
úÁ�ÉÓËÉ ÎÁÕÞÎÙÈÓÅÍÉÎÁÒÏ× ðïíé�ÏÍ 453, 2016 Ç.÷. ð. éÌØÉÎé�åòáãéïîîùå ðòïãåóóù ÷ðïäðòïó�òáîó�÷áè ëòùìï÷á{óïîîå÷åìøäá
§1. ÷×ÅÄÅÎÉÅ÷ 1980 Ç. × ÔÒÕÄÁÈ ÓÉÍ�ÏÚÉÕÍÁ �Ï ÍÅÔÏÄÁÍ ÒÅÛÅÎÉÑ ÕÒÁ×ÎÅÎÉÑîÁ×ØÅ{óÔÏËÓÁ ÂÙÌ Ï�ÕÂÌÉËÏ×ÁÎ ÎÅ �ÒÉ×ÌÅËÛÉÊ ×ÎÁÞÁÌÅ ×ÎÉÍÁÎÉÑ ÉÔÅ-ÒÁ�ÉÏÎÎÙÊ ÍÅÔÏÄ [1℄ ÒÅÛÅÎÉÑ ÎÅÓÉÍÍÅÔÒÉÞÎÙÈ ÓÉÓÔÅÍ ÌÉÎÅÊÎÙÈ ÁÌÇÅ-ÂÒÁÉÞÅÓËÉÈ ÕÒÁ×ÎÅÎÉÊ (óìáõ), ÏÓÎÏ×ÁÎÎÙÊ ÎÁ �ÏÉÓËÅ �ÒÉÂÌÉÖÅÎÎÏÇÏÒÅÛÅÎÉÑ ×Ï ×ÌÏÖÅÎÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ ÕÍÅÎØÛÁÀ-ÝÅÊÓÑ ÒÁÚÍÅÒÎÏÓÔÉ É ÎÁÚ×ÁÎÎÙÊ ÁÌÇÏÒÉÔÍÏÍ ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÊ ÒÅÄÕË-�ÉÉ ÒÁÚÍÅÒÎÏÓÔÉ (IDR, ÁÂÒÅ×ÉÁÔÕÒÁ ÏÔ Indu
ed Dimension Redu
tion).åÇÏ Á×ÔÏÒ, ð. óÏÎÎÅ×ÅÌØÄ, �ÏÞÔÉ ÞÅÒÅÚ 30 ÌÅÔ Ï�ÕÂÌÉËÏ×ÁÌ ÓÏ×ÍÅÓÔ-ÎÏ Ó í. â. ×ÁÎ çÅÊÚÅÎÏÍ ÒÁÂÏÔÕ [2℄ �Ï ÉÓÓÌÅÄÏ×ÁÎÉÀ ÎÏ×ÏÇÏ ÓÅÍÅÊ-ÓÔ×Á ÍÅÔÏÄÏ×, ÓÌÅÄÕÀÝÉÈ ÉÚ ÅÇÏ ÓÔÁÒÏÊ ÉÄÅÉ. ðÏÓÌÅ ÜÔÏÇÏ ÎÁ ÄÁÎÎÕÀÔÅÍÕ �ÏÑ×ÉÌÓÑ �ÉËÌ ÓÔÁÔÅÊ, ÓÍ. ÎÁ�ÒÉÍÅÒ, [3{9℄, ÇÄÅ ÎÅËÏÔÏÒÙÍÉ Á×-ÔÏÒÁÍÉ ÂÙÌÏ �ÒÅÄÌÏÖÅÎÏ ÎÁÚ×ÁÎÉÅ \ÁÌÇÏÒÉÔÍÙ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈóÏÎÎÅ×ÅÌØÄÁ", ËÏÔÏÒÙÅ ÄÁÖÅ ÒÁÓÓÍÁÔÒÉ×ÁÌÉÓØ ËÁË ÁÌØÔÅÒÎÁÔÉ×Á ÉÔÅ-ÒÁ�ÉÏÎÎÙÍ ÍÅÔÏÄÁÍ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙÌÏ×Á.óÌÅÄÕÅÔ ÏÔÍÅÔÉÔØ, ÞÔÏ × 1989 Ç. ð. óÏÎÎÅ×ÅÌØÄÏÍ ÄÌÑ ÒÅÛÅÎÉÑ ÎÅ-ÓÉÍÍÅÔÒÉÞÎÙÈ óìáõ ÂÙÌ �ÒÅÄÌÏÖÅÎ \ÓÄ×ÏÅÎÎÙÊ" ÍÅÔÏÄ ÓÏ�ÒÑÖÅÎ-ÎÙÈ ÇÒÁÄÉÅÎÔÏ× CGS, Ñ×ÌÑÀÝÉÊÓÑ ×ÁÒÉÁÎÔÏÍ ÁÌÇÏÒÉÔÍÁ ÂÉÓÏ�ÒÑÖÅÎ-ÎÙÈ ÇÒÁÄÉÅÎÔÏ× BiCG (ÓÍ. [10, 11℄ É �ÉÔÉÒÕÅÍÙÅ ÔÁÍ ÒÁÂÏÔÙ), ÎÅÔÒÅÂÕÀÝÉÊ ÕÍÎÏÖÅÎÉÑ ÎÁ ÍÁÔÒÉ�Õ, ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÎÕÀ Ë ÉÓÈÏÄÎÏÊ(trasposed free, Conjugate Gradient Squared). äÁÎÎÙÊ �ÏÄÈÏÄ ÉÎÉ�ÉÉ-ÒÏ×ÁÌ �ÏÑ×ÌÅÎÉÅ ÁÎÁÌÏÇÉÞÎÏÇÏ ÓÔÁÂÉÌÉÚÉÒÏ×ÁÎÎÏÇÏ ÍÅÔÏÄÁ ÂÉÓÏ�ÒÑ-ÖÅÎÎÙÈ ÇÒÁÄÉÅÎÔÏ× BiCGStab [10℄, ÚÁ ËÏÔÏÒÙÍ �ÏÓÌÅÄÏ×ÁÌÉ ÅÇÏ ÒÁÚ-ÌÉÞÎÙÅ ÏÂÏÂÝÅÎÉÑ, × ÞÁÓÔÎÏÓÔÉ, ÁÌÇÏÒÉÔÍ BiCGStab(l) [12℄. ÷ ÏÔÌÉÞÉÅÏÔ ÛÉÒÏËÏ ÉÓ�ÏÌØÚÕÅÍÏÇÏ ÏÂÏÂÝÅÎÎÏÇÏ ÍÅÔÏÄÁ ÍÉÎÉÍÁÌØÎÙÈ ÎÅ×ÑÚÏËëÌÀÞÅ×ÙÅ ÓÌÏ×Á: ÉÔÅÒÁ�ÉÏÎÎÙÅ ÍÅÔÏÄÙ, ÉÎÄÕ�ÉÒÏ×ÁÎÎÁÑ ÒÅÄÕË�ÉÑ ÒÁÚÍÅÒÎÏ-ÓÔÉ, �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á óÏÎÎÅ×ÅÌØÄÁ, ÁÌÇÏÒÉÔÍÙ �ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ,ÕÓÌÏ×ÉÑ ÄÅÆÌÑ�ÉÉ, ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÙÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á ëÒÙÌÏ×Á.òÁÂÏÔÁ �ÏÄÄÅÒÖÁÎÁ ÇÒÁÎÔÁÍÉ òîæ N 15-11-10024 É òææé N 16-29-15122.114



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 115GMRES [10℄, �ÒÅÄÌÏÖÅÎÎÙÅ ÁÌÇÏÒÉÔÍÙ (× ÔÏÍ ÞÉÓÌÅ Ó ÒÁÚÌÉÞÎÙÍÉ ×É-ÄÁÍÉ �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÎÉÑ) ÏÓÎÏ×ÁÎÙ ÎÁ �ÒÉÍÅÎÅÎÉÉ ÜËÏÎÏÍÉÞÎÙÈ ËÏ-ÒÏÔËÉÈ ÒÅËÕÒÓÉÊ ÄÌÑ ×ÙÞÉÓÌÅÎÉÑ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÎÅ×ÑÚÏË É ÄÒÕ-ÇÉÈ ×ÅËÔÏÒÏ×, ËÏÔÏÒÙÅ ÏËÁÚÙ×ÁÀÔÓÑ ×ÏÚÍÏÖÎÙÍÉ ÂÌÁÇÏÄÁÒÑ �ÒÉÍÅÎÅ-ÎÉÀ ÉÈ ÂÉÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ. úÁÍÅÔÉÍ ÔÁËÖÅ, ÞÔÏ × ÒÁÂÏÔÅ [13℄ �ÏÓÔÒÏÅ-ÎÏ ÁÎÁÌÏÇÉÞÎÏÅ ÓÅÍÅÊÓÔ×Ï ÍÅÔÏÄÏ×, ×ËÌÀÞÁÀÝÅÅ ÒÁÚÌÉÞÎÙÅ ÔÉ�Ù �ÒÅ-ÄÏÂÕÓÌÁ×ÌÉ×ÁÎÉÑ, �ÏÌÕÞÁÅÍÏÅ �ÒÉ ÚÁÍÅÎÅ �ÒÏ�ÅÓÓÁ ÂÉÏÒÔÏÇÏÎÁÌÉÚÁ-�ÉÉ ÎÁ A-ÂÉÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÀ ×ÅËÔÏÒÏ×. óÏÏÔ×ÅÔÓÔ×ÕÀÝÉÅ ÁÌÇÏÒÉÔ-ÍÙ, �ÏÌÕÞÉ×ÛÉÅ ÎÁÚ×ÁÎÉÑ A-BiCG (ÉÌÉ BiCR, ÏÔ Bi
