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pemareeit B omdbsmoreke KRYLOV *
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OnuchiBaioTCS CTPYKTypa, DyHKINOHAJHHOCTh U TEXHOJOTMIECKUE OCOOEHHOCTH OMOJMOTEKHU MapaJlie/lb-
ubix anropurmos KRYLOV, opuentupoBaHHoit Ha perieHue OOJIbIIUX CUCTEM JIMHEHHbIX AJIreOpanvdecKux ypas-
HEHUIi C Pa3PEKEHHBIMU CUMMETPUYHBIMU M HECUMMETPUYHBIMU MaTPUIAMU (IIOJIOKUTEIBHO OIPEIEIeHHBIMU
U 3HAKOHEOILPEJIEJIEHHbIMU), [10J1y4aeMbIX IIPU CETOYHBIX ALLIPOKCHMMALMAX MHOIOMEDPHbBIX KPAEBbIX 3344 Jijisd
cucrem auddepeHnraabHbIX YPABHEHUH WIM COOTBETCTBYIONINX BAPUAIMOHHDBIX TOCTAHOBOK HA HECTPYKTYPUPO-
BAHHbBIX CeTKax. BubiinoTeKa BKIIOYAET JBYXYPOBHEBBIE HTEPAIIMOHHBIE METO/IbI B IIOPOCTPpaHCcTBax Kpbuiosa,
npeodyciaBInBaHie KOTOPBIX OCYIIECTBIISETCs HA OCHOBE COAJIAHCUPOBAHHOI IEKOMIIO3UIINE PACUYeTHOH 0bJia-
CTU C Pa3/IMYHbIMU pa3MepaMmu mepecedenuit mogobiacreil. [loplmieare CKOPOCTU CXOAMMOCTH UTEPAIMOHHBIX
KPBLIOBCKUX ITPOIECCOB ITPOU3BOIUTCS C TIOMOIIBIO I'PY0OCETOYHON KOPPEKITUH, AJITOPUTMOB NedJIANNNA U HEOJI-
HO# (bakTOpHU3AIMHU MATPUI] B TOKOMIIOHEHTHOM U OJI09HOM BapuaHnTax. [IporpaMMubie peajn3aiuu BbITOJTHEHbBI
HA TUIOBBIX CXKATBIX PA3PEKEHHBIX (POPMATAX MATPUUIHBIX JAHHBIX. [IPUBOAATCS IPUMEPDI YUCIEHHBIX JKCIIE-
PHUMEHTOB C neMOHCTpanue 3 deKTUBHOCTH paciapaieIMBaHus JjIs XapaKTEPHBIX TIJI0OX0 00YC/IOBIEHHBIX 3a-
J1ad.

Kitouesnbie cisioBa: npenobycioB/€HHbIE UTEPAIMOHHBIE AJTOPUTMbI, HoanpocTpancrsa Kpwiiosa,
MEeTOIbI JJEKOMIIO3UIINY 00/IacTell, pa3pesKeHHbIe aaredpandecKne CUCTEMbI, THCIeHHbIE SKCIIEPUMEHTHI.

1 Bsenenne

B nmammoit paboTe MBI paccMaTpuBaeM OCOOGEHHOCTH (DYHKIIMOHAIBLHOIO HAIIOJIHEHHUS U TeXHOJIOIH-
YeCKUX 10JX0/10B OubiroTeKn napasuiesbubix urepaiuontbix ajgropurmos KRYLOV, ewm. [1], [2], opu-
eHTHPOBAHHON Ha pereHre OOJIBININX CHCTeM JIMHEeHHbIX anrebpandeckux ypasaenuii (CJIAY) ¢ paspe-
JKEHHBIMU MATPHUIAMU, BO3HUKAIOIMMU 1IPU KOHEYHO-00beMHbIX uin KoHeaHo-31eMmenTHbix (MKO win
MKD, 3], [4]) annpokcumanusx MHOrOMEPHBIX KPAEBBIX 3a/ad Jjist cucreM auddepeHnaabHbIX Ypas-
HeHUii Ha, HECTPYKTYPUPOBAHHBIX CETKAX, HA MHOMOIPOIECCOPHBIX Bhruucaureababix cucremax (MBC ¢
OOJIBIIUM THCIOM Y3JI0B U KOJIMIECTBOM si/Iep B JECATKU U COTHU Thicsd). [lpunanunuansaoe TpeboBanue
K OIUCBIBAEMOI pa3paboTKe — OTCyTCTBUE IIPOrPAMMHBIX OIPAHMYEHHH Ha IPOBEJIEHUE MACIITAOHbIX
BBIYHMC/IMTE/IbHBIX 9KCIIEPUMEHTOB, T.e. Ha pa3Mepbl pemaemblx CJIAY 1 Ha KOJIMYECTBO IIPOLECCOPOB
uau siytep MBC, a Takake 10CTaTOYHO BBICOKAs 9(PPEKTUBHOCTD IPUMEHSEMBIX aJrOPUTMOB.

*CraThbs pEKOMEH/IOBAHA K ITyOIMKAIU MPOrPAMMHBIM KOMATETOM MeX myHapomaHoi Hay aHOM Kondepennun “Ilapas-
JIeJIbHBIE BBIYUCIUTEIbHbIE TexHooruu -2013”



Ocnogoit npumensiembix B oubsimoreke KRYLOV Bbraucinre/ibHbIX TOAXO0I0B sSIBJASIOTCS JIBYXYPOB-
HEBble MTEPAIMOHHBIE IIPOIECCHI B IHO/IIpocTpancTBax KpbljaoBa, mpenodyc/iaBinBaeMble C IOMOIIBIO
auTuBHOTO Merojia [IBapiia v IeKOMITO3UIUKA PACIYETHONR 00IaCTH ¢ IepecedeHnsIMu 11000 acreil u
Pa3HBIMU THIAMU KPAEeBBIX YCJIOBUIl HA CMEKHBIX BHYTPEHHUX IDaHUNax, cM. 4] — |7] u nurupyemble
TaM PabOTHI.

BremHuii nTepanOHHBII IPOIECC OCYIIECTBIISIETCS PACIPEIEIEHHBIM 10 BBIYUC/IATEBHBIM Y3J1aM
obpazom meromom FGMRES |7] ¢ aunamumaeckumu (B obmmeM ciydae) Ipegso0ycIaBInBaTe/ 1M, KOTO-
Pbl€ BKJIFOUAIOT PEIIEHNE BCIIOMOTATEIbHBIX [TOJICUCTEM B PACIIMPEHHBIX 0100/IACTIX € [OMOIIBIO UJIN
upsimoro perarens PARDISO u3 6ubmmoreku MKL INTEL (8|, uin aBTOpcKuMI BEpCUSIMU aJITOPUT-
mos BiCGStab u GMRES, [7], [9], nupeo0yc/ioBjieHHBIX ¢ HOMOLIBIO HOKOMIIOHEHTHOM niin 3bderrus-
HOM “‘MeKobI0uHON” Mogudukanmavu AffzeHrTaTa HemoIHONM (hakTopu3anun. B mocaesneM ciydae
nmetorcsi B Bujty CJIAY, nosiydennbie, HAIPUMED, IPU CETOYHBIX AMIPOKCUMAIMAX crucTeM Juddepen-
[AJIBHBIX YPABHEHNUIT, KOT/[a OJJHOMY Y3JIy CETKH COOTBETCTBYET HECKOJIbKO HEU3BECTHBIX (DYHKIHIT (B
3aJladax TEII0MACCOIEPEHOCA ITO MOrYT ObITh TPU KOMIIOHEHTHI BEKTOPA CKOPOCTH, JABJIEHUE U TEM-
neparypa). OTInauTe/bHO 9epTOil COOTBETCTBYIONIX MATPHIL SIBJISETCS TO, ITO OHU IIPEJICTABUMBI
B OJIOYHOM BHUJIE C JMArOHAJBHBIMU MATPUIAMU MAJIOIO MOPsi/IKa, KOTOPBIA HE 3aBUCUT OT YUC/IA, y3-
JIOB CeTKU U, CJIeJ0BaTeNbHO, oT mopsiaka CJIAY. Jlng yckopeHus BHEITHIX UTEPAIUil UCIOIB3YIOTCS
MeTo/bl TpyboceTounoit Koppekiuu |10].

KommyHukalmm MexK 1y mporeccopamMu Ha, BHEIITHUX UTEPALIASIX BBIIOJIHSIIOTCS CPEICTBAMU CUCTEMbI
MPI, a “payrpennune”’ Boraucienua npu pemreanu CJIAY B momob1acTax peann3yoTcs Tapaiie bHbIMA
LHOTOKAMK HaJl, 0buieit namsrbio ¢ nomoinbio OpenMP. Bubinoreka KRYLOV Bkiitouaer rakzke urepa-
IUOHHbIe perrarenn u3 Hamucannoil Ha a3pike CUDA 6ubiamorexkn CuSP NVIDIA [11], uro no3sossier
peliars Ha IreTeporeHHOM Kjiacrepe BHyTpennue mnojacucrembl Ha GPU.

OcoBeHHOCTHIO TTPOTPAMMHBIX pean3aliuil aBjsercsa 1o, aro permaembie CJ/IAY mpeacraBasgioTces
B craHzaprHoM ckarom crpounom dopmare CSR (8], koropsliii siBiisiercst npakrudecku Ge3asibrepHa-
TUBHBIM CIIOCODOM IIOCTPOEHUsI YHUBEPCAJIbHBIX aAredpaniecKux pernaresieil, HO MPe/ICTAB/IIeT 3HAUN-
TeJIbHBIE TPYAHOCTH Jjist 9 MEKTUBHOINO paciapa/iie/MBaHusl aJlOPUTMOB. B 4acTHOCTH, BO3HUKAET
HeTpuBHaJbHag 3amada popmuposannsg CSR-popmaros s BcmomorarenbHbIx pacimpenabix CJIAY
B IIOI00IACTSIX.

Bubsimoreka KRYLOV sBiisiercss GyHKIMOHAIBHBIM AHAJIOIOM TAKUX [TAKETOB PACIPEIEJEHHbBIX
UTEpAIOHHBIX perrareseil, kak nanpumep PETSc [12], Hypre [13], HIPS u pARMS [14]| u ap., ograko
B KRYLOV peasin3zoBan Tak:ke psiji OPUTHHAJBHBIX METOJ0B, 00CYK1aeMbIX B pabdore.

B 1. 2 mbr onuceiBaem dyuknuonasibaoe nanosnenune oubsmoreku KRYLOV, B 1. 3 usnaratorcsa
0CODEHHOCTH MPOIPAMMHBIX PeaIn3alluil aJiredpanvdecKux pertaresieil, a B HOC/AETHEM Pa3/lesie [IPUBo-
JISATCA TIPUMEPBI YUCIEHHBIX SKCIIEPUMEHTOB JIJIs XaPAKTEPHBIX IMPAKTHIECKUX 33/1a4.

2 Aaropurmbl 6ubanoreku KRYLOV

Paccmarpusaercs: perenune emecrsennoit CJIAY
Au = f, A= {ai,j} S RN7N, (1)

MaTPHIA KOTOPOH, BO3MOXKHO, LIPEABAPUTEIbHO pa3bura Ha Osounsle crpoku A = {4, € RNe:N p =
1,..,P}, Ni+..+ N,=N, c npubiusurejbHo paBHLIM IuCIOM CTPoK Nj, > 1 B Kazkoii. CooTBet-
CTBYIOIIMM 00PA30M TaKKe Pa3OUBAIOTCS BEKTOPLL HCKOMOIO peltenust u upasoit yacru u = {u,}, f =
{fp}, Tak uro cucrema ypasuemuii (1) MoxeT ObITH 3amucana B 6JI09HOM BHIE, T.e. (POPME COBOKYIIHO-



cru P B3auMOCBA3HbBIX IMOJACUCTEM MEHBIIUX ITOPAJIKOB!

P
Ap ptip + Z Apqug = fp, p=1,..., P, (2)
i

rae Ap g € RNp:Na HPSIMOYT'OJIbHBIE MATPUIHBIE OJIOKM, I10/TyYaeMble IPU Pa30ueHnn Kazk 10 6y10aHOi
crpoku (u Beeit marpurpl A) Ha GI09HBIE CTOIOIBL.

Byaem noka cuurars, uyro CJIAY (1) upexcrasisier coboit cucremy CeTOYHBIX ypaBHEHUil, ¢ “npo-
croivu’ (“HEKPATHBIMK’) y3/IaMHU, TaK 9YTO KayK/1as KOMIIOHEHTAa BEKTOPOB U, f COOTBETCTBYET y3JIy

P
cerku, 0BLIee YUCI0 KOTOPbIX B PACUeTHO cerounoii obacru O = U ©, pasuo N. Ilpu srom 6s104-
p=1
HOe pas3bHeHHe MATpPHIl I BEKTOPOB COOTBETCTBYeT pasbmenuio (mexommosumuun) Q" ma P ceroumbix
HellepeceKalonuxcd mogobmacteil (2, B KaxKJI0l U3 KOTOPBIX HaXoAuTcd Np y37I0B.

