DOI 10.1007/s10958-020-04926-7
Journal of Mathematical Sciences, Vol. 249, No. 2, August, 2020

ON MULTIGRID METHODS FOR SOLVING
TWO-DIMENSIONAL BOUNDARY-VALUE PROBLEMS

Y. L. Gurieva,* V. P. Il’in,! and A. V. Petukhov* UDC 519.6

Various methods for constructing algebraic multigrid type methods for solving multidimensional
boundary-value problems are considered. Two-level iterative algorithms in Krylov subspaces based
on approximating the Schur complement obtained by eliminating the edge nodes of the coarse grid
are described on the example of two-dimensional rectangular grids. Some aspects of extending the
methods proposed to the multilevel case, to nested triangular grids, and also to three-dimensional
grids are discussed. A comparison with the classical multigrid methods based on using smoothing,
restriction (aggregation), coarse-grid correction, and prolongation is provided. The efficiency of
the algorithms suggested is demonstrated by numerical results for some model problems.

1. INTRODUCTION

Solution of systems of linear algebraic equations (SLAEs) of high order (up to 10! and more)
with sparse ill-conditioned coefficient matrices arising from approximation of multidimensional
boundary-value problems by finite difference, finite volume, finite element, and discontinuous
Galerkin methods of various orders of accuracy on unstructured grids is an important problem
of computational algebra because it is a bottle-neck of mathematical modeling and requires
huge computer resources (the number of arithmetic operations and the memory required),
increasing nonlinearly as the system dimension grows. Multi-scale and multi-phase problems
with contrasting material properties, for which condition numbers can exceed 10'® (which
is the maximally admissible value when using the standard double-precision arithmetic), are
especially hard.

In addition to solving stationary boundary-value problems, systems of linear algebraic equa-
tions must also be solved in modeling dynamic processes using stable implicit schemes.

Modern approaches to solving SLAEs are based on preconditioned iterative methods in
Krylov subspaces, see [1-3] and the references therein. The urgent problem of scaled paral-
lelization of algorithms is mainly solved by applying additive domain decomposition methods,
whose description can be found in [3-5]. The best theoretical estimates of the amount of com-
putations are obtained for the multigrid algorithms. They appeared in the pioneering works
by R. P. Fedorenko and N. S. Bakhvalov and since then have been intensively studied by many
authors. An in-depth analysis of multigrid methods can be found in the monographs [6-7] and
many other publications, among which we mention [8-14]. These methods can be subdivided
into geometric (GMG) and algebraic (AMG) multigrid methods. The geometric methods can
effectively use interpolation approaches based on geometric characteristics of grids. On the
other hand, the algebraic methods are, in a sense, more universal because they only exploit
algebraic properties of SLAEs. In general, both approaches are interpreted as construction of
a multigrid preconditioner for an iterative Krylov type process. In this case, every step, i.e.,
application of a two-grid algorithm includes smoothing, restriction, prolongation, and coarse-
grid correction operations, which are iteratively implemented in different versions of V-cycles
or W-cycles. The transition to a multigrid version consists in applying the two-grid method
recursively.
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In this paper, a new version of the two-grid algebraic method is proposed, which can readily
be extended to the multigrid case. The main idea is to construct the restriction and prolonga-
tion operators that approximate, in a sense, a Schur complement and are similar to the Uzawa
algorithm. The main idea is exposed on the example of two-dimensional rectangular grids,
with account for the specific information structure for the objects under consideration. Also
we discuss the possibilities of extending the approach in question to nested triangular grids
and to different types of three-dimensional grids.

The paper is organized as follows. In Sec. 2, we describe the general scheme of the Uzawa
type multigrid methods. Section 3 contains a comparison of the algorithm implementation for
the two-dimensional boundary-value problem with the “classical” multigrid approaches, which
are based on the operations of restriction, smoothing, coarse-grid correction, and prolongation.
The last section presents and discusses numerical results for some model problems.

