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Abstract. Supernovae are the major sources of elements in the peri-
odic table, planets, and life. Type Ia supernovae (SNela) are not only
sources of elements, but also “standard candles” to measure distances in
the Universe. We propose a mechanism of carbon burning that causes
non-standard Type Ia supernova explosions. The mechanism is based on
intensity variations in the incomplete nuclear burning of carbon. In this
case, the explosion energy can vary significantly due to the presence of
different regimes of carbon burning during the development of turbulence
in the burning zone. The energy released during burning, sufficient for
the explosion of a white dwarf (as a type Ia supernova), can be achieved
with a smaller Chandrasekhar mass. In addition, the explosion energy of
a white dwarf with a Chandrasekhar mass can differ considerably. Such a
conclusion can be made from modern observations of incomplete burning
and chemistry of burning, which determine the explosion energy. In the
present paper, a software tool is proposed to demonstrate a significant
difference in the values of the explosion energy obtained with different
parameterizations of subgrid carbon burning. For computational experi-
ments, we use a code developed by the authors, which is extended using
an adaptive nested grid approach to achieve a more accurate reproduc-
tion of turbulent burning.

Keywords: Computational Astrophysics - Numerical Methods -
High-Performance Computing

1 Introduction

Supernovas are the major sources of “life” elements—from carbon to iron. Type
Ia supernovas are very bright and, therefore, are used as “standard candles”
to determine distances to galaxies and the expansion rate of the Universe. The
mathematical simulation of supernova explosions is the major tool for studying
their dynamics and formation. The formation of complex flows in supernova
explosions imposes rigid requirements on the spatial resolution of the simulation.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2022
L. Sokolinsky and M. Zymbler (Eds.): PCT 2022, CCIS 1618, pp. 210-232, 2022.
https://doi.org/10.1007/978-3-031-11623-0_15



Sub-grid Physics in SNela 211

The major scenario [17] of supernova explosion is based on the merging of two
degenerate white dwarfs with the subsequent collapse of a new star when it
reaches the Chandrasekhar mass, ignition of the carbon burning process, and
type Ia supernova explosion.

The realistic computer simulation of SNela remains an unsolved problem.
However, there exist some approaches to solving this problem. These are the
collision of white dwarfs [28,37,38], violent merger [34,40], spiral instability
[18,19], and tidal heating [8], D6 [13,34,41]. In the present paper, no review
of possible scenarios is made: it is also too early to compare our preliminary
results with those of other authors; it is planned to do this in the forthcoming
paper. Here the process of the noncentral ignition of a white dwarf in a merging
close pair, first studied in [16], is considered. This model will be extended with
modern computational tools enabling a more detailed description of the process
of nuclear carbon burning. The model demonstrates that tidal heating shifts
the maximum temperature point in a degenerate dwarf from the center to the
mantle.

Noncentral explosions should be studied for the following reason: the observed
“dipole” character of SNela explosions is typically explained by the presence
of a close satellite of a degenerate dwarf [5], although it may be a result of a
noncentral explosion. Both scenarios are considered in the present paper. Double
detonation, which can cause a noncentral explosion, is due to other chemistry
and other masses of the explosion point [12]. Tidal heating is also studied in [8].
It should be noted that the noncentral location of the explosion point can be
caused by other reasons: helium layer detonation, magnetic field, jet formation,
etc. Therefore, a comprehensive study of possible noncentral explosions is of
great interest.

The goal of this paper is to determine the role of the ignition point in nuclear
fuel burning and in the dynamics of the remnants of a degenerate dwarf explo-
sion. For this, the nuclear burning of carbon in the development of supersonic
turbulence will be simulated directly, not as a subgrid process. The computa-
tional model is implemented by using distributed computing: the hydrodynamic
evolution of white dwarfs is simulated on nested meshes (basic calculation). As
the temperature and density reach some critical values, a new task is started on
a distributed memory architecture to simulate the development of hydrodynamic
turbulence leading to supersonic nuclear carbon burning (satellite calculation).

The present paper is devoted to the study of the pattern of 3D gas dynamical
explosions of carbon dwarfs. The main parameter of the problem is the intensity
of the nuclear burning of carbon in the explosion zone. In this case, the explosion
energy can vary considerably due to the variable carbon burning regime during
the development of turbulence in the burning region. The goal of this study is
to assess the impact of some so far undetermined parameters and factors on the
observed manifestations of explosions and on the limits to what extent SNela
can be considered “standard”.
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In the second section, a numerical model of white dwarfs is formulated. The
third section describes the parallel and distributed organization of calculations
for a detailed description of turbulent carbon burning and explosion hydrody-
namics. The fourth section is devoted to the results of computational exper-
iments. In the fifth section, we will discuss some important issues. The sixth
section provides conclusions to the paper.

2 Numerical Model

2.1 Hydrodynamic Equations

Consider an overdetermined conservative form of the equations of gravitational
gas dynamics: the law of conservation of mass

dp
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the law of conservation of momentum
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the law of conservation of total mechanical energy
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and the equation for entropy S
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supplemented by the Poisson equation for the gravitational potential
AP = 47 Gp, (5)

where p is the density, u is the velocity, p is the pressure, @ is the gravitational
potential, E is the internal energy of the gas, G is the gravitational constant,
and @ is the energy source due to nuclear reactions.

2.2 Stellar Equation of State

The stellar equation of state consists of the pressure of a nondegenerate hot
gas, the pressure due to radiation, and a degenerate gas [42]. In the case of
a degenerate gas, relativistic and nonrelativistic regimes are considered. In the
equation of state p = (p,T), p will be sought for as the sum of four components:

P = Prad + Pion + DPdeg,nrel + Ddeg,rels (6)
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where T is the temperature, p,.q is the radiation pressure, p;,, is the pressure
of a nondegenerate hot gas (ions), Pgeg,nret is the pressure of a degenerate non-
relativistic gas, and pgeg,rer is the pressure of a degenerate relativistic gas. Let
us present formulas for each pressure type:

40T?
3¢’

(7)

Prad =

where c is the speed of light, and ¢ is the Stefan-Boltzmann constant. Let us
write the pressure of a cold gas in terms of an entropy function:
ko s
Dion = qu = Sp°?, (8)

where k is the Boltzmann constant, and p is the chemical potential,

5/3
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where Kgegnret = 1013 Erg/g, ue is the number of nucleons per electron, and
po = 10° g/em?,
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where Kgeg,rel = 101° Erg/g. In this case, the internal energy is written as

E= Erad + Eion + Edeg,nrel + Edeg,rel (11)

3 3
= 3prad + ipion + §pdeg,nrel + 3pdeg,rel-

The formulation of pressure and internal energy in terms of the entropy function
makes it possible to calculate temperature variations without solving a nonlinear
equation.