OnucanHas JI€KOMIIO3UIIMS Q" ue HCIIOJIb3YeT y3JI0B-pa3/ie/iuTesieil, T.e. yCJOBHbIe I'DAHULBI 110/~
objtacTeil He IPOXOIAT depe3 y3jbl ceTKu. PopMaJbLHOCTH Paad MOXKHO CINTATH, YTO BHEIITHOCTD Pac-
YeTHOM 00J/IacTh ecTh HeorpaHudeHHas 11000 1acTb g ¢ guciaom ysaoB Ng = 0.

CerouHoe ypaBHEHNE I (-TO y3J1a CETKH MOXKET OBITH 3aIIMCAHO B BHUIE

. h
a; jU; + Z a; juj = fi, 1€ 8", 3
JEwW; ( )
i

rJie yepes w; 0003HAYALTC CETOYHBIH MIabJIOH ¢-T0 y3JIa, T.€. COBOKYITHOCTh HOMEPOB BCEX y3JI0B, yIaCT-
BYIOITIUX B 4-M ypaBHEHUHU. A y3JIbI U3 w; C HOMEPAMHE j 7 i HA3BIBAIOTCA COCETHUMHA K -y Y3IIy.

Hpeﬂ;nonaraeTCﬂ, 9TO CEeTOYHbIC Y3JIbl 1 COOTBETCTBYIOIINE ITEPEMEHHBIC TPOHYMEPOBAHbI CJIEYTIO-
muM 00pa30M: CHadaIa WIYT MO BCe y3/bl 1-if momobmactu ) (HEBaKHO B KAKOM BHYTPEHHEM
HOPsijIKe), 3aTeM — y3Jibl BTOpoit 1mogobaacru u T.;. OrMeruM, 4T0 B3aUMHOOHO3HAYHOIO COOTBET-
CTBUs aarebpamaeckoii U reoOMeTpuIecKoil (cerounoii) uarepnperaiun crpyKTypbl CJIAY Moxer u He
CyI1eCTBOBATH. THIMYHBII IPUMED — OJHOMY Y3J1y CETKU MOZKET COOTBETCTBOBATH 1M > 1 11epeMeHHbIX
B asirebpamnyeckoii cucreme. Kcyu [ijist KaxKI0ro y3jia Takue “KpaTHble” IepeMeHHble HyMepYIOTCs 01
psg, o crpykrypa CJIAY npuobperaer “menxobiaounniii” (m < N) sug (B (3) u; u f; o3naqaror ne
YHC/Ia, & HOJBEKTOPBI IOP:AIKA 1M COOTBETCTBEHHO, a; j € R""") I Ha TAKUX CJIydasdxX MbI OCTAHOBUMCH
B IIOCJIEIYIONIEM 0CO0O.

[Tycrs marpuna (1) 3agana B cxarom paspexenHom CSR-dopmare [8] ¢ ykazanuem uncia crpok
N, B kax/10it u3 P nozacucrem (2), B coorBercTBum ¢ pazbuenneM Marpurpl A Ha 61049HbIE CTPOKH A,

EcrecrBenno mpeoiaraercs, 9r0 CTPOKM HCXOHON MaTPHIILI IPOHYMePOBaHbI moapsig or 1 10 NV,
p—1 p

TaK 9TO HOMepa CTPOK Kaxkzaoro 6ioka A, memsiorcs or 1+ Y N; 1o > N;. Dru HoMepa Ha30BeM
i=1 i=1

r100aIbHBIME, HO KazkI0il CTpoKe u3 A, MOXKHO OJHO3HAYHO COIOCTABUTH TAKXKE CBOIl JIOKAJIBHBIIL,

M BHyTPeHHMit, HoMep oT 1 10 Np.

Ha ocuose 6sounoro mpezcrasienuss CJIAY (2) crammapTHbIM 06pa30M CTPOUTCS A TUTHBHBIN
meros [TIBapria, Ha aJredpandecKoM sS3bIKe MPeACTABISIONNI OJIOIHBIN NTeparmoOHHbI MeTo AK0Ou.
OnHakKo M3BECTHO, UTO CKOPOCTH CXOMMMOCTH HTEpAIil BO3PACTAET, €CAN JeKOMIIO3UIIAIO PACIeTHOI
obJyracTu chesaTh ¢ mepecedeHneM 00J1acTeid.

B cumay sTOr0 MBI HCIOIB3yeM OIpeIe/eHrne PACIINPEHHON CeTOUHO momobracTu Qp D Q,, nmero-
el mepecevenns ¢ COCeTHUMH 0100/ IacTIME, BeTHINHY KOTOPBIX MBI OYIEM OIpeaeasaTh B TEPMUHAX
KOJIMYECTBA OKOJIOIPAHUYHBIX CETOYHBIX CJjioeB, uau (pporros. Ob03HaAYMM yepes Fg € (), MHOXKECTBO
BHYTPEHHIX OKOJIOTDAaHUYHBIX y370B u3 (), T.e. TaKuX y3710B F; € (),, ¥ KOTOPBIX XOTd OBl OJUH U3



cocezeit He nexur B Qp(Pj ¢ Qp, j € wi, j # 1)). Obo3uaunM jasee qepes F}, MHOYKECTBO Y3JI0B, CO-
CeIHUX C y3JaMU U3 Fg, HO He IPHHAJIeXKanux §2,, depe3 1“12) — MHOKECTBO y3JI0B, COCETHUX C y3/IaMU
u3 I‘},, HO HE IPUHAIEKAIINX 00beINHEHUTO I‘}, U €, uepes F;’, — MHOXKECTBO y3JI0B, COCEJIHUX C Ff,, HO
He IIPUHATEeKAITAX 1“12) U Fll, Uy, u r.x. CoOTBETCTBEHHO 9TH MHOXKECTBA HA30BEM IIE€PBBIM BHEIIHIM
y3s10BbIM cit0eM (dporrom) nogobiracru 2y, BropsiM cioem, rperbuM u T.i1. [losryuaemoe obbeunenne

Y3JI0B
0, =9,Jr,.. s

OyZeM Ha3bIBAThb PACIIMPEHHOH p-ii CeTOYHON I110700/IacThiO, a Ie/Iyio BeauduHy A ompejeiiseM Kak
BEJIMYUHY DACIINPEHns, MIH Iepecedenns (B TEPMUHAX KOJMIECTBa CeTOUHBIX caoeB). Ciayqait A =0
daxruaeckn o3nauaer jexommnosumuio obmacrn Q" ma mozobaactn 6e3 mepecedeHmit (Qg =,).

