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1. Ââåäåíèå
Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ)

Au = f, u = {ui}, f = {fi} ∈ RN , A = {ai,j} ∈ RN,N , (1)

äëÿ êîòîðîé åñòü ñõîäÿùèéñÿ ñòàöèîíàðíûé èòåðàöèîííûé ïðîöåññ

uk+1 = Buk + g, uk → u
k→∞

, g = (I −B)A−1f, (2)

ñ ìàòðèöåé ïåðåõîäà B, èìåþùåé ñîáñòâåííûå ÷èñëà λq(B) è ñïåêòðàëü-
íûé ðàäèóñ ρ = max

q
{|λq(B)|} < 1. Òîãäà âåêòîð u åñòü ðåøåíèå ñèñòåìû

Ãu ≡ (I −B)u = g, (3)

ãäå I � åäèíè÷íàÿ, à Ã � ïðåäîáóñëîâëåííàÿ ïî îòíîøåíèþ ê A ìàòðèöà.
Åñëè Ã � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ (ñ.ï.î.) ìàòðèöà, òî
îíà èìååò ñïåêòðàëüíîå ÷èñëî îáóñëîâëåííîñòè

æ = ‖Ã‖2‖Ã−1‖2 = (1 + ρ)/(1− ρ). (4)

è äëÿ ðåøåíèÿ ÑËÀÓ (3) ïðèìåíèì êàêîé-íèáóäü èç èòåðàöèîííûõ ìå-
òîäîâ ñîïðÿæåííûõ íàïðàâëåíèé, ñì.[1]�[4],

r0 = g − Ãu, p0 = r0; n = 0, 1, ... :

un+1 = un + αnp
n, rn+1 = rn − αnÃpn,

pn+1 = rn+1 + βnp
n,

(5)
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îáëàäàþùèé ñâîéñòâîì îïòèìàëüíîñòè â ïîäïðîñòðàíñòâàõ Êðûëîâà
Kn+1(r

0, Ã) = span{p0, Ã, p0p1, ..., Ãn, p0} Â ìåòîäàõ ñîïðÿæåííûõ ãðà-
äèåíòîâ è ñîïðÿæåííûõ íåâÿçîê (ÑÃ è ÑÍ) èòåðàöèîííûå ïàðàìåòðû
α

(s)
n , β

(s)
n â ñîîòíîøåíèÿõ (5) îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

α(s)
n = (Ãsrn, rn)/(Ãpn, Ãspn), β(s)

n = (Ãsrn+1, rn+1)/(Ãsrn, rn). (6)

Çäåñü s = 0, 1 äëÿ ÌÑÃ è ÌÑÍ ñîîòâåòñòâåííî. Ýòè àëãîðèòìû ïî-
ðîæäàþò âåêòîðû íåâÿçîê è íàïðàâëåíèé rn, pn ñî ñâîéñòâàìè îðòîãî-
íàëüíîñòè

(Ãsrn, rk) = (Ãsrn, rn)δn,k, (Ãpn, Ãspk) = (Ãpn, Ãspn)δn,k, (7)

è ìèíèìèçèðóþò â ïîäïðîñòðàíñòâàõ Êðûëîâà ôóíêöèîíàëû Φ
(s)
n (rn) =

(Ãs−1rn, rn), s = 0, 1, äëÿ óìåíüøåíèÿ êîòîðûõ ïî óñëîâèþ: (Φ
(s)
n (rn)/

/Φ
(s)
0 (r0))1/2 ≤ ε2 < 1 � íåîáõîäèìîå ÷èñëî èòåðàöèè îöåíèâàåòñÿ êàê

n(ε) ≤ 1 +
(
ln

1 +
√

1− ε2

ε

)
/lnγ, γ = (

√
æ + 1)/(

√
æ− 1). (8)