onjugate Residual),A-CGS É A-BiCGStab, ÉÌÉ CGR É BiCRStab ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, × ÜËÓ�Å-ÒÉÍÅÎÔÁÈ ÎÁ ÍÅÔÏÄÉÞÅÓËÉÈ �ÒÉÍÅÒÁÈ ÏÂÎÁÒÕÖÉ×ÁÀÔ ÈÏÒÏÛÕÀ É ÄÁÖÅÎÅÓËÏÌØËÏ ÌÕÞÛÕÀ ÕÓÔÏÊÞÉ×ÏÓÔØ, ÞÅÍ ÉÈ �ÒÏÔÏÔÉ�Ù Ó ËÌÁÓÓÉÞÅÓËÏÊÂÉÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÅÊ.÷ �ÏÓÌÅÄÕÀÝÉÈ ÓÔÁÔØÑÈ ([14{17℄ É ÍÎÏÇÉÈ ÄÒÕÇÉÈ) ÒÁÚÎÙÍÉ Á×-ÔÏÒÁÍÉ ÉÓÓÌÅÄÏ×ÁÌÉÓØ ×ÁÒÉÁÎÔÙ ÍÅÔÏÄÏ× IDR(s), ÄÌÑ ËÏÔÏÒÙÈ ÕÓÔÁ-ÎÏ×ÌÅÎÁ ÉÈ Ó×ÑÚØ Ó BiCGStab(l), Á ÔÁËÖÅ �ÒÅÄÌÏÖÅÎÏ ÉÈ ÏÂÏÂÝÅÎÉÅIDRStab(s,l), �ÒÅÄÓÔÁ×ÌÑÀÝÅÅ ÉÚ×ÅÓÔÎÙÅ ÁÌÇÏÒÉÔÍÙ × ÒÁÚÌÉÞÎÙÈÞÁÓÔÎÙÈ ÓÌÕÞÁÑÈ. üÔÉ ÁÌÇÏÒÉÔÍÙ ÓÔÁÌÉ �ÒÉÍÅÎÑÔØÓÑ ÎÅ ÔÏÌØËÏ ÄÌÑÒÅÛÅÎÉÑ óìáõ, ÎÏ ÔÁËÖÅ ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ÓÏÂÓÔ×ÅÎÎÙÈ ÞÉÓÅÌ É ÓÏ-ÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ×. æÏÒÍÁÌØÎÏ × �ÏÓÌÅÄÎÅÍ ÁÌ-ÇÏÒÉÔÍÅ �ÁÒÁÍÅÔÒ \s" ÈÁÒÁËÔÅÒÉÚÕÅÔ ÒÁÚÍÅÒÎÏÓÔØ �ÒÏÓÔÒÁÎÓÔ×Á S\ÔÅÎÅ×ÙÈ ÎÅ×ÑÚÏË", �Ï ÏÔÎÏÛÅÎÉÀ Ë ËÏÔÏÒÏÍÕ ÏÒÔÏÇÏÎÁÌÉÚÉÒÕÀÔÓÑ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á óÏÎÎÅ×ÅÌØÄÁ, Á ×ÔÏÒÏÊ �ÁÒÁÍÅÔÒ \l" Ï�ÒÅÄÅÌÑÅÔ �Ï-ÒÑÄÏË ×Ó�ÏÍÏÇÁÔÅÌØÎÙÈ ÍÁÔÒÉÞÎÙÈ �ÏÌÉÎÏÍÏ×, ÉÌÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×, Ó �ÏÍÏÝØÀ ËÏÔÏÒÙÈ ÍÉÎÉÍÉÚÉÒÕÅÔÓÑ ÎÏÒÍÁ ÎÅ×ÑÚËÉÎÁ ËÁÖÄÏÍ ÛÁÇÅ ÉÔÅÒÁ�ÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ.ãÅÌØÀ ÄÁÎÎÏÊ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ, ×Ï-�ÅÒ×ÙÈ, ÄÁÔØ ÂÌÏÞÎÏÅ �ÒÅÄÓÔÁ-×ÌÅÎÉÅ ÓÅÍÅÊÓÔ×Õ ÁÌÇÏÒÉÔÍÏ× IDRStab(s,l) É ÎÁ ÅÇÏ ÏÓÎÏ×Å �ÒÅÄÓÔÁ-×ÉÔØ ÉÈ ÒÁÚÌÉÞÎÙÅ ÉÚ×ÅÓÔÎÙÅ ×ÁÒÉÁÎÔÙ × ÓÏ�ÏÓÔÁ×ÌÅÎÉÉ Ó ÓÏ×ÒÅÍÅÎ-ÎÙÍÉ ÍÏÄÉÆÉËÁ�ÉÑÍÉ ËÌÁÓÓÉÞÅÓËÉÈ ÉÔÅÒÁ�ÉÏÎÎÙÈ �ÒÏ�ÅÓÓÏ× × �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙÌÏ×Á. ÷Ï-×ÔÏÒÙÈ, ÍÙ ÈÏÔÉÍ ÕÓÔÒÁÎÉÔØ ÎÅÄÏÒÁÚÕ-ÍÅÎÉÅ Ó �ÒÏÔÉ×Ï�ÏÓÔÁ×ÌÅÎÉÅÍ ÁÌÇÏÒÉÔÍÏ× × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙ-ÌÏ×Á É óÏÎÎÅ×ÅÌØÄÁ ÎÁ �ÒÉÍÅÒÅ ÒÁÓÓÍÏÔÒÅÎÉÑ �ÒÅÄÌÁÇÁÅÍÏÇÏ ÓÅÍÅÊ-ÓÔ×Á ÍÅÔÏÄÏ× MPSCD (Multi-Pre