2. THE GENERAL SCHEME OF THE UZAWA TYPE MULTIGRID METHODS
Consider a symmetric system of linear five-point grid equations

(Au)ij = =aijui-1,j = bijtij1 = Git1,jtiv1g = bijriuijen + €ijuij = fij,
i=1,...L;, j=1,...M;, LM =Ny, (1)

approximating, on a rectangular grid Q" with N; nodes, the boundary-value problem for an
elliptic equation in a rectangular computational domain by a finite difference, a finite volume,
a finite element, or a discontinuous Galerkin method, see [15]. Assume that a sequence of
m nested grids SAZl = Qh,ﬁg = Q2 .. ,ﬁm = Q2" g given and let the number of nodes
of the Ith grid be equal to N; = L;M;, where L; = (L;_; —1)/2+1 = (L; — 1)/2"71 + 1,
l=1,...,m—1, and all the numbers are integers (e.g., L1 = M; = 2" +1).

We assume that the matrix A is positive semidefinite, all the coefficients occurring in Egs. (1)
are nonnegative, and A is (nonstrictly) diagonally dominant, i.e.,

lei gl > lai g + |bij] + laiv15] + |bijv1l-

Note that for the near-boundary nodes, some coefficients are “zeroed” in order to take into
account the boundary conditions, i.e., a1 j = b;1 = ar4+1,; = bj,m+1 = 0.

The system of equations (1) is symmetrically scaled in such a way that all the diagonal
matrix entries are equal to unity. As a result, we obtain a symmetric SLAE of the form

Uij — Qi jUi—1,5 — bijUij—1 — Gig1,50i+1,5 = bijp1Uije1 = fi,

€ij \_ = €ij \_ _ /2 7 ~1/2
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Fig. 1. The local node numbering for the multigrid method.
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The multigrid methods result from recursive application of the two-grid algorithm, which
is described in accordance with the notation presented in Fig. 1. In Fig. 1, the black dots
denote the nodes of the coarse grid 92", whereas the circles and crosses are the nodes of the
fine grid Q", which are located, respectively, in the middles of the cells and at the centers of
the edges of the coarse grid Q?". The corresponding subsets of nodes are denoted by €, o,
and €3, and the resulting geometric types of points with respect to Q%" will be referred to as
nodal, edge, and facial ones.

Assume that 4; j are the values of the solution of SLAE (1) on the fine grid. Upon eliminating
the edge unknowns from SLAE (2) using relations of the form

Ui1j = fio1,j + @i1,jli—gj + b1 jUi—1 -1 + GijUij + bi1j11Ui1441,
tij1 = fijo1+ @itz o1 + bijo1lijo + Gip1 o1l -1 + bl (3)
(similar expressions are also used for @;;1; and @; j41, where (i £1,5),(4,7 £ 1) € Q3), we
obtain the following symmetric system of nine-point equations at the “circle” type nodes:
P?,jui,j - pzl,jui—Zj - p?,jui,j—2 - p?,jui-i-lj - p?,jui,j+2 - pijui—l,j—l — p?,juiﬂ,j—l
— D jUit1 41— Py i1 01 = figo  (6,5) € Q.
Here, the coefficients introduced are determined by the following formulas:

0 2 72 -2 72
Pij =1 =a5; =i — @iy ;= b,
Pij = Gijai-1j, Pyj=Dbijbij—1, P};=Giy1lit2; = DPiio;

4 7 7 2 _ _ 7 _ 7 _ 7 _ 7
Pij = bijiabijeo = Pijra  Dij = Gigbio1j+ Gij1bij, Dyj = Gip1j-1bij + Gip1ibiv1 g,

(4)
pz,j = Qit1,jbir1 41 + Qit1,j+10i 41, p?,j = @ jbi—1,j41 + i j+10i j1

fig = Fij +@ijfi1j +bijfijo1 + Qs fivrg + bijrfij1.

Similar nine-point equations are also obtained for the nodes of the coarse grid, i.e., for (i,7) €
Q1. Now represent the above transformations in matrix-vector form. By wq, us, ug we denote
the subvectors whose components correspond to the nodes of the black dot, circle, and cross
types, i.e., we set
u; = {ui,j : (Z,]) ey, 1= 1,2,3}.