2.3 Initial Profile

To specify the equilibrium initial data, we fix the initial temperature T and
the characteristic density. The latter is important for determining the adiabatic
index of a degenerate gas. Assume that the adiabatic index ~ is determined as
a constant K at the exponential function for the pressure of a degenerate gas
(9) or (10). Let us present the balance of pressure and gravity forces in Eq.
(2) and Poisson Eq. (5) in spherical one-dimensional coordinates using ordinary
differential equations:

dp  dd d 2 dP\ 9
dr_de dr (T dr) = 4rGrp,
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where 7 is the spherical radius. With the fixed parameters, we obtain an equation
of the Emden type:

2 4
_i Li —UT4 4 ETp—l— KpY — 47TG7”2p.
dr \ pdr |3c 7

It is evident that the radiation term %T‘l does not depend on the radius 7.

Therefore, the equation for the equilibrium density profile can be written as
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Equation (12) can be solved numerically [43]. To speed up the iterative process,
one can linearize the equation and use the solution to the linearized problem as
an initial temperature approximation.

2.4 Carbon Burning

When burning carbon in white dwarfs, the main way to obtain heavy elements
(such as nickel and iron) is to pass the a-network [39]. Since we are primarily
interested in the explosion energy, we will consider a chain of reactions of the
form 14 x12 C' — 3% Ni. Let X be the abundance of carbon. Carbon burning
may be written as [11]

dX. 7

o :—3—6><pr,4></\fo, (13)

where p is the density, N4 is the Avogadro number, and ) is the reaction rate,
which can be written as

1.26 X 10°7 x T, x Ty x eap (~84.165 x 75,7
A =

T~ (14)
Na % (eap (~0.01 x Td,) + eap (1685 x Ty, ) )

where Ty is a temperature of 10° K, Ty, = Ty/ (14 0.067 x Ty). The energy
release is determined as follows:

dX. Txe
dt 36

Q=-pxex xpx NaxAx X2 (15)

where ¢ = 7 x 107 Erg/g [20].
The burning rate in the above equation cannot be found with the IEEE 754
standard. Therefore, we use the following method:

_1 _1
107 x eap (~84.165 x Ty, ) = eap (27 x In10 — 84165 x Ty, ' ).

This expression can be represented in the IEEE 754 floating point standard and
used in calculations.
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3 Parallel & Distributed Code

To simulate the evolution of white dwarfs, supernova explosions, and turbulent
carbon burning, we will use a modification of our code published in [22,23,25].
Figure 1 shows a schematic diagram of the calculations. Nested grids are used
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| Hydrodynamics Ij
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| Carbon burning %

| Computing T Ij

| Turbulence Ij

Fig. 1. Schematic diagram of Parallel & Distributed computing on nested grids (blue
color) and regular grids (red color). (Color figure online)

to simulate the basic process of the evolution of white dwarfs. In the subgrid
carbon burning process, the evolution of a cell where carbon burning takes place
is simulated on regular grids. Note that the simulations on the nested and regular
grids are performed with all MPI processes being used. The calculation algorithm
is as follows:

1. Construct a workable nested grid configuration to simulate the hydrodynam-

ics of a single dwarf or a system of white dwarfs. For this, a simulation cor-
responding to the simple analytics described in Sect.2.4 can be performed
on regular grids using subgrid carbon burning. This configuration is used to
minimize the reconstruction of nested grids. The nested grid configuration
turns out to be appropriate, and the Increase/Decrease operations with the
nested grids do not require additional balancing of data loading.

. Balance the loading of calculations on the nested grids between the MPI
processes (see Sect. 3.2 for a detailed description of the balancing).

. Determine a single time step Ty p in solving the hydrodynamic equations to
describe the evolution of white dwarfs on nested grids. For this, the maximum
velocity vme: and the sound speed ¢4, are determined for all cells of the
nested grids. For definiteness, let hy,;, be the minimum cell size of the nested
grids, and let CFL be the Courant number. In this case, the time step is
calculated from the condition

(Umaz + Cmaz)

hmin

WD _ CFL. (16)
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This method of determining the time step provides the uniqueness of the
numerical solution on nested grids, since in this case the characteristics
obtained from the Riemann problems on the nested grid cells do not intersect.
Note that this calculation method allows using nested grids with any ratio of
the neighboring cells (not only 1:2, as described in [4]).

4. Calculate the hydrodynamics of the evolution of white dwarfs in time 7w p
on nested grids (see Sect. 3.2 for a detailed description of the calculation).

5. Define nested grid cells (4, j, k, 1, m,n), where (i, j, k) is the number of a root
grid cell, and (I, m,n) is the number of the nested grid cell (¢, j, k); in these
cells there is a carbon burning trigger T = 10° K, and a density p = 10" g

cm 3. Form a list of cells R,, n = 1,..., K, where K is the number of cells
with the real trigger of carbon burning.
6. For all cells R,, n =1,..., K, to implement subgrid turbulent carbon burn-

ing, perform an individual simulation of hydrodynamic turbulence. The size
of the simulated domain is equal to that of the cell h,,, 7w p is the turbulence
simulation time, pg = p,, is the initial density, Ty = T, is the temperature, and
o2 is the velocity dispersion, which is determined from the neighboring cells
(see Sect. 3.1 for a detailed deception of turbulent carbon burning). All prob-
lems of turbulent burning are simulated sequentially on a regular grid using
all MPI processes. The percentage of burned carbon and the released energy
are returned to the corresponding cell of the nested grids (4, j, k, 1, m,n). The
calculation of the hydrodynamic equations on regular grids is described in
detail in [25].