Åñëè ìàòðèöà Ã íåñèììåòðè÷íà, íî ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäå-
ëåííîé, ò.å. (Ãu, u) ≥ δ(u, u), δ > 0, u 6= 0, òî äëÿ ðåøåíèÿ ñèñòåìû
(3) ïðåäëàãàåòñÿ ìåòîä ïîëóñîïðÿæåííûõ íåâÿçîê (ÏÑÍ), ÿâëÿþùèéñÿ
óñòîé÷èâîé ìîäèôèêàöèåé îïèñàííîãî â [5] ìåòîäà îáîáùåííûõ ñîïðÿ-
æåííûõ íåâÿçîê. Â ÏÑÍ âåêòîðû un+1, rn+1 âû÷èñëÿþòñÿ ïî ôîðìóëàì
(5), ãäå êîýôôèöèåíòû αn íàõîäÿòñÿ èç (6) ïðè s = 1, à íàïðàâëÿþùèå
âåêòîðû pn+1 îïðåäåëÿþòñÿ èç �äëèííûõ� ðåêóðñèé:

pn+1,0 = rn+1, pn+1,l = pn+1,l−1 + βn,lp
l−1, l = 1, ..., n,

βn,l = −(Ãpl, Ãpn+1,l−1)/(Ãpl, Ãpl), pn+1 = pn+1,n.
(9)

Ôîðìóëû (5), (9) ðåàëèçóþò ïîñòðîåíèå AtA-îðòîãîíàëüíûõ âåêòîðîâ
p0, p1, ..., pn+1 (At îçíà÷àåò òðàíñïîíèðîâàííóþ ìàòðèöó) ñ ïîìîùüþ ìî-
äèôèöèðîâàííîé îðòîãîíàëèçàöèè Ãðàìà�Øìèäòà [6]. Ïðè ýòîì â ïîä-
ïðîñòðàíñòâåKn+1(r

0, Ã) ìèíèìèçèðóåòñÿ ôóíêöèîíàë Φ
(1)
n (rn) = (rn, rn),

à âåêòîðû íåâÿçêè rn îêàçûâàþòñÿ ïðàâûìè ïîëóñîïðÿæåííûìè â ñìûñ-
ëå âûïîëíåíèÿ ðàâåíñòâ (Ãrk, rn) = 0 ïðè k < n.
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2. Ïðîåêöèîííûå ìåòîäû ìóëüòèïëèêàòèâíîãî òèïà
Îáîçíà÷èì ÷åðåç Ω = {i = 1, 2, ..., N} ìíîæåñòâî íîìåðîâ ñòðîê ìàòðèöû
A, à ÷åðåç Ωp, p = 1, 2, ..., l, � åãî íåïåðåñåêàþùèåñÿ ïîäìíîæåñòâà ñ êî-

ëè÷åñòâàìè ñâîèõ ýëåìåíòîâmp òàêèå, ÷òî Ω =
l⋃

p=1
Ωp, m1+...+ml = N .

Ñîîòâåòñòâåííî ââåäåì ïîäâåêòîðû u(p), f(p), p = 1, ..., l, ïîðÿäêîâ mp è
ïðÿìîóãîëüíûå ïîäìàòðèöû A(p) ðàçìåðîâ mp ×N :

u(p) = {ui, i ∈ Ωp}, f(p) = {fi, i ∈ Ωp}, A(p) = {Ai, i ∈ Ωp}, (10)

ãäå Ai�i-ÿ ñòðîêà ìàòðèöû A. Òîãäà ÑËÀÓ (1) çàïèñûâàåòñÿ êàê

A(p)u = f(p), p = 1, 2, ..., l. (11)

Äëÿ åå ðåøåíèÿ ðàññìîòðèì èòåðàöèîííûé ïðîöåññ, â êîòîðîì âû-
÷èñëåíèå êàæäîãî n-ãî ïðèáëèæåíèÿ ñîñòîèò èç l øàãîâ:

un,p = un,p−1 + ωA+
(p)r

n,p−1
(p) , n = 1, 2, ..., p = 1, 2, ..., l, un = un,l.