Then the original SLAE takes the form

Aqquy + Agzus = fi,

Az oug + Az zuz = fa, (5)

Az quy + Az oug + Az zuz = f3.

We will assume that this system is obtained after performing the scaling operations (2). In
this case, the diagonal blocks are identity matrices (A1 = Az = Az 3 = I); the off-diagonal
matrix entries and the components of the subvectors uy, u2,u3 are the values a; ;, b; ;, and ; ;
defined in (2).

Upon eliminating the subvector us from (5) using the relation

ug = Ay (f3 — Azqus — Az aus),

which follows from the last equation in (5), we arrive at the following system for the subvectors
uy and us:

_ {ALlul + A1,2U2 = fla (6)

Au = _
Agquy + Az ous = fo.
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Here, the new matrices and vectors are defined by the relations
Ay1=1—A13431, Aip=—A13432, fi=fi— A173A§7;l),f3,
Ayy = —Ag3Asy, Agp=1—Ay3As35, fo=fo— Ay3A53fs. (7)

Note that the entries of the matrices A; 1 and Aj o involve the coefficients pg 1 pi Jree pf’ j
and p?’j,...,p?j, respectively, for (i,7) € Qq, see (4). If (i,7) € Qg, then these two groups
of coefficients correspond to the matrices /71272 and AQJ, respectively. The matrices /71171 and
As o, occurring in these relations, are five-diagonal, and they will be referred to as the Schur
complements of the first level.

Note that the diagonal blocks A;; in (7) are five-diagonal matrices, and their condition
numbers are independent of the grid step size h. For example, for the model problem corre-
sponding to the approximation of the Laplace operator on a square grid, in which case all the
nonzero off-diagonal entries of the matrix A equal 1/4, the eigenvalues A of the matrices flu
belong to the interval [Apin = 1/2, Apax = 1].

From the algebraic system (6) we again eliminate some unknowns. Using the second equa-
tion, we express the subvector uy as

Ug = Az_%(ﬁ — Agquy)

and substitute this expression into the first equation. In this way, we obtain the following
SLAE for the nodes of the coarse grid:

Auy = (A1 — /_11,2/_15,%1‘_1271)U1 —f=f- /_11,21‘12_7%]?2- (8)

Observe that the matrix ;l\, which is the second-level Schur complement, is dense. However,
multiplication of vectors by this matrix can be implemented in an efficient way. Indeed, the
most time-consuming operation here is solution of a SLAE with the well-conditioned coefficient
matrix Ag o, which can be done using the Chebyshev acceleration.

In order to solve SLAE (8), consider the following modified stationary Jacobi type block
method:

Bu"™ — ") = f - Au" =",
B = block — diag{A;; : [ = 1,2}, (9)
A=A —0D;, 6€l0,1].
Here, D is the diagonal matrix determined by the condition
Be= Ae for 6= 1, ie, De= 14_1172/12_7%/12,16,

where e is the vector with unit components. The parameter 8 should be selected in such a way
that the preconditioner B is optimized, i.e., the condition number of the matrix B~'A and
the number of iterations in the algorithm (9) are minimized. (The problem of how to choose
0 in practice still needs a special investigation.) Here and below, the stopping criterion for
terminating the iterative process is as follows:

775 = (™) <X f), e, (10)

where r™ is the residual vector.
The iterative process (9) can be accelerated by applying a preconditioned conjugate direction
method in Krylov subspaces or a Chebyshev type spectral algorithm, which can be written in
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the following form, see [16] (in the sequel, for convenience, the vector f and the matrix A are
written without the symbol ” A”):

TO :f—A’LLO, Pbo :B_lrov
n=1,2-:
1

u" =u" g p" T (11)

n 1

Pt ="
p" =B 4 Bph
Here, the coefficients «,, and 5, in the Chebyshev algorithm are computed by the formulas
ag =T, anp="T, Bn=m—Dan-1/an, 7=2/(A+An),
=4/ =%, =2 7=(C-1)/1+C), C=xv/A,

where A; and Ay are the smallest and largest eigenvalues of the matrix B~'A. In the Krylov
methods, the formulas

Op = O'n/pna On = (B—lrn,AcS,r,n)’ Pn = (Apna Aépn)a ﬁn = Un+1/an (13)

are used. Here, § = 1 corresponds to the conjugate residual algorithm, whereas § = 0 corre-
sponds to the conjugate gradient algorithm.