Such an organization of calculations naturally requires great computational
costs, since a single problem of hydrodynamic turbulence is calculated in a large
number of cells. Note that the calculation time needed for turbulence problems is
two orders of magnitude greater than that for the hydrodynamics of the evolution
of white dwarfs. Therefore, the speedup and scalability of Parallel & Distributed
computing are determined by the source code and coincide with those obtained
in [25]. Section 3.3 presents the estimates of the efficiency of a code modification
for the calculation on nested grids.

3.1 Turbulence Model of Carbon Burning

When the temperature in the cell reaches a critical value, T = 10° K, and the
density p = 107 g cm™3, distributed calculations of the hydrodynamic turbu-
lence of carbon burning are launched on a regular mesh, and the results are
returned to the main calculation of hydrodynamics. Carbon burning during the
development of turbulence [7] and in the process of a collapse [27] are considered
by many authors. We propose a method when turbulent carbon burning takes
place “on the fly” when calculating the basic hydrodynamics of the process. In
[26], we study in detail the development of hydrodynamic turbulence with and
without self-gravity forces. In the present paper, gravitation is neglected, since
the characteristic time of the process is much less than the free fall time. How-
ever, if necessary, we can take into account the collapse process (as in [27]) or
self-gravity forces in the development of hydrodynamic turbulence [26].
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The critical density p = 107 g cm™ of the transition from deflagration to
detonation is taken as a characteristic density value, and the temperature T" =
10° K. The initial velocity perturbation at a known turbulence energy, o2, is
taken from [1]. Let us describe this procedure in detail. Consider the energy
spectrum E(k) = A x k=°/3 with the known turbulence energy, o2. Then the
coefficient A can be found from the equation

/ " B hydk = o2, (17)
k

min

where k,in and ke, are the minimum and maximum wave numbers, respec-
tively. The turbulent pulsation field u(z), where z is a space point, is given by

the equation
N

5N (@), (18)

V2N “

where N is the number of harmonics. Each of the harmonics is given by the
equation

u(z) =

u,(z) = Q (w™) [¢"sin (k, (W™, x)) + n"cos (k, (W™, x))], (19)

where w™ = (w7, wh, wy§) is the unit vector uniformly distributed over the sphere
to provide V-u =0, Q (w") is a random matrix with elements Qi = 0ij —w;' X
wj, d;; is the Kronecker symbol, the coeflicients " and 7™ have the standard
Gaussian distribution N(0,1). The wave numbers k,, are distributed with the
density p(k) = E(k)/o?.

The model of subgrid carbon burning based on turbulent burning being used
exactly corresponds to the model described in [10]. The main difference is as
follows: the process of subgrid turbulence starts when the critical temperature of
carbon burning is reached. This is primarily due to computational aspects. In the
present paper, the critical temperature is used to start the burning process, and
the “turbulization” of the medium increases the efficiency of burning. In [10], a
temperature starting from 7' = 10® K is considered, and the use of such an initial
temperature is mainly motivated by the reproduction of the initial burning front.
In our study, we use the energy component where the kinetic energy of turbulence
transforms to the internal energy and becomes an additional trigger for carbon
burning intensification and, hence, for obtaining more explosion energy with
less fuel consumption. In this way we demonstrate a possible SNela explosion
scenario at masses smaller than the Chandrasekhar mass.

3.2 Nested Grid

To discretize with nested grids, we introduce, in a three-dimensional solution
domain, a uniform cubic root grid with the coordinates of the centers of cells
;i =ixh—h/2,i=1,. Inew, Yo = kxh—=h/2,k=1,.., Koz, 21 = IXh—h/2,
l=1,.., Lyaz, where h is the root grid spacing, Inaz, Kmazs Lmaz 1S the number
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of cells in the x, y, z directions, respectively. In this implementation, for the
convenience of organizing calculations and without loss of generality of the code,
we use Imar = Kmaz = Limaz = N. In a cell (4, k, 1), we introduce a nested cubic
grid with the coordinates of the centers of cells #; nested = @ X Pnested — Pnested/2,
i =1,.,M, Yk, nested = k X hpested — hnested/za k=1,.,M, Zl,nested = I x
Nnested — Pnested/2, L = 1, .., M, where hpesteq is the nested grid spacing, and M
is the number of nested grid cells in the x, y, z directions. The hydrodynamic
equations will be calculated for quantities in the cells of the root and nested
grids. A detailed arrangement of the hydrodynamic quantities in the calculations
is shown in Fig. 2. Solving the equations of hydrodynamics (finding solutions to
the Riemann problems) consists of the following two steps:

Fig. 2. Arrangement of hydrodynamic quantities on the root and nested grids: the
hydrodynamic parameters on the root grid (blue asterisks), the hydrodynamic param-
eters on the nested grid (red circles), nested grid nodes (yellow rhombuses), the Rie-
mann problem solution at the interfaces between the internal cells of the nested grid,
the intraboundary cells of the nested grid, and the cells of the neighboring root cell
(green rectangles). (Color figure online)

1. solving the Riemann problems at all nested grid boundaries,
2. solving the Riemann problems at all internal nested grid interfaces.

Whereas the second step of finding solutions to the Riemann problems is trivial,
the first step requires a specific method of calculations depending on the cell
sizes of two neighboring nested grids. Only three types of arrangement of the
cells of neighboring grids are possible (see Fig. 3). If the cell sizes are equal (Fig. 3
(middle)), the solution of the Riemann problem is similar to that of the Riemann
problems at the internal interfaces of the nested grid, and is trivial. If the cell of
the neighboring nested grid is larger than the one being considered (Fig. 3 (left)),
it is assumed that the quantities in the blue cell have a uniform distribution,
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Fig. 3. Three types of arrangement of the cells of neighboring nested grids: a cell for
which the Riemann problem is solved (pink color), and a cell of the neighboring nested
grid (blue color) (Color figure online)

and the Riemann problem is solved at the interface between the decreased blue
cell and the pink cell. If the pink cell borders on several cells of the neighboring
nested grid (Fig. 3 (right)), a uniform distribution of the hydrodynamic quanti-
ties in the pink cell is assumed, the Riemann problems are solved at all interfaces,
and then the fluxes are averaged. The grid is restructured according to the root
cell mass. The size of the nested grid is calculated from the condition