(12)

Çäåñü u0,0 = {u0
i , i = 1, 2, ..., N} � íà÷àëüíûé âåêòîð, ω � íåêîòîðûé

èòåðàöèîííûé ïàðàìåòð, rn,p−1
(p) = f(p) − A(p)u

n,p−1 � ïîäâåêòîð íåâÿçêè
mp-ãî ïîðÿäêà, à A+

(p) � ïñåâäîîáðàòíàÿ ê A(p) ìàòðèöà, îïðåäåëÿåìàÿ
ôîðìóëîé (åñëè A(p) èìååò ïîëíûé ðàíã m) A+

(p) = At
(p)(A(p)A

t
(p))
−1.

Îòñþäà ñëåäóåò, ÷òî I−A+
(p)A(p) ÿâëÿåòñÿ ñèììåòðè÷íîé ïîëîæèòåëü-

íî ïîëóîïðåäåëåííîé ìàòðèöåé îðòîãîíàëüíîãî ïðîåêòèðîâàíèÿ íà p-å
ïîäïðîñòðàíñòâî, ãåîìåòðè÷åñêè ïðåäñòàâëÿåìîå îáúåäèíåíèåì ïîäïðî-
ñòðàíñòâ, îïðåäåëÿåìûõ ñòðîêàìè Ai, i ∈ Ωp.

Èòåðàöèîííûé ìåòîä (12) ìîæåò áûòü çàïèñàí â ìàòðè÷íîé ôîðìå

un = Bun−1 + g, B = (I − Tl) · · · (I − T1), Tp = ωA+
(p)A(p). (13)

Ïðîåêöèîííûé ìåòîä (12), (13) ïðè ω = 1 è mp = 1 ïðåäñòàâëÿåò ñî-
áîé ïðåäëîæåííûé â [7] �ïîòî÷å÷íûé"àëãîðèòì Êà÷ìàæà. Åãî îáîáùåíèÿ
è èññëåäîâàíèÿ îñóùåñòâëÿëèñü ðàçíûìè àâòîðàìè, ñì. [8], [9].
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Â ðàáîòå [10] äëÿ àáñòðàêòíîãî èòåðàöèîíîãî ìóëüòèïëèêàòèâíîãî
ïðîåêöèîííîãî ìåòîäà âèäà (13) äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü Tp, p = 1, ..., l � ñ.ï.î. ìàòðèöû, è äëÿ ëþáîãî
âåêòîðà v ∈ RN âûïîëíÿþòñÿ íåðàâåíñòâà

(Tpv, v)/(v, v) ≤ α < 2, p = 1, 2, ..., l; ‖v‖ ≤ β
l∑

p=1

(Tpv, v).

Òîãäà äëÿ åâêëèäîâîé íîðìû B èç (13) ñïðàâåäëèâà îöåíêà

‖B‖ ≤ ρ = 1− (2− α)/{β[l + α2l(l − 1)/2]}

.
Åñëè ìàòðèöû T̄p = ω−1Tp äëÿ âñåõ p óäîâëåòâîðÿþò óñëîâèÿì

(T̄pv, v)/(v, v) ≤ ᾱ < 2, ‖v‖ ≤ β̄[(T̄1v, v) + ...+ (T̄lv, v)],

òî ïðè âûáîðå ω = 1/ᾱ
√

(l − 1)l ïîëó÷àåì ρ = 1− (3β̄ᾱl)−1.
Çàìåòèì, ÷òî ìàòðèöà ïåðåõîäà B èòåðàöèîííîãî ïðîöåññà (13), â

ñèëó íåïåðåñòàíîâî÷íîñòè Tp, íå ÿâëÿåòñÿ ñèììåòðè÷íîé.
Ðàññìîòðèì òåïåðü àëüòåðíèðóþùèé áëî÷íûé ìåòîä Êà÷ìàæà, â êî-

òîðîì êàæäàÿ èòåðàöèÿ ñîñòîèò èç äâóõ ïîëóøàãîâ. Ïåðâûé èç íèõ çà-
êëþ÷àåòñÿ â îáû÷íîé ðåàëèçàöèè ôîðìóë (12) èëè (13), à âòîðîé � â
âûïîëíåíèè àíàëîãè÷íûõ âû÷èñëåíèé â îáðàòíîì ïîðÿäêå ïî èíäåêñó p:

un+1/2,p = un,p−1 + ωA+
(p)r

n,p−1
(p) ,

p = 1, 2, ..., l, un+1/2 = un+1/2,l = un+1/2,l+1,

un+1,p = un+1/2,p+1 + ωA+
(p)r

n+1/2,p+1
(p) ,

p = l, ..., 2, 1, un+1 = un+1,1.