Ha dopmanpHoM ajrebpandeckoM s3bIKe KaXKJI0il PaCIIMPEHHON 110100/ 1aCTH MOXKHO COIOCTABUTH
[OJCUCTEMY YPaBHEHU

P

(Ap,p +0Dp)ap = fp — Z Ap g + 0Dyl = 7y, (4)
q=1
q#p

rae Up, fp,Tp € RNr | a D, — nuaronasibHasg MaTpHUIa, oIpeseaseMas COOTHOIICHIEM

P
Dye = Zflp,qe, e=(1,...,1)T e R,
o

Baecs 0 € [0,1] — mexoropslii urepanuoHublii napamerp, Koropeiii npu § = 0 coorBercrByeT MTepa-
IMOHHOMY KpaeBOMY yCI0BUIO /lnpuxiie Ha CMeKHBIX TpaHuIax mogobacreit, mpu § = 1 — ycmoBuio
Heiimana, a npu 0 < 6 < 1 — yciaosuto 3-ro poja, wiun Pobena.

[lepexonst Temephb K MOJTHOMY BEKTOPY U W BBOZS MATPHUIIHI

By = Apm + 9Dp= (5)
u3 (4) mosygaeM WTEpanuoHHbI auTuBHBI nporecc IlIBapra B Bume
= un—l + B—l(f . Aun—l) — un—l + B—lrn7 (6)

e B — npepobyciiaBimBaronias MaTpulla, Onpeie/ saeMast CaeyomuM 00pa3om:
P
-1 _ p-1 _ p—1 p—1_ 1i/Tn—1
B™'=Bys=Y B, B! =W/B'W,. (7)
p=1

Baece W, - RN — RNe ecrp MaTpHI Cy:KEHHS MOJHOIO BEKTOPA B IOABEKTOD U3 Qp, a W;;f -
TPAHCIOHIPOBAHHAA MATPUIA IPOJOJIKeHNs (pacumpenus: BekTopa u3 {2, B §2).

Beoinosinenue kaxi0it urepanuu B (6) rpebyer mapasiensuoro pemenus suyrpeaanx CJIAY B nos-
obmactsx (), UTO MOKET MPOM3BOIUTBHCA WM TIPAMBIM METOJOM, UM MTEPAITMOHHBIM AJTOPUTMOM
KPBLJIOBCKOTO THNa. B mocseauem ciydae (GhakTUUIeCKU Peaqu3yloTcs MePeMEHHbIe (JIMHAMUYEeCKue)
npejobycaaBauBaren By,.

[Tpu rom peanbho BMecto (6) ucnonb3yercs yHuBEPCAIbHbIH “rubkuit” MeTos 0600IEeHHBIX MUHNU-
MasibHbIX HeBA30K FGMRES, onrumusupytomuit HeBsa3Ky B nojamnpocTpancrsax Kpoutosa. Jlasibheiiniee
YCKOPEHUE STOr0 IMPOIECCA OCYIIECTBIIAETCH C IOMOIIBIO “y/IydIeHus’’ KPBIIOBCKUX MOAIIPOCTPAHCTB,
9TO O3Ha4aeT rZl;O6aBJ'[eHI/Ie HOBBIX 6aBI/ICHbIX BEKTOPOB U MOZKET 6bITb UHTEPHIPETUPOBAHO KaK a//UBHOE

pacuiupenue 1mpeo0yc/IaB/IuBaOIIX MATPHIL;:

B,'=Byg,+ B+ By (8)



3 OcobeHHOCTU TApPAJIJIEJITbHBIX TEXHOJJIOTHIA

Ornucannble BbIIIIe TapaJiie/ibHble aJIrOpUTMbI peain3oBanbl B hopme dubsimoreku KRYLOV, koropas
opueHTHPOBaHa Ha pertenue cBepxbosbimx CJIAY Ha cucremax ¢ pacrpejiesieHHON MaMsaThiO, BKJIIO-
JaroImx B cedsg 60JIbIIT0e KOJUIECTBO BHIYUC/IUTEIbHBIX Y3/I0B. B CBaA3U € 9TUM peasin3aliusi UTepariy-
ounbix pemareseit CJIAY u npenobyciiaBauBaresieil uMeer omnpejie/ieHHble 0cobeHHocTr. B wactHOCTH,
Tpedyercs TaKasi OPraHU3aAlNsl U CTPYKTYPa METO/I0B, KOTOPast XOPOIIO 0TOOPAXKAETCsI Ha aPXUTEKTY Dbl
UMEIONIUXCS BBIYUCTUTETbHBIX CHCTEM.

3.1 OOmag opranu3anusa ABYXYPOBHEBBIX UTepaIuii

Pemrarenin 8 6ubsmoreke KRYLOV nocrpoenbl Ha OCHOBE HMIMPOKO PACIPOCTPAHEHHOIO CTaHApTa WH-
repdeiica obmena marabivu MPI (Message Passing Interface). Bazoit mis ureparuonHoro pemrenus cu-
crem ypasaenuit B Oubsmoreke KRYLOV sapisiercs meron FGMRES, pacipe/ienieHsbiit 10 pa3iuaHbIM
MPI-nporieccam. /laHHBII MeTOJ, COBMECTHO C pa3/iMuHbIMU IpejodyciasiauBaresamu Tuna llBapia
HCIIOJIB3YETCS JIist Perenns 3aianuoit pacupeenennoit CJIAY.

IIceBmokoz anropurma craemytomuii (cm. |7]):

o 1o ¢ f— Aug, B=|lroll, go = ro/|lroll, € + (1,0,...,0)"
e n<«0,1,... while ||r,|| >¢ef

— zp < B g,

— Gny1 ¢ Az

For k € [0,...,n]

* Higp < (Gnt1, ax)

* qn+1 < Gnt1 — Hi g
— Hyp1n < ||@nt1l], @ng1 < Gnet/Hpgin
For k€ [0,...,n —1]

Hyn ] [ Ck Sk ] [ Hyn }
* ’ — _ ’
[ Hiyin —8k Ck Hiyipn
— Cp ’Hn,n‘/\/’Hn,nP + ’Hn+1,n‘2
— Sp ann—f—lm/Hnm

