPHO-
BEKTODHBIE OllE€paliuy U oDpallgHue mpe100yC/IaB/InBAIOIIEr0 OepaTOPa MOYKHO BBIIOJIHITH 03
obmena panubivu Mexk ity MPI-nponeccamu (nck/rouenne cocras/iser Juiib CKaJIsiPHOE TPOU3Be-
JieHne, rje 00beM MepechbLTaeMbIX JTaHHBIX HeBeWK). /s Beraucienns aeiicTus omeparopa A
Ha BEKTODP OyJleM [EepeChLIaTh JIUIIb T€ JIAHHBIE, KOTOPbIE TPEOYIOTCS JIJisi BBIYUCEHUS COOTBET-
CTBYIOIIUX YaCTell BEKTOPA, T.€. TOJBKO MEXK/Iy COCEJIHUMHU I10/100/1aCTAMHU.

Nreparuu 110 110100/1aCTSAM TPOIOIKAIOTCS [0 BBIMOJIHEHUS YCA0BU

ny __ n e e e

[ = 1 = Au®[| < e[| fll, e <L mm 0 <y,
€ €

rae € u ng,,, — 3aJaBaeMble KpUTepuu ocraHosa. Eciu pemenne BcriomorarenbHbix CJIAY B

110/106J1aCTAIX OCYIIECTBJISIETCS UTEPAIMOHHBIM METO/0M, TO JIJIsi HErO 33/al0TCd “BHYyTPEHHUE’

KPHTEPHH £°, NY, -



4. IIpumepsbl YUCIIEHHBIX YKCIIEPUMEHTOB

[naBuas 3aja4a JaHHOTO MYHKTA 3AK/II0YAETCH B TOM, YTOOBI IPOAEMOHCTPUPOBATH P dek-
TUBHOCTH UTEPAIMOHHOTO METO/a 110 I10/100/1aCTsAM, KOTOPasi B 3HAYUTE/IHHON CTEleHU 3aBUCUT
0T Kadecrsa JlekoMuosunuu. Pacderst nposoguiuck Ha kiaacrepe IBMuMIT CO PAH [11] s
KojimvuecTBa nomobsiacreit P = 1,2,4,8,16,32, npuyem ciaydaii P = 1 cOOTBETCTBYeT pEIIEHUIO
3aJlaun 06e3 IPUMEHEHUS JIEKOMITO3UIIIHN.

B rtabsuie 1 Mbl mpuBOAMM pe3yJibTaThl IO PENIeHUI0 MOJeabHOM 3amaun Jlupuxie g
1 Py3UOHHO-KOHBEKTUBHOI'O YPABHEHUSI B JIEKAPTOBOI CHCTEME KOODIAUHAT X,Y,Z C MOCTOSIH-
HBIMU KOHBEKTHBHbIMU KOdbdunmentamu p = ¢ = r = 16, cm. [9,10], B kybuueckoit obuacru
Q = [0, 1]®, anmpokcuvumpyeMoii Ha KybmaecKoii ceTke ¢ aucioM y310B N = N3 ¢ HOMOITbIO 3KC-
[MOHEHIINAJIbHOM CEMUTOUEUHO cXeMbl. ['DaHUYHBIE YCIOBUSI COOTBETCTBYIOT TOYHOMY PEIIEHWIO
u(w,y,z) = 1, a HagaTbHOE mpubMIKenne Beiopano u’(z,y,2) = 0.

OrmeruM, 9T0 B IPUBEIEHHBIX PACYETAX UCIIOJIB30BAJICS JIBYXYPOBHEBbIN BAPUAHT JIEKOMIIO-

sunuu (s = 0,1 B nyHkre 2), npuuem BbIOMPAIUCH 3HAYEHMST N,S?Bm =N, N,S%C)Lx = N/P.

Ta6uuua 1. Perenne Mozenbhoit 3aga4u ¢ ucnosbzosannem PARDISO B nogobiacrax, €€ = 1077

N\P| 1 2 4 8 16 32
1 29 32 39 54 78
643 | 322 | 142 | 639 | 2.8 | 342 | 158
164 | 935 | 55.1 | 463 | 232 | 200
1 40 44 53 75 | 108
1283 | 885 | 221 | 86.6 | 30.1 | 204 | 12.6
10340 | 4987 | 1785 | 782 | 1232 | 1615
60 72 | 102 | 142
2563 | — | — | 2222 | 332 | 212 | 138
100009 | 13450 | 18400 | 18210