M = 261 llog(P)]+Ca (20)

where C; o are the scaling constants chosen according to the requirements of the
characteristic density and the minimum resolution of the problem. We use C; = 1
and Co = 5 as characteristic parameters in this work, i.e., at the characteristic
carbon combustion density p = 107 g cm™3, a grid with an effective resolution
of 4096° is used. At each time step, it is checked whether the grid needs to
be restructured. Therefore, the grid is changed not more than by a factor of
two. The grid restructuring scheme is shown in Fig.4. Figure4 illustrates the
projections of the conservative quantities (density, angular momentum, entropy
density, and total energy). Once the grid is restructured, the nonconservative

s
.-

Fig. 4. Refinement (top) and coarsening (bottom) of the nested grid
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quantities (primitive in the case of relativistic hydrodynamics) are calculated
from the conservative variables. A detailed description of the calculation for the
hydrodynamic equations in nested grids can be found in [24]. To balance the
load between the processes, we use the following algorithm performed by all
MPI processes (P processes in total) located on individual nodes:

1. Calculate the number of nested grid cells in each slice (YZ plane) of the root
grid W;, where ¢ = 1,..., N and N is the number of root grid cells in the
X-direction.

2. Determine the average number of cells in the slice for the entire root grid
M = > W;/P, and distribute this value as evenly as possible between the
processes.

3. Set k =1, where k is the number of the process for which the slice thickness
is formed.

4. Set i = 1, where 1 <4 < N is the number of the slice.

5. Set Ny = 0, where Ny, is the slice thickness of the kth process.

6. If N, + W,; > M, Ny is the final slice thickness for the processor k. Increase
k by unity and go to step 5. Otherwise, go to step 7.

7. Increase the slice thickness N by W;, increase the number of the slice i by
unity and go to step 6.

As a result, the slice thicknesses between the processes differ by no more than
unity. To perform the boundary layer exchange between the overlapping nested
grids, a plan of overlapping YZ planes for nested grids is formed.

3.3 Performance

To perform calculations and computational experiments, we use a hybrid super-
computer, NKS-1P of the Siberian Supercomputer Center at ICM & MG SB
RAS (16 nodes, RSC Tornado Phi architecture: Intel Xeon Phi 7290 1.5 GHz,
72 cores, 16 GB MCDRAM; 96 GB DDR4 DRAM; Intel Omni Path 100 Gb/s
interconnect). The performance of the solver on regular grids is estimated in
[25]. In the parallel implementation on nested grids, we use a 1283 root grid and
the following three configurations of nested grids:

1. Config 1: All nested grids have a size of 43 (a uniform grid with an effective
resolution of 5123).

2. Config 2: 75% of nested grids have a size of 23, and 25% have a size of 8 (the
effective resolution is 10243).

3. Config 3: 75% nested grids have a size of 23, 15% have a size of 82, and 10%
have a size of 323 (the effective resolution is 40963).

The code speedup for some nested grid configurations is presented in Table 1.
At a uniform distribution of calculations, we have a 38-fold code speedup; less
uniform calculations drop the speedup to 34-fold, which is achieved with fewer
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Table 1. Speedup.

Threads | Config 1 | Config 2 | Config 3
1 1.0 1.0 1.0
2 1.9 1.9 1.9
4 3.9 3.9 3.8
8 7.9 7.9 7.8
12 11.6 11.6 11.8
16 15.7 15.5 15.7
24 21.2 229 22.3
32 25.4 28.0 25.6
48 30.7 37.6 34.9
64 33.1 32.5 33.6
96 38.2 27.1 32.3
128 33.6 26.2 31.1

threads. In a study of scalability when the grid configuration is doubled for a
given number of processes, it is found that the scalability corresponds to the
source code one and is about 96% with 16 Intel Xeon Phi 7290 accelerators.

4 Numerical Simulation of SNela Explosion

Here we consider two components of the problem of type Ia supernova explosion:
turbulent carbon burning and an experimental study of the energy released at
various perturbations, and the hydrodynamics of SNela explosion.

4.1 Turbulence Carbon Burning

To study various regimes of turbulent carbon burning, we will consider a 100 km?
domain with the density p = 107 g cm™ and the temperature T = 10° K
with a normal velocity distribution and a Mach number of the root-mean-square
deviation M gpss. The characteristic density corresponding to the density of the
transition from deflagration to detonation in carbon burning is taken according
to [14,30,45]. Figure 5 presents the results of simulation: the relative increase in
the explosion energy versus the Mach number of the root-mean-square deviation
Mpgas. One can see in Fig. 5 that in considerable supersonic turbulence, the explo-
sion energy can have a relative increase of more than three times. In the present
paper, the question of whether such a turbulence regime can be achieved in the
merging of white dwarfs is not considered. In what follows, we will study how
the explosion energy affects the explosion hydrodynamics pattern. This issue has
been actively studied recently, for instance, in [2,29]. The simulation with all the
resources of the Siberian Supercomputer Center (16 Intel Xeon Phi 7290 and 72
physical cores in an accelerator on a regular 256 calculation grid) is about 10 min.
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251 — 8

E/E,

Fig. 5. Relative increase in the explosion energy versus Mach number of the root-mean-
square deviation M ras. The basic explosion energy corresponds to an energy release
of 10°! Erg.

When simulating an SNela explosion on the basis of the merging of white dwarfs
and the asymmetric explosion of a single dwarf, the typical time step, 7w p, is 10
ms. Thus, the typical calculation time of the next two problems using the approach
with the direct simulation of turbulent carbon burning is about one week. As men-
tioned earlier, the major computational load is the reproduction of turbulent car-
bon burning as an individual problem. In a series of experiments, we consider the
turbulent combustion of carbon at various perturbation velocity dispersions. The
kinetic energy obtained from the nonzero dispersion of perturbation velocities is
converted into the internal energy and, as a result, into a more intense mode of car-
bon combustion, which gives a greater energy yield compared to static combustion
used in classical methods for specifying subgrid processes. In further calculations,
we use this problem as a component for describing the subgrid process of carbon
combustion.