&n :| |: Cn  Sn :| |: én :|
— — _
|: €n+1 —Sn  Cn §n+1
- Hn,n — ann,n + San-‘rl,n; Hn+1,n 0
= [Irnsall < Blén+1l

oy, < BHYE

® X, < xo+ (20 2n—1]YUn-

AHa/in3 BEIYUCIUTEIBHON CXeMbI aJINOPUTMa [TOKA3BIBAET, YTO OCHOBHbIMU orteparusivu B Meroge FGMRES
SABJISIOTCS

® BEKTOPHO-BEKTOPHBIE Olepalyuu (BbIYUCIEHUE CKAJSIPHBIX [TPOM3BEJEHUI, HOPM, U T.I1.);



® MATPUYHO-BEKTOPHBIE onepaiyuu (yMHOXKEHUE MaTPUIbl Ha BEKTOD); B IIEPBBIX JIBYX ILyHKTAX
OIIePAITNK BBIMOIHSIIOTCA B HMOJHOM N-MEpPHOM MIPOCTPAHCTBE, riae N — pa3MepHOCTH peIraeMoii

CJIAY,

e npumenenne npegobyciaasiuBaress (meronsr [llBapna u rpyboceToTHON KOPPEKINT, BKIIOTAI0-
e pentenue Benomoraresnbubix CJIAY orHOCHTE/IBHO MaJIOro pasmepa);

o (QR-pasnoxkenue Marpullbl XeccenOepra, (GopMUPYyeMOil B IPOLECCe MOCTPOEHUs] DABUCHBIX BEK-
TOPOB.

Bce ocrasnbubie onepanuu tpedbyior O(1) BpemeHu u HE BHOCAT CyHIECTBEHHOTO BKJIAJa B MIPOM3-
BOJUTEILHOCTE pemaresis. boee Toro, Bkirag (QR-pas3ioxkenns Bo BpeMs pabOoThl pelraTesieil Tak:xKe
MO2KHO UTHOPUPOBATH B IIPEAITOJIOZKEHNN, ITO ITOPAA0K CUCTEMbI MHOI'O 6OJII)L[I€ KoJ/im4yeCcTrBa I/ITepaI_[I/II.;I.
Takoe pazioxkenne Takzxke He Tpebdyer OOBIIOr0 KOJIMIECTBA MAMSITH, IOITOMY C IEIbI0 YMEHbIICHNS
KOMMYHUKAITMOHHBIX 3aTPAT OHO BbIoJHseTCd B Kaxkgom MPI-tiporecce, peasiusyromem gefictBus st
COOTBETCTBYIOIIEI MOT00IaCTH.

BeKTOpHO—BeKTOprIe Oonepanv B UTEPAIUMOHHBIX PDENIaTe/IAX PaCllapaJljIe/IMBal0oTCAd eCTEeCTBEeHHBIM
obpa3oM 3a cueT pa3dueHus BEKTOPOB, ITOPOKIAEMOIO JEKOMITO3HUIINEl MATPHUILI HA PACIIHPEHHBIE
O109HBIE CTPOKH. EtmHCTBEHHAS 0CODEHHOCTD PeAIN3AINN STUX OIEPAIUil 3aKII0IAETC B TOM, ITO JIIsT
BBIYUC/ICHUST CKAJISIPHOTO IIPOU3BeIeHNsI U HOPMBI HeOOXoanMa OymeT TOUKa CHHXPOHU3AIMH U 00MEH
JIAHHBIMM, OJIHAKO, K upumepy, B unrepdeiice MPI umeerca tpebyemast dyunkuns MPI  Allreduce,
peanu3anys KOTOPOil ONTUMUBUPYETCH mocTaBIkoM Oudbnorexku MPI.

JLj1s1 mpoBeIeHNsT MATPUIHO-BEKTOPHBIX OIIEPAITHIl pelraTe/ b CTPOUT [T KazK/ 10l 110100,1acTH CIINC-
KW y3JI0B, SIBJIAIONIUXCS I'PDAHUYIHBIMU i COCemauux mozodsacreit. B masibheiimem, npu yMHOXKEHUH
MaTpHITLI HA BEKTOp WM NPH IpuMeHeHnn wureparuu llIBapiia K BEeKTOPY HEM3BECTHBIX, PEIIATE]Ib
KCIIOJIb3YET MOy YEHHYIO0 nH(MOPMAIMIO Il EePEChIKN YacTeil BeKTopa Mex/1y npomeccamu. Kiroue-
BBIM MOMEHTOM B TAKOM IIOJIXOJ€ SBJIIETCSI yMEHbIIeHHe 00beMa MepechblIaeMbIX JAHHBIX — HEe0OXO0-
JIAMO [EPECHLIATH B COCEHUE MOI00IaCTH TOJBKO MPAHUYHBIE 9JIEMEHTHI BEKTOPA BMECTO TOI0, YTOObBI
IepeceLIaTh BEKTOp IeaukoM. B ciaydae, ecan pazbmenne Ha m01001acTi OBLIO IOCTPOEHO IIOIXOISI-
UM CoCOO0M, KOJIMYIECTBO I'PAHNIHBIX Bepiud N1 Oyer CyIeCTBeHHO MEHbINE Pa3Mepa, 110100/ 1acTi
(HampuMep, [T [BYMEPHBIX 33712 KOJIUIeCTBO IPAHIIHBIX BeplinH N, Oy/1eT IPOIOPIHOHAIbHO KBA/I-
PaTHOMY KOPHIO U3 0ODIIero 4ucja BepiuH B mopobsactu, a Jjis TpexMepabix Np ~ N 2/ 3.

[Ipumenenue npepobyciraBiuBaresieii, ocHoBaHHbIX Ha Meroje [lIBapiia, Tpebyer Ha KaxKj10#l ure-
paluy BHEIIHEero aJITOPUTMa PEeIIeHns 03334 B Mogo0aacTax. JlocTonHCTBOM MeTo/1a aIIuTUBHOTO
[MIBapua siBJisieTcst TO, 9TO PEIIeHne B MOA00/IACTIAX MOXKET TPOBOAUTHCH HE3ABUCUMO JIPYT OT JApPyra u
He Tpebyer KoMMyHuKanuii. /leficTBuTebHO, KaK y2Ke OTMEeYaJIoCh BhImIe, ureparuio IlIBapiia MoKHO
upeacrasuth B Buge (6), rae npegobyciasiusaress B cocrasien uz 6s0koB (5). Orcioga BuaHO, 4TO
npuMeHenue npegobyciaasmusaress B! B mogobmacti ¢ HoMepoM p He TpebyeT 3HAHUA IIepeMeHHBIX,
HE IIPUHA/J/IeKAIUX €il.