In both cases, the number of iterations required to satisfy the stopping criterion (10) is
bounded from above as follows:

n(e) <1+ |In(e/2)|ve/2, c¢=An/A1. (14)

In the case of a singular matrix A, for the conjugate direction method, the constant ¢ in (14)
is the effective condition number, and )\ is the smallest nonzero eigenvalue, see [17]. However,
for the method (11)—(12) to converge and the bound (14) to be valid, the linear algebraic
system to be solved must be compatible, i.e., the equality Au = f must hold for one vector u
at least.

Note that at every iteration of the form (9), algebraic systems with the matrices B and Aj o
must be solved, each of which is of order about four times smaller than that of the original
SLAE (1). The extremal eigenvalues A\pin, Amax Of these matrices, which are well-conditioned
for # < 1, can be estimated using, e.g., the Gerschgorin circle theorem [16]. For this reason,
here it is reasonable to apply the efficient Chebyshev acceleration method, which involves no
inner products of vectors and is well parallelizable. The resulting two-level iterative process
can be optimized by selecting a suitable value of the parameter 6 and an appropriate degree of
the Chebyshev polynomial. These two parameters determine the number of inner iterations,
which, in general, can vary from iteration to iteration.

Note that for the outer and inner iterative processes for solving SLAEs with the coefficient
matrices Ay ; and /71272 one can use distinct values €1 and ey in the stopping criterion (10).
Obviously, the subvectors us and ug can be computed only once upon terminating iterations
for the SLAE (8). It should also be mentioned that if at both levels of the iterative process
under consideration the conjugate direction method is applied, then, strictly speaking, even
for symmetric SLAEs it is necessary to use “flexible” preconditioning [18] with long recursions,
which makes the algorithm significantly more expensive.

The method in question is, in a sense, similar to the Uzawa algorithm because it is based on
preliminary elimination of subvectors. It can also be interpreted as a non-standard two-grid
approach, which requires solution of the subsystems for the vectors u; and wue, corresponding
to the two coarse grids ; and o with step size 2h. It is important to emphasize that if
the sparse system (8) is solved sufficiently accurately, then the subvectors wi, ug, and us
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themselves provide a good approximate solution of the SLAE (1), which is in contrast with
the conventional multigrid method.

Based on the above-described two-grid method, multigrid iterative algorithms can readily
be constructed in a recursive manner. Indeed, in solving Eqs. (8), a coarser grid with step size
4h can be used for the subvector u;. In this case, each of the subsystems with the coefficient
matrices B and /_1272 reduces to two subsystems of halved order, and then the process of grid
coarsening can be continued, the number of subsystems being doubled. Thus, if an algorithm
with m levels is used, then, on the coarsest grid, it is necessary to solve 2 independent
algebraic subsystems, which can be performed concurrently on different processors. In this
way, the degree of parallelism of computations can be increased.

A similar hierarchical approach can be transferred to nested triangular grids, including
the case of finite element approximations with higher-order Lagrangian basis functions. In
this case, the block structure of the original matrix A for the two-grid version is still of the
form (5), and the subvectors uy, us, and ug still correspond to the node, edge, and face types of
unknowns, respectively, which are denoted by the symbols e, o, and x. Therefore, the matrix-
vector form (8) of the iterative algorithm remains the same. When passing to three-dimensional
nested polygonal grids of different types (with “parallelepiped,” “tetrahedron,” “prism,” etc.
finite elements), the principles of classifying the unknowns and matrix partitioning remain the
same: in the course of hierarchical refinement of a coarse grid, the volume type nodes appear,
whence the block order of the original matrix increases by one.