(14)

Ìàòðèöà ïåðåõîäà â èòåðàöèÿõ (14) åñòü ïðîèçâåäåíèå ìàòðèö B = B2B1,
ãäå B1 � ýòî B èç ôîðìóëû (13), à B2 èìååò âèä

un+1 = B2B1u
n + g, B2 = (I − T1)(I − T2) · · · (I − Tl) = Bt

1. (15)
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Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 äëÿ êàæäîé èç ìàòðèö B1, B2

ñïðàâåäëèâà îöåíêà ||Bk|| ≤ ρ, â ñèëó ÷åãî äëÿ ìàòðèöû ïåðåõîäà àëü-
òåðíèðóþùåãî ìåòîäà (14) èìååì ||B|| ≤ ||B1|| · ||B2|| ≤ ρ2 < 1.

Ïîñêîëüêó ìåòîä (14) ïðåäñòàâèì â ôîðìå (2) ñ ñ.ï.î. ìàòðèöåé B,
òî ìû ìîæåì óñêîðèòü ñõîäèìîñòü èòåðàöèé ñ ïîìîùüþ àëãîðèòìîâ ñî-
ïðÿæåííûõ íàïðàâëåíèé, ôîðìàëüíî ïðèìåíåííûõ ê ïðåäîáóñëîâëåííîé
ÑËÀÓ (3), ÷òî ïîçâîëÿåò óñòàíîâèòü ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Àëüòåðíèðóþùèå ìóëüòèïëèêàòèâíûå ïðîåêöèîííûå
ìåòîäû ñîïðÿæåííûõ íàïðàâëåíèé (ÀÌÏÌÑÍ), îïðåäåëÿåìûå ñîîòíî-
øåíèÿìè (3), (5) è (6) ïðè s = 0, 1, à òàêæå (14), (15), ñõîäÿòñÿ â
óñëîâèÿõ òåîðåìû 1, ïðè÷åì äëÿ ÷èñëà n(ε) ñïðàâåäëèâà îöåíêà (8), ãäå
æ = (1 + ρ2)/(1− ρ2), à âåëè÷èíà ρ îïðåäåëåíà â òåîðåìå 1.

Ðàññìîòðèì òåïåðü ïîñëåäîâàòåëüíî-ïðîåêòèðóþùèé ìåòîä ïîëóñî-
ïðÿæåííûõ íåâÿçîê (ÏÏÌÏÑÍ), ÿâëÿþùèéñÿ àëüòåðíàòèâîé ðàññìîò-
ðåííîìó âûøå ÀÌÏÌÑÍ è îñíîâàí íà óñêîðåíèè àëãîðèòìà (13), â êî-
òîðîì ìàòðèöà ïåðåõîäà B íåñèììåòðè÷íà, ñ ïîìîùüþ èòåðàöèé â ïîä-
ïðîñòðàíñòâàõ Êðûëîâà ïî ôîðìóëàì (5), (9), ãäå ïðåäîáóñëîâëåííàÿ
ìàòðèöà îïðåäåëÿåòñÿ èç (3), (13). ÏÏÌÏÑÍ îáëàäàåò òîé îñîáåííîñòüþ,
÷òî äëÿ íàõîæäåíèÿ un+1 íåîáõîäèìî õðàíèòü âñå ïðåäûäóùèå âåêòîðû
p0, ..., pn, êàê è â GMRES, ñì. [4]. Ýòè äâà ìåòîäà îáëàäàþò îäèíàêîâû-
ìè ñâîéñòâàìè ñõîäèìîñòè, ïîñêîëüêó îíè îáåñïå÷èâàþò ìèíèìàëüíîñòü
ôóíêöèîíàëà Φ