onditioned Semi-Conjugate Dire
tion),



116 ÷. ð. éìøéî× ËÏÔÏÒÙÈ ÉÓ�ÏÌØÚÕÀÔÓÑ ÔÒÉ ÓÌÅÄÕÀÝÉÈ �ÏÄÈÏÄÁ. ðÅÒ×ÙÊ ÉÚ ÎÉÈ ÚÁ-ËÌÀÞÁÅÔÓÑ × ×ÏÚÍÏÖÎÏÍ ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÄÌÑ �ÏÓÔÒÏÅÎÉÑ ÄÁÎÎÙÈ ÁÌÇÏ-ÒÉÔÍÏ× A-ÂÉÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ ÎÁÒÑÄÕ Ó ËÌÁÓÓÉÞÅÓËÏÊ ÂÉÏÒÔÏÇÏÎÁÌÉ-ÚÁ�ÉÅÊ, Á ×ÔÏÒÏÊ { × �ÒÉÍÅÎÅÎÉÉ ÍÕÌØÔÉ�ÒÅÄÏÂÕÓÌÏ×ÌÅÎÎÙÈ ÁÌÇÏÒÉÔ-ÍÏ× �ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ (× ÞÁÓÔÎÏÍ ÓÌÕÞÁÅ, ÎÅ×ÑÚÏË SCR,Semi-Conjugate Residual, ÓÍ. [18{19℄), Ñ×ÌÑÀÝÉÈÓÑ ÒÁÚ×ÉÔÉÅÍ ÒÁÓÓÍÏ-ÔÒÅÎÎÙÈ × [20, 21℄ ÍÅÔÏÄÏ× ÄÌÑ ÒÅÁÌÉÚÁ�ÉÉ ÍÁÔÒÉÞÎÙÈ ÍÎÏÇÏÞÌÅÎÏ×,ÍÉÎÉÍÉÚÉÒÕÀÝÉÈ ÎÏÒÍÕ ×ÅËÔÏÒÁ ÎÅ×ÑÚËÉ.äÒÕÇÏÊ �ÒÉÎ�É�ÉÁÌØÎÙÊ ÍÏÍÅÎÔ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÍÅÔÏÄÏ× MP-SCD ÚÁËÌÀÞÁÅÔÓÑ × ÉÓ�ÏÌØÚÏ×ÁÎÉÉ ÎÁ ËÁÖÄÏÊ ËÒÙÌÏ×ÓËÏÊ ÉÔÅÒÁ�ÉÉ�ÒÏ�ÅÓÓÁ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ ×ÅËÔÏÒÏ× ÎÅ×ÑÚÏË Ë ÚÁÒÁÎÅÅ Ï�ÒÅÄÅÌÑÅÍÏ-ÍÕ \ÄÅÆÌÑ�ÉÏÎÎÏÍÕ" �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Õ, ËÏÔÏÒÏÅ ÆÁËÔÉÞÅÓËÉ Ñ×ÌÑÅÔ-ÓÑ ÁÎÁÌÏÇÏÍ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á \ÔÅÎÅ×ÙÈ ÎÅ×ÑÚÏË" S × ÍÅÔÏÄÁÈ IDR.éÄÅÑ ÄÅÆÌÑ�ÉÉ (de