3.2 Peanuzaiius BHYTPEHHUX UTEpANUil B 110100/1acTAX

Jna pemenns 3amaq Ay ,v, = by, B I0700/1aCTAX MOKHO HCIOJIB30BATh KAKOH-HHOY/b IIPAMOIL pela-
TeNb JIA paspekeHHbix cucrem, Hanpumep pemarens PARDISO n3 6ubiaunorekn Intel® MKL. Oa-
maxko Bpems, Tpebyemoe PARDISO nia pasmoxenus: MaTpuIl, B 00IIEM Caydae pPacTeT MPAKTUIECKN
kak O(N 3 /P3), [I09TOMY TAKON METOJ IOJXOJUT TOJIBKO JIjisi PEIIeHus HE OYeHb OOJIbIINX CHUCTEM
Ha 60/IbIIOM YuC/Ie mpoteccopos. OHAKO JeiicTBre 0GPATHBIX HECUMMETPUYHBIX MaTpuIl A, }) MOKHO
BBIYUC/ISITH TPUOIMKEHHO IPU OMOIIU PeI00yCAOBAEHHBIX METOJ0B B HOAIPOCTPancreax Kpbuio-
Ba, Takux Kak GMRES u BiCGStab. B kauecrBe npemodyciasmmparess npejiaraercs meron USOR



B Mouucukanuu Aii3eHinrara, B TOM 4YKUCJIE €ro MeIKOO/I04HbI BapuaHT. IIpu 9T0M 110/1b30BaTeE 10
MPEeIOCTAB/IIETCS BO3MOXKHOCTEL BBIOOpa pemtaresns qiag nomobaacreit — gmbo PARDISO u3 Intel®
MKL, sm60 0HOr0o U3 mepeducjaeHHbIX BbIIE€ UTEPAIMOHHBIX Pertaresiei.

Pacemorpum 6051ee mogpobo npegodbycnasausaress USOR B momudukanun Aiizermrara. [lycrs
A=D—L—U, a B — npenobycinapjmpaioniasa MaTpuLa, 3anucannas B popme

B=(G-L)GHG-U)=G—-L-U+LG'U, (9)

rae G = block-diag{Gy}, G € R™™, k=1,....M = N/m ecrb 6/104HO-IMaroHa/IbHasi HEBLIPOK EH-
Hasl MaTPHUIA C JUACOHAJIBLHBIME OJIOKaMM OJHMHAKOBOIO IOPAaKa m, mpuueM mopsaok CJIAY kparen
m, a M — 3r0o Ga0unblii nmopsaok marpunst A. Marpuna G — HEeKOTOpas NOKa He KOHKPEeTH3upye-
Masl HEBBIPOXKIEHHAs] MATPHIA, /IS KOTOpOil BeramcauMo pasioxkenne G = LqUg ¢ TpeyroJbHBIMEI
HEBBIPOXKIeHHbIMEU MHOKHUTeamn Lg n Ug.

C momorpio 0603HATEHMIIT

D=L;'DU;', L=L;'LU;', U= L;'UU;" (10)
upeobyciosiennas Marpuna A = LE;lA Ug L cucrempr 3anuceiBaercs B popme
A=I-D'+(I-0)"'+I-L)y " (D-2I-0)", (11)

rie I ecTb eUHUYHAS MATPUIIA.
Orcroma npegodyciosnerryo CJIAY MOXKHO peICTaBUTh KaK

Au=f=(Le— LUZY)'f, = (Ug - L;'U)u. (12)

Baxxno ormerurhb, 4r0 ymMHOKEeHNE A HA HEKOTOPBI BEKTOP ¥ MOXKHO IPEJACTABUTH B yI00HOM 115t
BbIYUC/IEHUS (popMe

Av=(T-L) v+ (D -2Nw|+w, w=(I—-0U)" v, (13)

COCTABJISIONIE CyTh MoK AfBeHIITaTa.
Konkperuzupyem rernepb Boi0op Marpuilbl G. Mbl ucnosibsyem

G-1p, (14)
w

IJle W — peJIaKCAIMOHHBI 9uc/i0Boil napamerp. OQueBujiHO, 9T0 Takas Marpura G coxpaHsier OJ0YHO-
IHaroHaJbHYI0 CIPYKTYpy D. B 9TOM ciiydae TpeyrojbHoe pasjioxkenne (G CBOAUTCI K COOTBETCTBYIO-
[IEMY Pa3J/I0KEHUIO €€ JUArOHAJIbHBIX OJIOKOB:

G = block-diag{G, = LarUc i}, (15)

a peaysm3alius yMHOXKEHWT BEKTOpA Ha MaTpHIly A yIpOIaercd 3a cueT OJ0UHOrO MpeICTaB/ICHIS
MaTpuL

7 7 -1 -1 = > -1 -1

L= {Lk,l = LG,kLkJUG,l}’ U= {Ukvl = LG,kUk,lUG,l}v

k,l=1,.. M.

BoJiee KOHKpeTHO, NPy UCIO0/Ib30BaHUK BJI0MHOIO NPEACTaBIeHus: BeKTOpoB v = {vg },w = {wi }, k =
1,..., M, pemenus ydactByomux B (13) TpeyrojgbHbIX crcTeM

(I-Uw=v, [-Ly=z=v+(D-2Nw



OCYIIECTBJISIOTCH (DAKTUYECKH I10 CJIEAYIONIUM PEKYPPEeHTHbIM (DOPMyJiaMm:

M
Wy = V), WE = Vg + Z Ukﬂ)l, k=M-1,..,1,
k_1l=k+1 (16)

Y1 =21, Yk = 2k T Zik,m, k=2,..,M.
I=1

OrmeruM, 9T0 UCIHO/Ib3yeMble MOJUMUKAIMYA HEOJHOW (PaKTOPU3AIUN ABJISTIOTCA SKOHOMUIHBIMU,
HO TIJIOXO PACIApa/IIeIMBAEMBIMU, BCIEIACTBHE HEOOXOmuMoCTH perrenns BcemomoraTenbubix CJIAY ¢
TpeyroJibHbiMu MarTpunaMu. OJIHAKO UMEIOTCsT PA3IUIHbIE [OJIX0/bl K PACIAPAJLIEUBAHUIO TPEYIO/Ib-
HBIX pelraTe/ieii, HampuMep MeTO T IJTAHNPOBAHUS BBIUUCICHNIT 10 ypoBHAM, cM. [7|. Kpome Toro, ymHo-
JKeHue Ha “MesikoOsiounble” marpuiibl Uy u Ly g, eciim OHM BBbIYMC/ICHBl 3apaHee JI0 UTepalyii, Jjis
KaK/I0r0 (pUKCUPOBAHHOTO K MO3BOJILAIOT ODECIIeYnTh CyIecTBEHHOe ycKopenue cpejcrBamu OpenMP.