B kax10it kyierke Tabmibl 1 npeJicTaBIeHbl CBEPXY BHU3: KOJUYECTBO BHEIHUX HTEPAIINil,
ACTPOHOMUYECKOE U LPOLECCOPHOE BpeMsi (tq U tepy, HOCaeAnee — cymmapuoe 1o scem MPI-
IPOIIECCAM U [0 BCEM BBIYHUC/IUTEIBHBIM OTOKaM). B KadecTBe permaress B mo00/1acTIX HCIOJIb-
soBasicst PARDISO u3 6ubsmorexku Intel MKL [3], upu 3azansom uncie norokos Ny, = 12. U13-3a
BBICOKMX TPEDOBAHMIT JJAHHOI'O perrare/is K 00beMy OIepaTUBHON HaMsITH 0Ka3a/I0Ch HEBO3MOXK-
HBIM IIOJIYYUTH Ha UMEIOIIEMCs 000PYI0BaHUU PE3YJIBTATHI, COOTBETCTBYIOIINE HE3AMOTHEHHBIM
KJIeTKaM TaOJ AR

B Tabiuiie 2 npuBomATCs pe3y/bTaThl [jisi PEIeHUs TOW K€ 3a/1a4u, OJJHAKO JIJisd PEIIeHUs
CJIAY B 110700/1aCTIX UCIIOJIB30BAJICS TPEA00YCIOBJIEHHBIN METOT OUCONPSI)KEHHBIX T'PAIUEHTOB
co crabumm3arueii (BiCGStab), npuaem jyist mpeqobyciaBinBaHms UCIOIb30BAIACH MOAU(UKA-
uust Aiizeniirara [4, 8] anropurma nenosiHoit dakropuzanuu, 6e3 MCII0JIB30BaHM KAKOI0-J1100
“pHyTpenHero’ pacnapaJiieanBanng. Kpurepum ocTaHoBa IIoJarajguch ciaemyommmu: & = 0.1,
ni e = 10.

B rabsmre 3 mpecTaBIeHa 3aBHCHMOCTD MKy KPHTEPHIMI OCTAHOBA €%, ni, . dbakTHde-
CKHU OTBeJaronux 3a TouHocTh pernerus CJTAY B mogo0/actsx, ¥ BeJIMIMHAMU, OTPAXKAIOIIAMK
CKOPOCTh CXOJMMOCTY BHEITHEr0 UTEPAIMOHHOIO MPOIECCa, a TaKKe ODIILYI0 BBIYUCIUTEIbHYIO
CJ0XKHOCTh. B KaK/10ii KjieTKe Tab/IuIlbl IEPEYUC/IeHbl: KOJIMYeCTBO BHEIIHUX uTeparuit n®, ob-
mee KoJim4eCTBO BHYTPEHHUX I/ITepaHI/Iﬁ ’I’Li (CyMMapHoe II0 BCEM HO,Z[O6J'IELCTHM 1 110 BCEM BHEIII-
HIM HTEPAIUsM), aCTPOHOMUYIECKOE W IIPOIECCOPHOE BpeMs B CeKyH/Iax. s cpaBHEHHs TaKxKe
[PUBOJATCS BeMduHbl, mnojydaembie npu pemtenun CJIAY B 1101001aCTIX MPSIMBIM METOIOM

PARDISO.



Tabuuma 2. Perrerine Mome/bHOM 33a491 C HCIOJIH30BAHIEM IIPEI00YCIOBICHHOTO HUTEPAITHOH-

noro merona BiCGStab B nogobiracrax, € = 1077, ¢! = 0.1,nt . = 10
N\P| 1 2 4 8 16 32
9 29 34 47 65 98
643 4.05| 6.35 | 3.44 | 1.54 | 1.59 | 2.26
4.05 | 12.7 | 13.2 | 123 | 20.9 | 77.3
18 58 56 67 92 132
1283 64.9 | 115 | 574 | 25.2 | 15.9 | 18.3
64.9 | 230 229 201 215 510
21 64 74 92 143 92
2563 | 606 | 1045 | 647 | 443 | 271 | 231
606 | 2079 | 2588 | 3553 | 3916 | 6627

Ta6auma 3. Biiusinue rounocru perienust CJIAY B 10001aCTsIX Ha CKOPOCTH CXOJUMOCTH W

PECYPCOEMKOCTb

e'=0.1 e =0.01 | &' =0.001
Basmaua \ Kpurepuu W10 | mi =920 | ni =40 PARDISO
67 o7 o4 93
P =38 3297 5280 7040 424
N = 1283 25.2 39.9 52.2 30.1
201 318 415 782
143 111 108 102
P =16 15929 18843 25489 1632
N = 2563 271 319 427 212
3916 5112 6824 18400

Ormerum, 9TO BO BCEX IPUBEJEHHBIX KCIEPUMEHTAX UTOrOBAs MOTPEITHOCTH YUCIEHHOTIO Pe-
ey ObLTa IPEMEPHO OJUHAKOBOI 1 pasHsaaack 1076, uro noctaTouno xopomo coorercTByeT
kpurepuio €€ = 1077,

[Io mpuBegeHHBIM pe3yabTaTaM MOYKHO CIeaTh CAeYIOIINe BHIBOIEI.