(1)
n (rn) â ïîäïðîñòðàíñòâå Kn+1(r

0, Ã). Äëÿ äàííîãî ìóëü-
òèïëèêàòèâíîãî ìåòîäà ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3. Ïóñòü ìóëüòèïëèêàòèâíûé àëãîðèòì ÏÏÌÏÑÍ, îïðå-
äåëÿåìûé ôîðìóëàìè (3), (5), (6), ïðè s = 1, à òàêæå (9), (11)�(13),
èìååò äèàãîíàëèçèðóåìóþ ìàòðèöó Ã = XΛX−1,Λ = diag(λ1, ..., λN),
ãäå Λi � ñîáñòâåííûå ÷èñëà ìàòðèöû Ã, à X � êâàäðàòíàÿ ìàòðèöà,
ñòîëáöû êîòîðîé ÿâëÿþòñÿ ñîîòâåòñòâóþùèìè ñîáñòâåííûìè âåê-
òîðàìè. Òîãäà â óñëîâèÿõ òåîðåìû 1 ýòîò ìåòîä ñõîäèòñÿ, ïðè÷åì
äëÿ n(ε) ñïðàâåäëèâà îöåíêà
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n(ε) ≤ 1 +
(
ln

1 +
√

1− ε2
1

ε1

)
/lnγ, ε1 = ε/(‖X‖2 · ‖X−1‖2).

Çäåñü γ1 = a +
√
a2 − d2, γ2 = c +

√
c2 − d2, à c, d, a � êîîðäèíàòà

öåíòðà, ôîêóñíîå ðàññòîÿíèå (d2 < c2) è äëèíà ãëàâíîé ïîëóîñè ýëëèïñà,
ñîäåðæàùåãî âñå λi â êîìïëåêñíîé ïëîñêîñòè.

Îòìåòèì, ÷òî äëÿ ìåòîäà ÏÏÌÏÑÍ, êàê è äëÿ GMRES, âîçìîæíî
ïîñòðîåíèå ìîäèôèêàöèé ñ îãðàíè÷åíèåì êîëè÷åñòâà õðàíèìûõ íàïðàâ-
ëÿþùèõ âåêòîðîâ. Ýòî ïîçâîëÿåò ýêîíîìèòü âû÷èñëèòåëüíûå ðåñóðñû
äëÿ ðåàëèçàöèè êàæäîé èòåðàöèè, íî ïðèâîäèò ê óâåëè÷åíèþ n(ε).

3. Àääèòèâíûå ïðîåêöèîííûå ìåòîäû
Â ðàáîòàõ [11]�[13] (ñì. òàêæå ïðèâåäåííóþ òàì ëèòåðàòóðó) ðàññìàòðè-
âàþòñÿ âàðèàíòû èòåðàöèîííîãî ìåòîäà ×èììèíî, â êîòîðîì, êàê è â
àëãîðèòìå Êà÷ìàæà, îäèí ýëåìåíòàðíûé øàã çàêëþ÷àåòñÿ â ïðîåöèðî-
âàíèè òî÷êè N -ìåðíîãî ïðîñòðàíñòâà íà ãèïåðïëîñêîñòü, îïèñûâàåìóþ
i-ì óðàâíåíèåì èñõîäíîé ÑËÀÓ. Îäíàêî, åñëè â ïåðâîì ñëó÷àå ýòè îïå-
ðàöèè âûïîëíÿþòñÿ ïîñëåäîâàòåëüíî, ÷òî ýêâèâàëåíòíî ïîñëåäîâàòåëü-
íîìó óìíîæåíèþ ñîîòâåòñòâóþùèõ ïðîåêòîðîâ, òî âî âòîðîì � îäíîâðå-
ìåííî: äëÿ çàäàííîãî ïðèáëèæåíèÿ un íàõîäÿòñÿ âñå ïðîåêöèè un,i íà
ãèïåðïëîñêîñòè Ai, à íîâîå çíà÷åíèå un+1 îïðåäåëÿåòñÿ êàê èõ ëèíåé-
íàÿ êîìáèíàöèÿ. Òàêîé àääèòèâíûé ïðîåêöèîííûé àëãîðèòì â áëî÷íîì
âàðèàíòå äëÿ ðåøåíèÿ ÑËÀÓ (11) çàïèñûâàåòñÿ êàê