4 IlIpumMmepbl YHCJIEHHBIX YKCIIEPUMEHTOB

MbI npuBe/ieM pe3yJibraThl HEKOTOPHIX YHUC/IEHHBIX SKCIEPUMEHTOB 110 PEIIEHUIO Psijla MTPAKTUIECKUX
3agaa ¢ nomorpio 6ubamorekn KRYLOV, Boimosnmennsix ma kmacrepe UBMuMI™ CO PAH [15]. B
JIaHHBIX pacyerax BHEIIHUE WTepaluy HPpoBOAuInuch ¢ noMoupio Mmerojga FGMRES ¢ kpurepuem okou-
JaHUs UTEPAInil 110 YCIOBUIO HA eBKJIMIOBYIO HOPMY HEBSI3KHU

Ir™|2 < el|f]2, e=10"".

HauasbHble mpubInzKeHns i NCKOMbBIX BEKTOPOB Beeria Buibupasuch u’ = 0.

Bcenomoraresnshbie CJTAY B 110100 1acTsX pera/inch Jinbo ¢ oMouibio npsiMoro pemareiss PARDISO,
npuyueM Hanbostee TpymoeMKuii sTan — LU-pa3siioxkeHne MaTpHUIbl — BBIIOJIHSICS OIUH Pa3 10 HTepalluii,
Jmbo ¢ nomoIpo urepainnorroro Meroga BiCGStab ¢ npejgobyciapiusaresem Aiizenmrara. Pacuers
[IPOBOIU/INCH C HCIOJB30BAHHEM PA3IMIHOr0 KOoamdecTBa P momob/iacreii, Ipyu HE3aBUCHMOM BapbH-
poBaHuu 4ucia BelaucauTeIbHbIX y3/10B u MPI-iponeccos. B uumxecnepyiomux tabaumax N u NZ
obo3HaualoT HopasoK pemaeMblx CJIAY, a Tak:Ke KOJHMIECTBO HEHY/IEBBIX 3JIEMEHTOB MATPHIILI, KOTO-
pble XapakTepu3yIloT TPY/L0eMKOCTb 3a/1a4M.

Paccmorpum pesysibraThl 9KCIEPUMEHTOB 110 perieHuio Tpex Hecummerpudnbix CJIAY, BozHukazio-
[IIX U3 CETOYHBIX AIIPOKCUMAINN IPAKTHIECKUX 331249 IHIPO-Ta30IiHAMUKH. XapaKTEePUCTUKU CO-
OTBETCTBYIOIIUX ILJIOXO 00YC/IOBJIEHHBIX MaTpuIl JgaHbl B Tabur. 1.

Tabs. 1. XapakKTepuCcTuKN “Iuapo-ra30quHAMIIECKAX MATPHI]

Haumenosauue | N -107% | NZ-107°
2 1.73 12.0
I3 0.48 13.7
r4 9.38 50.4

B rabsi. 2—4 npusejiennbl pesyibrarsl pacueroB st garabix CJTAY ¢ ucnonbzosannem PARDISO
B KQJeCTBe PeInaTe/s B Momo0acTaX. B Kaxmoit n3 KaeTok TabjIui CBepXy BHU3 MPEJICTABIEHO 00IIee
BpeMsi cueTa t B CEKyH/aX M KOJIMYECTBO BHEIIHUX UTEPALU 7.

3ech U majee WCIOMB3YIOTCA Caeaytomme obo3uadenus: Nyoy — IUCI0 UCIOTB3YEMBIX BBITHC/IH-
TeJBHBIX y3J10B; Ny — Kosmdectso MPI-nponieccos na omnom ysne; P = Ny oq - Nyypi — 0Omiee unciio



MPI-npoueccos, pasroe koauvecTBy nopobaacreil; A — mapamerp nepecedeHusi B JEKOMIIO3UIUU 00-
nacreil (KOJIMIeCTBO PACIIMPEHNil CeTOIHOMN m0100,1acTh); Nyj — KOMUIecTBO (hOPMUPYEMBIX BBITHCIIH-
TesibHbIX 0TOKOB B oauoM MPI-nponecce; T — Bpems (B cekyngax) pemenus CJIAY 6e3 pacuapasiie-
JMUBaHUA, T.e. IPU Npypi = Ny, = 1.

Tabs. 2. 3uavenus t u n. Aig caydas ucnoab3opanns PARDISO B mogobiacTax
upu Ny, = 4 agim CJIAY T'3 (17 = 10.1)

P\AT 0 | 1 [ 23] 475
9.45 | 7.46 | 7.23 | 6.80 | 6.75 | 6.52
5 82 | 41 | 29 | 22 | 18 | 15
5.64 | 4.69 | 4.32 | 421 | 4.27 | 4.31
10 | 114 | 59 | 41 | 32 | 27 | 23
6.03 | 4.09 | 3.72 | 3.76 | 3.77 | 3.59
20 | 164 | 84 | 58 | 44 | 37 | 32
6.83 | 4.29 | 3.86 | 3.63 | 3.78 | 3.68
30 [ 183 | 94 | 67 | 52 | 43 | 38

Tabia. 3. Pesymprars: pemrenns CJIAY I'4 ¢ momompio PARDISO (17 = 399.4)

P\AT 0 1 2 3 4 5
280.4 | 199.4 | 153.9 | 146.5 | 140.6 | 1435

5 235 | 119 | 8 | 67 | 55 | 47
1279 | 736 | 61.3 | 56.3 | 51.9 | 49.6

10 | 311 | 161 | 116 | 92 | 76 | 66
1474 | 712 | 51.9 | 47.0 | 41.3 | 40.6

20 | 331 | 175 | 127 | 101 | 84 | 72
1583 | 76.9 | 59.2 | 52.7 | 49.5 | 484

30 | 355 | 186 | 135 | 109 | 95 | 80

Tab6st. 4. Pesynbrarer sxcnepumentos st CJIAY I'2 ¢ nomompio PARDISO (77 = 87.1)

P\AT] 0 1 [ 2 [ 3 4] 5
60.6 | 39.9 | 33.9 | 30.9 | 285 | 27.4

5 235 | 116 | 78 | 59 | 46 | 37
584 329|246 | 21.0 | 10.1 | 174

10 | 486 | 244 | 167 | 124 | 99 | 79
1185 | 47 | 28.6 | 22.6 | 18.3 | 16.0
20 | 934 | 479 | 330 | 246 | 194 | 157
230.5 | 74.5 | 53.9 | 33.4 | 27.0 | 20.8