o C yBenmueHueMm KoJimdecTBa mporeccopos P, a rmounee rosopsi — MPI-uporeccos, uan
110/100,/1aCTeill, 0 ONpEe/IeIeHHOr0 YKc/ia, HabJ/II0IaeTCsd CyIeCTBEHHOE YCKOPEHUE PeIleHus
CJIAY Kak st HPsAMOr0, TakK ¥ MTEPALMOHHOIO aropuTMoB B 1ouobsacrsax. OuHako, B
CUJIy pOCTa YWC/a BHEIIHUX ureparuii n® c yBejudenueM P, a Tak»Ke BBUIY POCTA KO-
JuecTBa 0OMEHOB 11pu 3TOM, Habmomaercs MunuMmyM tq(P), koropsrit Ha rpyboit cerke ¢
N = 643 macrynaer npu P = 8, a ¢ yeamuenneM N IPOSBIISETCS IIPU OPas3ao 60/IbIIeM
uncie P. YMeHbllleHus: 9ucia n° MOXKHO JOCTHYb 33 CYeT MPUMEHEHUs! JeKOMIIO3UIUU C
repecedenreM I110/100/1acTell U KCIOJIb30BaHUS JAPYTUX IPUEMOB YCKOPDEHUS WTEPAIuil 10
110/100J1aCTSIM, OJJHAKO BOIPOC O BO3MOXKHOCTH MOHOTOHHOIO POCTa, YCKOPEHUsI BBIYUCJICHUTT
c poctoMm P ocTaeTcs OTKPBITHIM.

e Cpasuenue spemen pernerust CJIAY npu ucnonszosanuu Jijis peinerus CJIAY B mo00.1a-
CTAX IPAMOrO UJIU UTEPAIMOHHOTO AJrOPUTMOB IT0OKA3bIBAET, YTO B PA3JIUYHBIX CUTYAIIUAX
BBIUI'PBIBAET TO OJMH, TO APYro#l moaxox. Kak u cjaegoBaio 0Xujarh U3 TEOPETUIECKUX
OIIEHOK BBIYHMC/IUTEHHON CJI0KHOCTH, IIPAMOil aJITOPUTM IIPOUTPHIBAET UTEPAITUOHHOMY, €C-



JIA 9UCJI0 Y3JI0B B [O00/1aCTH J0CTATOUHO Beanko. OJHAKO ¢ PocTOM 3HadeHuit P pecypco-
€MKOCTb IIPAMOI0 MeTo/[a yObIBaeT ObicTpee, YyeM ureparnuoHHoro. CrpaBejinBoCTH PaJin
cJlejlyer 3aMETUTh, YTO BPEMEHA CYETA COOTBETCTBYIOT PEAJM3AIUU [IPAMOTO aJrOPUTMa, C
pacrapaJjiiejiuBanueM 1o 12 moTrokam, a UTEPAIMOHHOr0 — 03 paciapaJuie/ IuBaHus.

Yro kacaercs pemenus CJIAY ¢ npuMeHeHneM UTepaiuoHHOr0 ajrOpUTMa B 110400/1aCTIX,
TO 3/IeCh CYIIECTBEHHbBIE PE3ePBbI YCKOPEHUsT BLIYUC/IEHUN 3aI02KEHBI B OIITUMU3AIIAN KPHU-
TEpHEB OKOHYAHMS] BHYTPEHHUX mTepanuii. Kak BuAHO n3 Tabinmsl 3, yMeHbIIeHHE £ n
yBesmdenne n' . TPUBOAUT K U3/INIIHAM HTEPAIIAM B HOJ00JACTAX U YBETHICHHIO Bpe-
Menu cyera. [IpuBenennbie pe3ysibTarTbl HOCAT MPEIBAPUTE/HHBIN XapaKTEP U OCTABJISIOT
OTKPBITBIM BOIIPOC 00 ONTHMAJILHON CTpaTEernyd BHIOOpA KPUTEPHEB OCTAHOBA BHYTPEHHHIX

urepauuii.

B npuseieHHBIX SKCIEPUMEHTaX XapaKTep 3aBHCHMOCTH BEJHYUHBI tep, OT 3HaueHuii N n
P, xoropas pbakTuuecku oTparkaer o0mmit 06beM aprudpMETHIECKUX ONEePaITril, MPUMEPHO
Takoi ke, 910 u t,. OQHAKO CjIeyeT UMeTh B BHJIY, UYTO STH IIOKA3aTEIN MUMEIOT OTHOCH-
TEJIbHO KOCBEHHBII CMBICJI, TOCKOJIBKY, HApUMED, OHU 3aBucdT or 3arpysku MBC.

B sakirouenue 3aMeTuM, 4TO JaHHAA pa60Ta 3aTparuBacT JIMIb MaJlyIO TOJIMKY BOIIDOCOB,

KACAIOIMUXCS M3yYeHNs W ONTUMUBAINN AJTOPUTMOB pernenns 0obinux pazpexennbix CJIAY ¢
[IOMOIIIBIO JIEKOMITO3UIUHU, YTO MOIHYEPKUBAECT aKTYaJIbHOCTh U HACYITHYIO IOTPEOHOCTD JAaJIbHET-

IEr0 UCCJIEJ0BAHUS ITO 11POOJIEMBI.
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