un,p = un−1 + A+
(p)r

n−1
(p) , p = 1, 2, ..., l, un = (un,1 + un,2 + ...+ un,l)/l,

(16)

÷òî ýêâèàëåíòíî ñëåäóþùåé ìàòðè÷íîé ôîðìå:

un = Bun−1 + g, B = I − l−1
l∑

p=1

A+
(p)A(p) =

= I − l−1
l∑

p=1

Tp, g = l−1
l∑

p=1

A+
(p)f(p).

(17)
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Î÷åâèäíî, ÷òî ïðåäåëüíûé âåêòîð ýòîãî èòåðàöèîííîãî ïðîöåññà u =

lim
n→0

un óäîâëåòâîðÿåò ïðåäîáóñëîâëåííîé ñèñòåìå óðàâíåíèé

Ãu = f̃ , Ã =
l∑

p=1

Tp, f̃ =
l∑

p=1

A+
(p)f(p), (18)

Ñïåêòð ñ ñ.ï.î. ìàòðèöû Ã îöåíèâàåòñÿ ñëåäóþùèì îáðàçîì, ñì. [10].
Òåîðåìà 4. Ïóñòü 0 < α < 2 è 0 < ρ < 1 � îïðåäåëÿåìûå â

òåîðåìå 1 âåëè÷èíû. Òîãäà äëÿ ñîáñòâåííûõ ÷èñåë λ(Ã) ìàòðèöû Ã èç
(18) ñïðàâåäëèâû îöåíêè (2−α)(1−ρ)/4 ≤ λ(Ã ≤ αl). Îòñþäà ïîëó÷àåì
ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 5. Äëÿ ìåòîäîâ ñîïðÿæåííûõ íàïðàâëåíèé (5)�(6), ïðè-
ìåíåííûõ ê ÑËÀÓ (18), àääèòèâíîãî ïðîåêöèîííîãî àëãîðèòìà, ñïðà-
âåäëèâà îöåíêà (8) êîëè÷åñòâà èòåðàöèé n(ε), â êîòîðîé ÷èñëî îáóñëîâ-
ëåííîñòè æ(Ã) óäîâëåòâîðÿåò íåðàâåíñòâó æ ≤ 4αl(2− α)−1(1− ρ)−1.
Î÷åâèäíî, ÷òî â ðåàëèçàöèè äàííîãî àëãîðèòìà óìíîæåíèå íà ìàòðèöó
Ã ñîîòâåòñòâóåò îäíîé èòåðàöèè áëî÷íîãî ìåòîäà ×èììèíî (17).

Çàìå÷àíèå 1. Êàê ñëåäóåò èç òåîðåì 2 è 5, àääèòèâíûé ïðîåêöèîí-
íûé ìåòîä ñõîäèòñÿ ìåäëåííåå ìóëüòèïëèêàòèâíîãî. Íî àääèòèâíûå àë-
ãîðèòìû èìåþò ïðåèìóùåñòâà ïðè ðàñïàðàëëåëèâàíèè, ïîñêîëüêó ïðî-
åêöèè un,p ìîãóò áûòü âûïîëíåíû îäíîâðåìåííî íà ðàçíûõ ïðîöåññîðàõ.