3. COMPARISON WITH THE CLASSICAL MULTIGRID APPROACHES

In the up-to-date interpretation, the general two-grid AMG method can be represented as
a sequence of the following stages, see [8-10]:
1. On a fine grid 1, given an initial guess u?, the residual vector is computed,

7’? = f — Alu(l), Al = A

2. For the vector r{, preprocessing (preliminary smoothing) is performed, as a rule, by
carrying out a few iterations of a simple algorithm,

T% = 517“?, (15)

where S7 is an operator (or a matrix) of this stage (pre-smoothing). More specifically, this
stage is implemented in two steps. The first one computes the direction vector

Alp? = T?’ (16)

where A; is a certain approximation of the matrix A; at the second step, the corresponding
residual is computed,

ri = f— Ap). (17)
1

3. From the vector r}, corresponding to the fine grid €2, the residual vector r§ for the
coarse grid €2y is computed,

ry=Rri, ReRMN r}eRM, (18)

where R is a certain restriction operator (restriction stage).
4. On the coarse grid, the direction vector p} is computed from the solution of the SLAE

Agpt =71l Ay € RN2:Nz Py, T3 € RNz, (19)
where A, is the coefficient matrix of the SLAE for the grid Q5.
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5. The vector p3 found from the solution of system (19) is prolongated from the coarse grid
3 to the fine grid Q; (prolongation stage),

pi = Ppy, PeRNN2 o ple RN (20)

6. For the vector p%, the corresponding residual vector on the fine grid is computed (residual
update),
r2 =rl — Apt, rl e RM. (21)
7. “Post-processing” is carried out for the newly obtained residual vector on the fine grid
Q1; simultaneously, the new direction vector p% is computed from the solution of the auxiliary
SLAE with the matrix A; (the post-smoothing stage),

Ap? =12, (22)
8. The resulting direction vector is obtained as the sum
p1 = pi +pi +pi = Bri,

where B is the preconditioning matrix of the two-grid method under consideration.

Specific variants of multigrid approaches, which have already become classical, differ in
the ways of choosing the matrix operators that determine the successive stages of the above
computational scheme. In general, the preconditioning matrix for a two-grid method for solving
SLAE (1) can be represented in the form

B = S,PA'RS, € RN (23)

where S; and Sy are the pre-smoothing and post-smoothing operators defined in Q"; R €
RN1N2 and P e RN are the restriction and prolongation matrices; A, € R™V2 is the
matrix that determines the coarse grid correction; N7 and Ny are the dimensions of vectors
defined on the fine and coarse grids Q" and Q2" respectively. If the matrix A of the original
SLAE is symmetric, then it is natural to use a symmetric preconditioning matrix B. In this
case, it is reasonable to set P = RT, A, = Al and S = S = § = ST. In the special
case of the so-called Galerkin approximation, one also sets A, = PTAP. As a result, the
preconditioning matrix has the form

B =SP(PTAP)™1PTS. (24)

Below, as an example, we consider the following version, based on the approach proposed
in [12].

Algorithm 1. In solving a nine-point symmetric SLAE approximating a two-dimensional
boundary-value problem for an elliptic equation on a rectangular grid, as a smoother one
uses the Iteration Line LU (ILLU) iterative method, which is nothing else than the implicit
incomplete factorization algorithm proposed in [19, 20]. The operation of prolongation from
a coarse grid to a fine one is based on bilinear interpolation, applied to the neighboring grid
nodes, and the restriction operator is defined by the rule R = PT. The matrix for the coarse
grid is defined by A. = PTAP. As a result, the preconditioning matrix is of the form (24).
The multigrid method is obtained by recursively applying the two-grid algorithm m times,
where m is a given number. The outer iterative process is the Jacobi method (without Krylov
acceleration). On the coarsest grid, the SLAE with the coefficient matrix A, is solved by a
direct or an iterative algorithm, which is of no practical importance for large values of m.
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4. NUMERICAL RESULTS