4.2 Hydrodynamics of SNela Explosion

We identified 11 possible scenarios (see Fig. 6) of a supernova explosion, which
differ in the hydrodynamics of the process:

1. The merger of white dwarfs [15] is the classical scenario of a merger of
two white dwarfs with the achievement of a mass greater than the mass of
Chandrasekhar and the subsequent explosion of a type Ia supernova (see
Fig. 61).

2. The off-center collision of white dwarfs [37] is a collision of two white dwarfs
of arbitrary masses moving in parabolic orbits. The high kinetic energy and,
therefore, the interaction energy lead to the launch of the nuclear combustion
of the material of white dwarfs, followed by a type Ia supernova explosion
(see Fig. 61II).

3. The central collision of white dwarfs [38] is a degenerate scenario of a high-
velocity collision of two white dwarfs, followed by a type Ia supernova explo-
sion (see Fig. 6I11).
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The close passage of white dwarfs [28] is a motion of white dwarfs along
parabolic trajectories without collision. The high speed of movement pre-
vents the dwarfs from entering the merge mode (see Fig. 6IV).

The forced fusion of white dwarfs of equal [34] and different masses [40] is a
merger of white dwarfs forced out of equilibrium due to a mass difference of
20% or the slowing down of the dwarf’s velocity in a tight binary pair. Both
scenarios result in dwarf fusion and Chandrasekhar mass excess, leading to
a Type Ia supernova explosion (see Fig. 6V).

The supernova explosion based on the development of spiral instability [18,
19] is a type Ia supernova explosion based on the development of turbulence
in spirals in merging white dwarfs. The development of turbulence in high-
density islands that are in spirals is the main explosion mechanism [10]. A
feature of such turbulent combustion can be the occurrence of any scenario
of the nuclear combustion of the material: detonation model [3], deflagration
model [32], delayed detonation model [21] (see Fig. 6VI).

Tidal heating [8] is a scenario of the explosion of a new super or new type
Ta based on a combination of tidal heating, accretion heating and material
nuclear burning. The location of ignition due to tidal heating is a feature of
this scenario. In the case of a surface explosion, the white dwarf degenerates
into a new star. When the detonation point is deep enough, an off-center
explosion of a type Ta supernova occurs (see Fig. 6VII).

The dynamic double detonation of double degenerate dwarfs of a pre-Chan-
drasekhar mass or D6 [13] is a scenario of a merging of two degenerate
dwarfs, one of which receives a shear momentum of the base relative to the
nucleus. As a result, an instability of the Kelvin-Helmholtz type develops at
the boundary between the nucleus and the shell of one of the dwarfs. Pri-
mary detonation occurs in dense waves of an unstable flow. The shock waves
from waves come on the shell surface. At this moment, a second detonation,
sufficient for the formation of a type Ia supernova, occurs (see Fig. 6VIII).
The tidal detonation of a white dwarf during the close passage of a black
hole [41] is a scenario of a shell detonation of a white dwarf of an arbitrary
mass and an explosion in the form of a type Ia supernova due to tidal heating
caused by the close passage of a black hole. A preliminary analysis of such
scenarios shows that a medium-mass black hole is sufficient (see Fig. 6IX).
The merger of a white dwarf with a star of main sequence [44] is another
classical scenario of the merging of a white dwarf with a star of main sequence
with achieving a mass greater than the Chandrasekhar mass, followed by a
type Ia supernova explosion (see Fig. 6X).

The collision of a white dwarf type with a terrestrial planet is a hypothetical
scenario of a collision of a white dwarf with a planet from the terrestrial
type to a gas giant. The achieved Chandrasekhar mass and, in addition,
the kinetic impulse obtained from the planet lead to a type la supernova
explosion (see Fig. 6XI).

The consideration of these possible scenarios from the point of view of the
hydrodynamics of the process can be reduced to three fundamentally different
scenarios:
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1. “Merger” is a scenario of stars interaction, among which three variants can
also be distinguished: evolutionary merging, central and off-center collisions
of stars.

2. “Gravity Shock” is a scenario with an explosion of a static or moving point
of detonation. The movement of the detonation point is associated with the
direction of the influence of the gravitational impact.

3. “Bubbles” is a multiple detonation when the number of detonation points
can reach hundreds [9)].

Next, we will demonstrate computational experiments to study these scenarios.

(V) V) (VD)

(Vi

) -6 @~ - @F

(IX) ) X) (XI)

Fig. 6. SNela Explosion Scenarios

SNela Explosion Scenario Based on White Dwarf Merger. We will
simulate two white dwarfs with solar masses and the temperature 7' = 10° K.
The angular velocity of white dwarfs, v, is obtained from an analytical solution
based on the following equality of the centripetal force and the force of gravity:

2

v _gMe

r r
where v is the equilibrium angular velocity, M is the mass of dwarfs, and r is the
distance between the dwarfs. The rotation speed of one of the dwarfs is decreased
by 20%. This results in the merger of the white dwarfs. Figure 7 presents the
simulation results: the initial state of the dwarfs, the beginning of the merging
of the dwarfs, the state of the merging at the time of the explosion, and an
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asymmetric supernova la explosion. To simulate nuclear carbon burning, we use
the perturbation rate obtained by simulating the hydrodynamics of the merging
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Fig. 7. Relative density distribution in the equatorial plane during the merger of white
dwarfs and the subsequent type Ia supernova explosion at 0 s (a), 40 s (b), 60 s (c),
and 70 s (d).

of the dwarfs. The simulation results (7) show that critical densities for starting
detonation carbon burning are reached in the merger. The explosion dynamics is
subsequently determined by the results of the non-center white dwarf explosion.