Çàìå÷àíèå 2. Èñïîëüçóåìûå íàìè òåîðåìû 1 è 4 â ðàáîòå [10] èñ-
ïîëüçîâàëèñü äëÿ îáîñíîâàíèÿ ìóëüòèïëèêàòèâíîãî è àääèòèâíîãî ìåòî-
äîâ äåêîìïîçèöèè îáëàñòåé. Î÷åâèäíî, ÷òî òåîðåìû 2, 3 è 5 î ïðèìåíåíèè
ìåòîäîâ ñîïðÿæåííûõ è ïîëóñîïðÿæåííûõ íàïðàâëåíèé ñî çíà÷èòåëü-
íûì óñêîðåíèåì èòåðàöèé ñïðàâåäëèâû òàêæå äëÿ ýòèõ ïðèëîæåíèé.

Ïåðñïåêòèâíûì íàïðàâëåíèåì óñêîðåíèÿ ñêîðîñòè èòåðàöèé, íàïðè-
ìåð, â ìåòîäå äåêîìïîçèè îáëàñòåé, ñì. [2], ÿâëÿåòñÿ èñïîëüçîâàíèå àë-
ãîðèòìîâ â ïîäïðîñòðàíñòâàõ Êðûëîâà ñ äèíàìè÷åñêèì ïðåäîáóñëàâëè-
âàíèåì. Îáîáùåíèåì ðàññìîòðåííûõ âûøå ìåòîäîâ ÿâëÿåòñÿ íåñòàöèî-
íàðíûé èòåðàöèîííûé ïðîöåññ

un+1 = Bnu
n + gn = un + C−1

n (f − Aun), Bn = I − C−1
n A, (19)



8

ãäå Cn � ëåãêî îáðàùàåìûå ïðåäîáóñëàâëèâàþùèå ìàòðèöû. Óñêîðåíèå
ñîîòâåòñòâóþùèõ èòåðàöèé â ïîäïðîñòðàíñòâàõ Kn+1(r

0, C−1
n A) =

= span{C−1
0 r0, AC−1

1 r0, ..., AnC−1
n r0} îáåñïå÷èâàåòñÿ ñëåäóþùèì äèíàìè-

÷åñêè ïðåäîáóñëîâëåííûì ìåòîäîì ïîëóñîïðÿæåííûõ íàïðàâëåíèé (ÄÏÌÏ-
ÑÍ):

r0 = f − Au0, p0 = C−1
0 r0, n = 0, 1, .. :

un+1 = un + αnp
n, rn+1 = rn − αnApn,

pn+1 = C−1
n+1r

n+1 +
n−1∑
k=0

βn,kp
n = pn+1,l +

n−1∑
k=0

βn,kp
n,

αn = (Arn, rn)/(Apn, Apn), βn,k = −(Apk, Apn,k)/(Apk, Apk).

(20)

Àëãîðèòì ÄÏÌÏÑÍ îáåñïå÷èâàåò ìèíèìèçàöèþ íîðìû íåâÿçêè ||rn+1||
â ïîäïðîñòðàíñòâå Kn+1(r

0, C−1
n A) è âûïîëíåíèå ðàâåíñòâ

||rn+1||2 = (r0, r0)− (AC−1
0 r0, r0)2

(Ap0, Ap0)
− . . .− (AC−1

n rn, rn)2

(Apn, Apn)
.

Òàêèì îáðàçîì, ïðè ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèö C−1
n A ìå-

òîä ÄÏÌÏÑÍ ñõîäèòñÿ, îäíàêî âîïðîñ îá îöåíêàõ ÷èñëà èòåðàöèé n(ε)

è èõ îïòèìèçàöèè òðåáóåò äîïîëíèòåëüíûõ èññëåäîâàíèé. Îòìåòèì, ÷òî
ìàòðèöû Bn â (19) ìîãóò áûòü îïðåäåëåíû, íàïðèìåð, êàê ïðîèçâåäåíèÿ
ïðîèçâîëüíûõ ìíîæèòåëåé (I−Tk) èç (13), òîëüêî ðàçíûå Bn â ñîâîêóï-
íîñòè äîëæíû âêëþ÷àòü âñå ñòðîêè Ai èñõîäíîé ìàòðèöû A.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâ ÐÔÔÈ N 05-01-10487, à
òàêæå ãðàíòà ÎÌÍ ÐÀÍ N 1.3.5.
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