30 | 1352 | 690 | 473 | 355 | 280 | 228

Kax BumHO U3 9TUX Pe3y/IbTaTOB, NCIOIBL30BAHNE TEPecetueHnii ¢ pocToM A maeT cTabuabHOe yMeHbIIIe-
HUE YNC/Ia BHEIIHUX UTEPAIUil, & BDEMS CU€Ta yMEHBIIAETCS B JBa U B 60JIbIIee /10 pas (MakcuMasib-
ublil Koaddurment yckopernns — cpoime 10). C poctom P BpeMs BBIUUC/TEHUI CHAYAIA YMEHBIIACTCS,
o nocsie P > 20 HauuHAeT yBeJMYIUBATHCH, TAK KaK PACTET YMCJIO BHeIrHuX wrepanuit. JLns ucupas-
JIEHUS CUTYAIUK, OYEBUHO, HAJIO UCIIOJIB30BATh YCKOPEeHUe Tuiia rpyboceTovuHoil KOPPEKIUu, KOTOPOoe
B JIAHHBIX YKCIIEPUMEHTAX HE IHPUMEHSIIOCH.



Bropoit nabop CJIAY 18 94uCAEHHBIX KCIEPUMEHTOB ObLI LIPEJACTABIEH B 0JI0YHO-CTPOYHOM Pac-
upegeneraom ¢opmare CSR, a 3ajannoe koaudecTBo 6JIOYHBIX CTPOK ykazano B Tabj. 5. Tam xe
ykazano, aro nepsbie e CJIAY pganHOro HabOpa UMEOT “MeJKODJIOUHYIO” CTPYKTYPYy C pasMepoMm
6J10K0B, paBHBIM M = 5. B Tabsure TakxKe NpUBEIEHO KOJUYECTBO momobjacreit P, Ha KOTOpbIE ObI-
s pazdurer coorsercrBytomue CJIAY. Pazouenune CJIAY ocyiecrsiieno 6e3 mepecedennii, Tak 9To,
daxTuvecku, B pannom nabope recros A = 0.

Tabs. 5. Xapakrepucruku 6j109ab1x pacipeenenabix CJIAY

Haumenosauue | N-109 [ NZ- 10| P | m
I's 9.5 330 48 | 5
I'6 3.7 126.8 36 | 5
7 6.5 44 4 20 | 1
I'8 0.35 1.74 20 | 1

B rabsi. 6 npusejerbl pesyiibrarhl sxcepuMmerTos s dersipex CJIAY u3 Broporo mabopa rectu-
pyeMbIx 3a7ad. B kreTkax Tabyumbl yKazaHo obIee BpeMs cdeTa t (c/ieBa), a TaKzKe THCI0 BHEITHUX
urepauuii ne.

s Bayrpennux CJTAY 1pu uCo/ib30BaHUE UTEPAMOHHBIX perrare/ieil pakTuIeCKu UCIo/Ib30Bar
JTICH OTpaHUYeHHs YHCIa HTepamnuii n!, . pasable 10 mm 20 1 ykasaHHbIe B cKoOKax. Jljis mpamoro pe-
maresns PARDISO B ckobKax yKazaHO 9UCIIO 3aIlyCKAEMbIX UM TIOTOKOB 11pU (PaKTOPU3AILUU U PEIIEHUN
CJIAY. B kauecTBe mpeso0yCIaBIuBaTe s A7 BHYTPEHHIX UTEPAITNOHHBIX PeIaTesiei NCIoIb30BaICs
“Mesiko0s10uHbI pegobycaasiuparesib USOR B mojgudukanun Aitzenmrara. st npejodyciaBiuBa-
tesis USOR npejictaBiiensl pe3y/ibraThl 0€3 UCIIO/IH30BaHUS CPeCTB pacnapaJienuBanng OpenMP.

Tabs. 6. CpaBHeHMe TPIMBIX U UTEPAITMOHHBIX permareseii qasa BayTperanx CJIAY

Meros, I's I'e6 r7 I's
PARDISO (Ny, = 8) 58.9 38 | 189 21| 121.6 351 | 3.8 189
PARDISO (Ny, = 2) 1496 38 | 424 21| 178.8 351 | 4.7 189

BBiCGStab (n!,,, = 10) | 49.3 39 | 13.6 21 | 498.5 368 | 14.6 252
BBiCGStab (n!,,, =20) | 70.5 38 | 19.7 21 | 843.9 360 | 24.9 206

[To pe3ysibraram YUC/IEHHBIX SKCIEPUMEHTOB MOXKHO CHE/IATh CJIEIYIONINe BbIBOJIbI:

e ma paccmarpuBaeMbix CJIAY ¢ m = 1 npawmoit pemrarens PARDISO nmeer cyrmecrBentoe mpe-
UMYIIECTBO IEPe], UTEPAIUOHHBIMY, IPUYEM YBeJIMYeHue B HEM KOJUYECTBA UCIOJIB3YEMBIX IIO-
TOKOB Ny, oT 2 110 8 naer koaddunment yckopenus or 1.5 10 3;

e upsimoii pemaresis PARDISO npourpsiBaer “mMesiko0109HOMY” UTEPAIMOHHOMY aJIlOPUTMY JIjIst
CJIAY ¢ m = 5, XoTa TeKyIas peaan3aius Jaxke He ucroab3yer cpencrsa OpenMP s pacma-
paJLIeIuBaHus Ha, OOIEel MaMsTH;

® pACYeTHI IOATBEPKIAIOT OKUIAEMBI (PAKT, ITO IIPH UCIIOIb30BAHNN UTEPAIMOHHBIX BHY TPEHHIX
pewareneii s CJIAY B nopobsacrsax Her cMbICIa J0OMBATHCS BHICOKOH TOYHOCTU HA Pa3/iuy-
HBIX BHEITHUX UTEPAIUIX; 00/1ee KOHKPETHO, [IPY YBeJHIEHNN KOJIHMIECTBA BHY TPEHHUX UTEPAITHi
Mg € 10 710 20 4nciio BHENIHUX UTEPALMl HECKOJIBKO 11a/IaeT, HO KaxK/las U3 HUX Jesaercs “Jo-
poxke” u obliree BpeMs pelleHus yBeJInInBaeTCs.

Pabora monmepxana rpanrom PO®I N 11-01-00205, a taxke rpantamu [Ipesuanyma PAH
N 15.9-4 u OMH PAH N 1.3.3-4.
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