ation) ÉÔÅÒÁ�ÉÏÎÎÙÈ ËÒÙÌÏ×ÓËÉÈ �ÒÏ�ÅÓÓÏ× ÂÙÌÁ×�ÅÒ×ÙÅ �ÒÅÄÌÏÖÅÎÁ ò. îÉËÏÌÁÊÄÅÓÏÍ × ÒÁÂÏÔÅ [22℄ 1987 Ç., Á �ÏÔÏÍ ÁË-ÔÉ×ÎÏ ÒÁÚ×É×ÁÌÁÓØ × ÒÁÚÌÉÞÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÑÈ (ÓÏ×ÅÒÛÅÎÎÏ ÎÅÚÁ×ÉÓÉÍÏÏÔ ÍÅÔÏÄÏ× ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÊ ÒÅÄÕË�ÉÉ ÒÁÚÍÅÒÎÏÓÔÉ) �ÏÄ ÎÁÚ×ÁÎÉÑÍÉÍÅÔÏÄÏ× ÁÇÒÅÇÁ�ÉÉ, ÄÏ�ÏÌÎÅÎÉÑ (augmentation), ÇÒÕÂÏÓÅÔÏÞÎÏÊ ËÏÒ-ÒÅË�ÉÉ É ÍÁÌÏÒÁÎÇÏ×ÙÈ Á��ÒÏËÓÉÍÁ�ÉÊ ÉÓÈÏÄÎÙÈ ÍÁÔÒÉ�, ÓÍ. ÏÂÚÏÒÙÌÉÔÅÒÁÔÕÒÙ × [23{27℄.�ÒÅÔÉÊ ÁÓ�ÅËÔ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÁÌÇÏÒÉÔÍÏ× ÚÁËÌÀÞÁÅÔÓÑ × ÉÓ�ÏÌØ-ÚÏ×ÁÎÉÉ ÎÁ ËÁÖÄÏÊ ÉÔÅÒÁ�ÉÉ ÎÅÓËÏÌØËÉÈ �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÀÝÉÈ ÍÁ-ÔÒÉ�, ÞÔÏ ÄÌÑ ÍÅÔÏÄÏ× ÓÏ�ÒÑÖÅÎÎÙÈ ÇÒÁÄÉÅÎÔÏ× ÂÙÌÏ ×�ÅÒ×ÙÅ �ÒÅÄ-ÌÏÖÅÎÏ ò. âÒÉÄÓÏÎÏÍ É ë. çÒÅÊÆÏÍ × ÒÁÂÏÔÅ [28℄. ïÔÍÅÔÉÍ �ÒÉ ÜÔÏÍ,ÞÔÏ �ÒÏ�ÅÄÕÒÁ ÄÅÆÌÑ�ÉÉ, ÉÌÉ ÁÇÒÅÇÁ�ÉÉ, × ÄÁÎÎÏÊ ÔÒÁËÔÏ×ËÅ ÉÎÔÅÒ-�ÒÅÔÉÒÕÅÔÓÑ ËÁË ÉÓ�ÏÌØÚÏ×ÁÎÉÅ ÄÏ�ÏÌÎÉÔÅÌØÎÏÇÏ �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÔÅ-ÌÑ Ó�Å�ÉÁÌØÎÏÇÏ ÔÉ�Á.äÁÎÎÁÑ ÒÁÂÏÔÁ ÏÒÇÁÎÉÚÏ×ÁÎÁ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ. ÷ §2 ÍÙ ÄÁÅÍÏÂÏÂÝÅÎÎÏÅ ÂÌÏÞÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ É ËÒÁÔËÉÊ ÏÂÚÏÒ ÍÅÔÏÄÏ× ÉÎÄÕ�É-ÒÏ×ÁÎÎÏÊ ÒÅÄÕË�ÉÉ ÒÁÚÍÅÒÎÏÓÔÉ Ó ÁË�ÅÎÔÏÍ ÎÁ ÉÈ ÅÓÔÅÓÔ×ÅÎÎÕÀ ÉÎ-ÔÅÒ�ÒÅÔÁ�ÉÀ ËÁË Ó�Å�ÉÁÌØÎÙÈ ÁÌÇÏÒÉÔÍÏ× × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙ-ÌÏ×Á. ÷ §3 ÒÁÓÓÍÏÔÒÅÎÙ ÍÕÌØÔÉ-�ÒÅÄÏÂÕÓÌÏ×ÌÅÎÎÙÅ ÍÅÔÏÄÙ �ÏÌÕÓÏ�ÒÑ-ÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ MPSCD, ÏÂÌÁÄÁÀÝÉÅ ÒÑÄÏÍ Ó×ÏÊÓÔ× ÁÌÇÏÒÉÔÍÏ×× \ÓÖÉÍÁÀÝÉÈÓÑ" �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ óÏÎÎÅ×ÅÌØÄÁ, ÎÏ ÎÁ ÂÁÚÅ \ËÌÁÓ-ÓÉÞÅÓËÉÈ" ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÙÈ ËÒÙÌÏ×ÓËÉÈ �ÒÏ�ÅÓÓÏ× Ó ÄÅÆÌÑ�ÉÅÊ, Á× ÚÁËÌÀÞÅÎÉÉ �ÒÉ×ÏÄÉÔÓÑ ÏÂÓÕÖÄÅÎÉÅ �ÏÌÕÞÅÎÎÙÈ ÒÅÚÕÌØÔÁÔÏ×.