SNela Explosion Scenario Based on White Dwarf Central Collision.
We will simulate two white dwarfs with solar masses and the temperature 7' =
10° K. The velocity of the central collision is equal to 1000 km s~!. Figure 8
presents the simulation results: the initial state of the dwarfs, the beginning
of the collision of the dwarfs, the late state of the collision, and an supernova
Ta explosion. To simulate nuclear carbon burning, we use the perturbation rate
obtained by simulating the hydrodynamics of the merging of the dwarfs. It can

Fig. 8. Relative density distribution in the equatorial plane during the central collision
of white dwarfs and the subsequent type Ia supernova explosion at 0 s (a), 20 s (b),
40 s (c), and 45 s (d).

be seen from the simulation results that after the explosion, two diverging shock
fronts, similar to jets, are formed. The whole simulation in general repeats the
previous scenario.
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SNela Explosion Scenario Based on White Dwarf Non Central Col-
lision. We will simulate two white dwarfs with solar masses and the temper-
ature T' = 10? K. The velocity of the non-central collision is equal to 1000 km
s~!. Figure 9 presents the simulation results: the initial state of the dwarfs, the
beginning of the collision of the dwarfs, the late state of the collision, and an
supernova la explosion. To simulate nuclear carbon burning, we use the per-
turbation rate obtained by simulating the hydrodynamics of the merging of the
dwarfs. The whole simulation in general repeats the previous scenarios.

Fig. 9. Relative density distribution in the equatorial plane during the non-central
collision of white dwarfs and the subsequent type Ia supernova explosion at 0 s (a),
20 s (b), 40 s (c), and 45 s (d).

Asymmetric Explosions of White Dwarfs. Let us simulate a single white
dwarf with two solar masses and the temperature T = 10° K. The explosion
zone is specified at a distance of 20% of the radius from the center. The explo-
sion energy is specified with the values obtained in the previous subsection.
Figure 10 presents the simulation results: the density distribution at the time
when the explosion takes place in most of the star at various explosion energies.
The simulation results (10) show that when the explosion force is considerable,
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Fig. 10. Relative density distribution in the equatorial plane at explosion energy values
of 1/2 X E() (a), Eo (b), 2 X E() (C), 4 x Eo (d)

the star collapses, and a thin shock wave from the supernova is formed. As the
explosion energy decreases, the wave dissipates over a sufficiently large distance.
It is obvious that in this case, the brightness of the supernova changes con-
siderably depending on the carbon burning mode and the subsequent explosion
energy. Increasing the explosion energy produces a hydrodynamic instability due
to the presence of a small perturbation in the white dwarf density (see Fig. 10
for relative densities at one second after the explosion).
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Multiply Explosions of White Dwarfs. Finally, let us simulate a single white
dwarf with two solar masses and the temperature 7' = 10° K. The explosion
zones are specified at a distance of 20% of the radius from the center and in the
center. The explosion energy is specified with the values obtained in the previous
subsection. Figure 11 presents the simulation results. Thanks to the numerical

C

[x 5000 km]

[x 5000 km]

Fig. 11. Isolines (left) and isosurface (right) of the relative density distribution in 5 s.

simulation, we can see the result of the supernovae Ia explosion in the form of a
“horseshoe” image.

5 Discussion

1. We do not deny the concept of “standard candles” for measuring distances in
the Universe. Let us only pay attention to the fact that the energy behavior
of the process of the explosion of white dwarfs in the form of supernovae with
the incomplete combustion of the material is non-standard. We offer only one
scenario that reveals the ambiguity of the burning process.

2. The computational model has a simple adiabatic form of the stellar equa-
tion of state. Although numerous studies of the stellar equation of state are
available, we have not found any convincing arguments in favor of using more
complicated coefficients of the adiabatic density function when considering
the energy behavior. Maybe the model should be complicated considering the
concentration distributions of the elements.

3. In our model of burning, we use the alpha process of carbon burning up to
iron and nickel. The concentration distributions of the elements in supernova
explosions are not considered. The major attention is given to the explosion
energy with incomplete carbon burning and the non-standard character of
this process.
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4. To describe subgrid carbon burning, the model considered in detail in [39]
is used. The advantage of this model is that it has an analytical solution
for determining the energy released as a result of carbon burning. In the
present paper, the chemical composition of the remnant is not considered.
The chemical composition of the remnant is described in [6,31,33,35,36].

5. The main calculation time in our model of the evolution of white dwarfs and
the explosion of type Ia supernovae is spent on modeling the subgrid process
of carbon combustion in white dwarfs. We start such turbulent combustion at
each time step in each computational cell of nested grids used to simulate the
hydrodynamics of white dwarfs, provided that the required values of temper-
ature and density in the cells are reached. In fact, at each time step, we run a
fairly large number of full-fledged hydrodynamic calculations using a regular
grid on the time step of white dwarf hydrodynamics. For the calculation, we
use the already developed parallel code computing infrastructure from [25].
The calculations of the hydrodynamics of white dwarfs take negligible time
and are reduced by the use of nested grids. In connection with this way of
organizing calculations, we do not consider scalability studies on regular grids
(they are described in detail in [25]), but we present scalability results only
for nested grids.

6. It is known that the classical SNela supernova scenario is based on the merger
of white dwarfs, reaching the mass of Chandrasekhar, the start of the ther-
monuclear combustion of carbon, and the subsequent supernova explosion
with the almost complete combustion of the material. Professor A.V. Tutukov
proposed a hypothesis about the possibility of an explosion of SNela during
the combustion of a mass smaller than the mass of Chandrasekhar, which led
to the formation of many scenarios described in this article. The key point,
in our opinion, is related to the more intense combustion of the white dwarf
material. To describe such combustion, we propose the subgrid carbon com-
bustion apparatus in the form of an independent hydrodynamic problem of
turbulence development.

6 Conclusions

In this paper, a non-standard mechanism of carbon burning in type Ia supernova
explosions is proposed. The mechanism is based on intensity variations in the
nuclear burning of carbon during its incomplete combustion. In this case, the
explosion energy can vary significantly due to the presence of different regimes of
carbon burning during the development of turbulence in the burning zone. The
energy released during burning, sufficient for the explosion of a white dwarf (as a
type Ia supernova), can be achieved with a mass smaller than the Chandrasekhar
mass. In addition, the explosion energy of a white dwarf with a Chandrasekhar
mass can differ considerably.



Sub-grid Physics in SNela 229

Acknowledgements. This work was supported by the Russian Science Foundation
(project 18-11-00044) https://rscf.ru/project/18-11-00044/.