In this section, we consider the results of preliminary experimental studies of the algebraic
two-grid and multigrid approaches on simple model examples, including implementation of
the described iterative algorithms for the finite difference solution of the Poisson equation in a
square computational domain on a uniform rectangular grid. The computations were carried
out for relatively small numbers of nodes equal to N = 642,1282,2562,5122,1024%. For this
reason, we aimed at evaluating the mathematical efficiency of the methods in dependence
of the values of the problem and algorithms parameters rather than at achieving the best
performance. All computations were carried out in the standard double-precision arithmetic
on the Intel(R) Core(TM) i7-770HQ CPU @ 2.80 GHz 2.80 GHz computer.

In Table 1, we present the results of numerical solution of the Neumann model problem for
the Poisson equation in the square computational domain 2 = [0,1] x [0, 1] approximated by
the standard five-point scheme [16] on square grids with N = 642, 1282, 2562, 5122, 10242
cells. We used the one-dimensional solution v = sin 7wz as the test one and u = 0 as the initial
guess. In this case, in accordance with [12], Algorithm 1 with m = 2, 3, 4, 5, 6 nested grids
was used. In every case, the SLAFE on the coarsest grid was solved by the iterative conjugate
residual method with ¢ = 1078 in the stopping criterion (10) of the iterations (11). For the
outer iterative (Jacobi) method, the same stopping criterion was used. Every cell of Table 1
contains two numbers: the total computation time (including the preparatory operations) and
the number of outer iterations.

Table 1. Numerical results for Algorithm 1.

m\ N 642 1282 2562 5122 10242
0.028 0.152 0.968 7.41 62.2

2 6 5 5 ) )
0.010 0.052 0.341 2.45 204
3 6 5 5 5 5
0.008 0.042 0.256 1.78 15.0
4 6 6 5 5 5
0.007 0.04 0.246 1.68 14.3
5 6 6 ) ) )
0.007 0.04 0.249 1.82 143
6 6 6 6 5 5

As is seen from the data presented, the number of outer iterations is practically independent
of the problem dimension and of the number of nested grids, which shows the importance of
choosing a high-quality iterative process. The total computation time decreases as the number
of grids grows, but only up to a certain limit (in the above computations, it is not advisable
to use more than five grids).

Note that the computation times in Table 1 are rather large because the contribution of
preparatory operations is essential. The overall efficiency of the algorithm in question would
increase significantly if we were solving a series of SLAEs with one and the same coefficient
matrix and many right-hand sides.

Table 2 presents similar numerical results obtained by applying the two-grid version of the
Uzawa type algorithm (6)—(13) from Sec. 2. In this case, the outer iterative process also was
carried out by the conjugate residual method, and, at every iteration, the auxiliary SLAKs
with the matrices B and Ay » were solved using the Chebyshev acceleration (with fixed degrees
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of polynomials and the bounds for the matrix eigenvalues determined numerically from the
Gerschgorin circles).

Every cell of Table 2 also contains the computation time in seconds and the number of
outer iterations. The same grid sizes are considered, but the values of m, in this case, are
the orders of the polynomials used in the Chebyshev acceleration. The value of the damping
iterative parameter § was chosen experimentally and, in the above computations, was equal to
0 = 0.975 almost everywhere (strictly speaking, its optimal value tends to unity as N grows).

Table 2. Numerical results for the Uzawa type algorithm.

m\ N 642 1282 2562 5122 10242
0.021 0.122 0.576 4.9 50.3

4 23 31 o7 106 198
0.020 0.112 0.454 3.37 354
8 17 22 37 64 118

0.022 0.078 0.472 2.84 30.5
12 15 21 34 48 89

The above-presented preliminary results of experimental studies demonstrate the potential
of applying the Uzawa type iterative algorithm. However, the important issue of optimizing
the choice of the iterative parameters needs a special study.

This work was supported by the Russian Foundation for Basic Research (project No. 18-01-
00295).

Translated by the authors.
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