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§2. âÌÏÞÎÏÅ �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÍÅÔÏÄÏ× IDRStab (s,l)ðÕÓÔØ ÔÒÅÂÕÅÔÓÑ ÒÅÛÉÔØ ÎÅËÏÔÏÒÙÍ ÉÔÅÒÁ�ÉÏÎÎÙÍ ÍÅÔÏÄÏÍ ÎÅ×Ù-ÒÏÖÄÅÎÎÕÀ ×ÅÝÅÓÔ×ÅÎÎÕÀ ÓÉÓÔÅÍÕ ÌÉÎÅÊÎÙÈ ÁÌÇÅÂÒÁÉÞÅÓËÉÈ ÕÒÁ×ÎÅ-ÎÉÊ Au = f; A ∈ RN;N ; u; f ∈ RN ; (1)�ÒÉ ÎÁÞÁÌØÎÏÍ �ÒÉÂÌÉÖÅÎÉÉ u0 É ×ÅËÔÏÒÅ ÎÁÞÁÌØÎÏÊ ÎÅ×ÑÚËÉ r0 =f − Au0. ÷ ÄÁÎÎÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ ÄÅÌÁÅÍ ÁË�ÅÎÔ ÔÏÌØËÏ ÎÁ Ó×ÏÊÓÔ×ÁÍÅÔÏÄÏ× ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÇÏ �ÏÎÉÖÅÎÉÑ ÒÁÚÍÅÒÎÏÓÔÉ, ÎÅ ÏÓÔÁÎÁ×ÌÉ×Á-ÑÓØ ÎÁ ×ÏÚÍÏÖÎÏÓÔÑÈ �ÒÉÍÅÎÅÎÉÑ ÒÁÚÌÉÞÎÏÇÏ ÔÉ�Á �ÒÅÄÏÂÕÓÌÁ×ÌÉ×Á-ÎÉÑ óìáõ. ÷ ÞÁÓÔÎÏÓÔÉ, ÍÁÔÒÉ�Á A × (1) ÍÏÖÅÔ ÓÞÉÔÁÔØÓÑ ÕÖÅ �ÒÅ-ÄÏÂÕÓÌÏ×ÌÅÎÎÏÊ, ÞÔÏ ÎÅ ÍÅÎÑÅÔ ÎÁÛÉÈ ÄÁÌØÎÅÊÛÉÈ ÒÁÓÓÕÖÄÅÎÉÊ.ðÕÓÔØ ÔÁËÖÅ ÄÁÎÙ Ä×Á ×ÅËÔÏÒÎÙÈ �ÒÏÓÔÒÁÎÓÔ×Á G0 É S, ËÏÔÏÒÙÅ ÎÅÓÏÄÅÒÖÁÔ ÏÂÝÉÈ ÎÅÔÒÉ×ÉÁÌØÎÙÈ ÉÎ×ÁÒÉÁÎÔÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× ÍÁ-ÔÒÉ�Ù A É Ï�ÒÅÄÅÌÑÀÔÓÑ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:lG0 = KN (A; g1) = Span (g1; Ag1; : : : ; AN−1g1); g1 ∈ RN ; g1 6= 0;