References

10.

11.

12.

. Alexandrov, A.V., Dorodnicyn, L.W., Duben, A.P.: Generation of three-

dimensional homogeneous isotropic turbulent velocity fields using the randomized
spectral method. Math. Models Comput. Simul. 12(3), 388-396 (2020). https://
doi.org/10.1134/S2070048220030047

Antoniadis, J., Chanlaridis, S., Graefener, G., Langer, N.: Type la supernovae from
non-accreting progenitors. Astron. Astrophys. 635, Article Number A72 (2020).
https://doi.org/10.1051/0004-6361/201936991

Arnett, W.: A possible model of supernovae: detonation of 2C. Astrophys. Space
Sci. 5, 180-212 (1969). https://doi.org/10.1007/BF00650291

Berger, M.J., Colella, P.: Local adaptive mesh refinement for shock hydrodynamics.
J. Comput. Phys. 82, 64-84 (1989). https://doi.org/10.1016/0021-9991(89)90035-
1

Bulla, M., Liu, Z.W., Roepke, F.K., et al.: White dwarf deflagrations for Type lax
supernovae: polarisation signatures from the explosion and companion interaction.
Astron. Astrophys. 635, Article Number A179 (2020). https://doi.org/10.1051/
0004-6361/201937245

Calder, A.C., Krueger, B.K., Jackson, A.P., Townsley, D.M.: The influence of chem-
ical composition on models of Type Ia supernovae. Front. Phys. 8, 168-188 (2013).
https://doi.org/10.1007/s11467-013-0301-4

Cristini, A., Meakin, C., Hirschi, R., et al.: 3D hydrodynamic simulations of carbon
burning in massive stars. Mon. Not. R. Astron. Soc. 471, 279-300 (2017). https://
doi.org/10.1093 /mnras/stx1535

Fenn, D., Plewa, T., Gawryszczak, A.: No double detonations but core carbon
ignitions in high-resolution, grid-based simulations of binary white dwarf mergers.
Mon. Not. R. Astron. Soc. 462, 2486-2505 (2016). https://doi.org/10.1093/mnras/
stwl831

Ferrand, G., Warren, D., Ono, M., et al.: From supernova to supernova remnant:
comparison of thermonuclear explosion models. Astrophys. J. 906, Article Number
93 (2021). https://doi.org/10.3847/1538-4357/abc951

Fisher, R., Mozumdar, P., Casabona, G.: Carbon detonation initiation in turbulent
electron-degenerate matter. Astrophys. J. 876, Article Number 64 (2019). https://
doi.org/10.3847/1538-4357/ab15d8

Fowler, W.A., Caughlan, G.R., Zimmermann, B.A.: Thermonuclear reaction rates,
II. Ann. Rev. Astron. Astrophys. 13, 69-112 (1975). https://doi.org/10.1146/
annurev.aa.13.090175.000441

Gronow, S., Collins, C., Ohlmann, S.T., et al.: SNe Ia from double detonations:
impact of core-shell mixing on the carbon ignition mechanism. Astron. Astrophys.
635, Article Number A169 (2020). https://doi.org/10.1051/0004-6361/201936494



230

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

1. Kulikov et al.

Guillochon, J., Dan, M., Ramirez-Ruiz, E., Rosswog, S.: Surface detonations in
double degenerate binary systems triggered by accretion stream instabilities. Astro-
phys. J. Lett. 709, L64-169 (2010). https://doi.org/10.1088,/2041-8205/709/1 /164
Golombek, I., Niemeyer, J.: A model for multidimensional delayed detonations
in SN Ia explosions. Astron. Astrophys. 438, 611-616 (2005). https://doi.org/10.
1051/0004-6361:20042402

Iben, I., Jr., Tutukov, A.: Supernovae of type I as end products of the evolution
of binaries with components of moderate initial mass (M < Mg). Astrophys. J.
Suppl. Ser. 54, 335-372 (1984). https://doi.org/10.1086/190932

Iben, I., Jr., Tutukov, A., Fedorova, A.: On the luminosity of white dwarfs in close
binaries merging under the influence of gravitational wave radiation. Astrophys. J.
503, 344-349 (1998). https://doi.org/10.1086 /305972

Iben, I., Tutukov, A.: On the evolution of close triple stars that produce type Ia
supernovae. Astrophys. J. 511, 324-334 (1999). https://doi.org/10.1086 /306672
Kashyap, R., Fisher, R., Garcia-Berro, E., et al.: Spiral instability can drive ther-
monuclear explosions in binary white dwarf mergers. Astrophys. J. Lett. 800, Arti-
cle Number L7 (2015). https://doi.org/10.1088/2041-8205/800/1/L7

Kashyap, R., Fisher, R., Garcia-Berro, E., et al.: One-armed spiral instability in
double-degenerate post-merger accretion disks. Astrophys. J. 840, Article Number
16 (2017). https://doi.org/10.3847/1538-4357 /aabafb

Khokhlov, A.: Thermonuclear burning and the explosion of degenerate matter in
supernovae. Soviet Scientific Reviews. Section E, Astrophysics and Space Physics
Reviews, vol. 8, pp. 1-75 (1989)

Khokhlov, A.M.: The structure of detonation waves in supernovae. Mon. Not. R.
Astron. Soc. 239, 785-808 (1989). https://doi.org/10.1093 /mnras/239.3.785
Kulikov, I., Chernykh, I., Karavaev, D., Berendeev, E., Protasov, V.: HydroBox3D:
parallel & distributed hydrodynamical code for numerical simulation of supernova
Ta. In: Malyshkin, V. (ed.) PaCT 2019. LNCS, vol. 11657, pp. 187-198. Springer,
Cham (2019). https://doi.org/10.1007/978-3-030-25636-4_15

Kulikov, I.M., et al.: Using adaptive nested mesh code HydroBox3D for numeri-
cal simulation of type Ia supernovae: merger of carbon-oxygen white dwarf stars,
collapse, and non-central explosion. In: 2018 Ivannikov ISPRAS Open Confer-
ence (ISPRAS), Moscow, Russia, 2018, pp. 77-81 (2019). https://doi.org/10.1109/
ISPRAS.2018.00018