S = N (R̃T ); R̃ = (r̃1 r̃2 : : : r̃s) ∈ RN;s; r̃k ∈ RN ; k = 1; : : : ; s: (2)úÄÅÓØ g1 { ÎÅËÏÔÏÒÙÊ ÎÅÎÕÌÅ×ÏÊ ×ÅËÔÏÒ, KN { �ÏÌÎÏÅ �ÒÏÓÔÒÁÎÓÔ×ÏëÒÙÌÏ×Á, S { ÌÅ×ÏÅ ÎÕÌØ-�ÒÏÓÔÒÁÎÓÔ×Ï ÚÁÄÁÎÎÏÊ �ÒÑÍÏÕÇÏÌØÎÏÊ ÍÁ-ÔÒÉ�Ù �ÏÌÎÏÇÏ ÒÁÎÇÁ R̃; s ≪ N , ÓÔÏÌÂ�Ù r̃k ËÏÔÏÒÏÊ Ñ×ÌÑÀÔÓÑ ÂÁÚÉ-ÓÏÍ S É ÎÁÚÙ×ÁÀÔÓÑ ×ÅËÔÏÒÁÍÉ ÎÁÞÁÌØÎÙÈ ÔÅÎÅ×ÙÈ ÎÅ×ÑÚÏË, Á ÉÎÄÅËÓ\T" ÏÚÎÁÞÁÅÔ ÔÒÁÎÓ�ÏÎÉÒÏ×ÁÎÉÅ. äÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, ÅÓÌÉ ËÁËÏÊ-ÔÏ ×ÅË-ÔÏÒ g �ÒÉÎÁÄÌÅÖÉÔ S, ÔÏ ÏÎ ÏÒÔÏÇÏÎÁÌÅÎ ×ÓÅÍ r̃k (g⊥r̃k; ÉÌÉ (g; r̃k) =0; k = 1; : : : ; s), ÞÔÏ ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ ÔÁËÖÅ × ×ÉÄÅ S = R̃⊥).óÄÅÌÁÎÎÏÅ ÏÔÎÏÓÉÔÅÌØÎÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× ÉÚ (2) �ÒÅÄ�ÏÌÏÖÅÎÉÅÏÚÎÁÞÁÅÔ, ÎÁ�ÒÉÍÅÒ, ÞÔÏ ÎÉËÁËÏÊ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�Ù A ÎÅÍÏÖÅÔ �ÒÉÎÁÄÌÅÖÁÔØ ÏÄÎÏ×ÒÅÍÅÎÎÏ G0 É S, Ô.Å. ÌÀÂÏÊ ÓÏÂÓÔ×ÅÎÎÙÊ×ÅËÔÏÒ ÉÚ G0 ÏÒÔÏÇÏÎÁÌÅÎ ×ÓÅÍ ÓÔÏÌÂ�ÁÍ ÍÁÔÒÉ�Ù R̃.òÁÓÓÍÏÔÒÉÍ ÔÅ�ÅÒØ ÍÁÔÒÉÞÎÙÅ �ÏÌÉÎÏÍÙ ×ÉÄÁPln(A) = ln∏k=1(�kI −A); ln ≪ N; (3)ÇÄÅ I { ÅÄÉÎÉÞÎÁÑ ÍÁÔÒÉ�Á, ln { ÓÔÅ�ÅÎÉ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÍÎÏÇÏ-ÞÌÅÎÏ×, Á �k { ÎÅËÏÔÏÒÙÅ ×ÅÝÅÓÔ×ÅÎÎÙÅ ÞÉÓÌÁ, ÉÌÉ �ÁÒÁÍÅÔÒÙ Ó�ÅË-ÔÒÁÌØÎÏÇÏ ÓÄ×ÉÇÁ ÍÁÔÒÉ�Ù, Ï ×ÙÂÏÒÅ ËÏÔÏÒÙÈ ÂÕÄÅÔ ÓËÁÚÁÎÏ �ÏÚÖÅ.