Kulikov, I.: The numerical modeling of the collapse of molecular cloud on adaptive
nested mesh. J. Phys. Conf. Ser. 1103, Article Number 012011 (2018). https://
doi.org/10.1088/1742-6596/1103/1/012011

Kulikov, I., Chernykh, I., Tutukov, A.: A New hydrodynamic code with explicit
vectorization instructions optimizations that is dedicated to the numerical simu-
lation of astrophysical gas flow. I. Numerical method, tests, and model problems.
Astrophys. J. Suppl. Ser. 243, Article Number 4 (2019). https://doi.org/10.3847/
1538-4365/ab2237

Kulikov, I., et al.: Numerical modeling of hydrodynamic turbulence with self-
gravity on Intel Xeon Phi KNL. In: Sokolinsky, L., Zymbler, M. (eds.) PCT 2019.
CCIS, vol. 1063, pp. 309-322. Springer, Cham (2019). https://doi.org/10.1007/
978-3-030-28163-2_22



27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Sub-grid Physics in SNela 231

Kushnir, D., Katz, B.: An accurate and efficient numerical calculation of detona-
tion waves in multidimensional supernova simulations using a burning limiter and
adaptive quasi-statistical equilibrium. Mon. Not. R. Astron. Soc. 493, 5413-5433
(2020). https://doi.org/10.1093 /mnras/staa594

Loren-Aguilar, P., Isern, J., Garcia-Berro, E.: Smoothed particle hydrodynamics
simulations of white dwarf collisions and close encounters. Mon. Not. R. Astron.
Soc. 406, 2749-2763 (2010). https://doi.org/10.1111/j.1365-2966.2010.16878.x
Magee, M.R., Maguire, K., Kotak, R., Sim, S.A.: Exploring the diversity of double-
detonation explosions for Type Ia supernovae: effects of the post-explosion helium
shell composition. Mon. Not. R. Astron. Soc. 502, 3533-3553 (2021). https://doi.
org/10.1093/mnras/stab201

Niemeyer, J.: Can deflagration-detonation transitions occur in type Ia supernovae?
Astrophys. J. 523, L57-L60 (1999). https://doi.org/10.1086/312253

Niemeyer, J.C., Hillebrandt, W.: Turbulent nuclear flames in type Ia supernovae.
Astrophys. J. 452, 769-778 (1995). https://doi.org/10.1086/176345

Nomoto, K., Sugimoto, D., Neo, S.: Carbon deflagration supernova, an alternative
to carbon detonation. Astrophys. Space Sci. 39, L37-L42 (1976). https://doi.org/
10.1007/BF00648354

Nouri, A.G., Givi, P., Livescu, D.: Modeling and simulation of turbulent nuclear
flames in Type la supernovae. Prog. Aerosp. Sci. 108, 156-179 (2019). https://doi.
org/10.1016/j.paerosci.2019.04.004

Pakmor, R., Kromer, M., Roepke, F.K., et al.: Sub-luminous type Ia supernovae
from the mergers of equal-mass white dwarfs with mass ~ 0.9M. Nature 463,
61-64 (2010). https://doi.org/10.1038 /nature08642

Pfannes, J.M.M., Niemeyer, J.C., Schmidt, W., Klingenberg, C.: Thermonuclear
explosions of rapidly rotating white dwarfs. I. Deflagrations. Astron. Astrophys.
509, Article Number A74 (2010). https://doi.org/10.1051,/0004-6361/200912032
Pfannes, J.M.M., Niemeyer, J.C., Schmidt, W.: Thermonuclear explosions of
rapidly rotating white dwarfs. II. Detonations. Astron. Astrophys. 509, Article
Number A75 (2010). https://doi.org/10.1051/0004-6361/200912033

Raskin, C., Timmes, F.X., Scannapieco, E., Diehl, S., Fryer, C.: On Type la super-
novae from the collisions of two white dwarfs. Mon. Not. R. Astron. Soc. 399,
L156-L159 (2009). https://doi.org/10.1111/j.1745-3933.2009.00743.x

Rosswog, S., Kasen, D., Guillochon, J., Ramirez-Ruiz, E.: Collisions of white dwarfs
as a new progenitor channel for type Ia supernovae. Astrophys. J. 705, L128-1.132
(2009). https://doi.org/10.1088,/0004-637X/705/2/1.128

Steinmetz, M., Muller, E., Hillebrandt, W.: Carbon detonations in rapidly rotating
white dwarfs. Astron. Astrophys. 254, 177-190 (1992)

Tanikawa, A., Nakasato, N., Sato, Y., Nomoto, K., Maeda, K., Hachisu, I.: Hydro-
dynamical evolution of merging carbon-oxygen white dwarfs: their pre-supernova
structure and observational counterparts. Astrophys. J. 807, Article Number 40
(2015). https://doi.org/10.1088/0004-637X/807/1/40

Tanikawa, A.: High-resolution hydrodynamic simulation of tidal detonation of a
helium white dwarf by an intermediate mass black hole. Astrophys. J. 858, Article
Number 26 (2018). https://doi.org/10.3847/1538-4357 /aaba79

Timmes, F.X., Arnett, D.: The accuracy, consistency, and speed of five equations
of state for stellar hydrodynamics. Astrophys. J. Suppl. Ser. 125, 277-294 (1999).
https://doi.org/10.1086,/313271



232 I. Kulikov et al.

43. Vshivkov, V., Lazareva, G., Snytnikov, A., Kulikov, I., Tutukov, A.: Hydrody-
namical code for numerical simulation of the gas components of colliding galaxies.
Astrophys. J. Suppl. Ser. 194, Article Number 47 (2011). https://doi.org/10.1088/
0067-0049/194/2/47

44. Whelan, J., Iben, I.: Binaries and Supernovae of Type I. Astrophys. J. 186, 1007—
1014 (1973)

45. Willcox, D., Townsley, D., Calder, A., Denissenkov, P., Herwig, F.: Type Ia super-
nova explosions from hybrid carbon - oxygen - neon white dwarf progenitors. Astro-
phys. J. 832, Article Number 13 (2016). https://doi.org/10.3847/0004-637X/832/
1/13