118 ÷. ð. éìøéîðÏÓÔÒÏÉÍ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×, ÎÁÚÙ×ÁÅÍÙÈ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×ÁÍÉ óÏÎÎÅ×ÅÌØÄÁ:
Gn = Pln(A)(Gn−1 ⋂

S); (4)ÒÁÚÍÅÒÎÏÓÔØ ËÏÔÏÒÙÈ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÞÅÒÅÚ dn. ó×ÏÊÓÔ×Á ÜÔÉÈ ×ÌÏ-ÖÅÎÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× ÌÅÖÁÔ × ÏÓÎÏ×Å ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÄÁÌÅÅ ÉÔÅ-ÒÁ�ÉÏÎÎÙÈ ÍÅÔÏÄÏ×, Á ÚÉÖÄÕÔÓÑ ÏÎÉ ÎÁ ÔÁË ÎÁÚÙ×ÁÅÍÏÊ IDR-ÔÅÏÒÅÍÅ,ÄÏËÁÚÁÎÎÏÊ �ÒÉ ln = 1 × [2℄, Á �ÒÉ ÆÉËÓÉÒÏ×ÁÎÎÏÍ `n = ` > 1 { ×ÒÁÂÏÔÅ [6℄.�ÅÏÒÅÍÁ 1. ðÕÓÔØ A ∈ RN;N É R̃ ∈ RN;s ÓÕÔØ ÎÅ×ÙÒÏÖÄÅÎÎÁÑ ÉÒÁÎÇÁ s ÍÁÔÒÉ�Ù ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, G0 É S { Ï�ÒÅÄÅÌÅÎÎÙÅ × (2) �ÏÄ-�ÒÏÓÔÒÁÎÓÔ×Á, ÎÅ ÓÏÄÅÒÖÁÝÉÅ ÓÏÂÓÔ×ÅÎÎÙÈ ×ÅËÔÏÒÏ× ÍÁÔÒÉ�Ù A,Á Pln(A) { ÍÎÏÇÏÞÌÅÎ ×ÉÄÁ (3) �ÏÒÑÄËÁ ln < s. �ÏÇÄÁ ÄÌÑ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ× óÏÎÎÅ×ÅÌØÄÁ (4) ×Ù�ÏÌÎÑÀÔÓÑ ÕÓÌÏ×ÉÑ ×ÌÏÖÅÎÎÏÓÔÉ Gn ⊆
Gn−1, ÅÓÌÉ Gn−1 6= {0}, Á ÄÌÑ ÉÈ ÒÁÚÍÅÒÎÏÓÔÅÊ Ó�ÒÁ×ÅÄÌÉ×Ù ÕÓÌÏ×ÉÑÍÏÎÏÔÏÎÎÏÇÏ ÎÅ×ÏÚÒÁÓÔÁÎÉÑ ÒÁÚÎÏÓÔÅÊ dn − dn+1:0 6 dn − dn+1 6 dn+1 − dn+2 6 s: (5)úÁÍÅÞÁÎÉÅ 1. ðÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× Ñ×ÌÑÅÔÓÑ ÓÖÉÍÁ-ÀÝÅÊÓÑ É ËÏÎÅÞÎÏÊ, Ô.Å. Gn ⊂ Gn−1 É dn < dn−1, ÅÓÌÉ ÔÏÌØËÏ Gn−1 6=
{0}. åÓÌÉ �ÒÉ 0 < n < N Ó�ÒÁ×ÅÄÌÉ×Ï Gn = Gn−1 6= {0}, ÔÏ Gn−1 ∩ SÓÏÄÅÒÖÉÔ ÓÏÂÓÔ×ÅÎÎÙÊ ×ÅËÔÏÒ ÍÁÔÒÉ�Ù A. æÁËÔÉÞÅÓËÉ ×ÍÅÓÔÏ G0 ×É-ÄÁ (2) ÍÏÖÎÏ ×ÚÑÔØ ÌÀÂÏÅ ÌÉÎÅÊÎÏÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Ï, ÉÎ×ÁÒÉÁÎÔÎÏÅÏÔÎÏÓÉÔÅÌØÎÏ ÕÍÎÏÖÅÎÉÑ ÎÁ A, Ô.Å. ÔÁËÏÅ, ÞÔÏ AG0 ⊂ G0.úÁÍÅÞÁÎÉÅ 2. ðÒÏÓÔÒÁÎÓÔ×Á óÏÎÎÅ×ÅÌØÄÁ Gn, ËÁË �ÏËÁÚÁÎÏ × [4℄, ÍÏ-ÇÕÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎÙ Ó �ÏÍÏÝØÀ Ó�Å�ÉÁÌØÎÙÈ ÂÌÏÞÎÙÈ �ÏÄ�ÒÏÓÔ-ÒÁÎÓÔ× ëÒÙÌÏ×Á, ËÏÔÏÒÙÅ, ÅÓÔÅÓÔ×ÅÎÎÏ, Ñ×ÌÑÀÔÓÑ ÒÁÓÛÉÒÑÀÝÉÍÉÓÑ ÓÒÏÓÔÏÍ n:

Kn(AT ; R̃) = { n−1∑k=0(AT )kR̃�
k| �
k ∈ Rs}; (6)ÇÄÅ �
k ÓÕÔØ ×ÅËÔÏÒÙ ËÏÜÆÆÉ�ÉÅÎÔÏ×, ÏÂÒÁÚÕÀÝÉÈ ÌÉÎÅÊÎÙÅ ËÏÍÂÉÎÁ-�ÉÉ ÓÔÏÌÂ�Ï× ÍÁÔÒÉ�Ù R̃ É Ï�ÒÅÄÅÌÑÅÍÙÈ ÄÁÌÅÅ ÉÚ ÕÓÌÏ×ÉÑ ÏÒÔÏÇÏÎÁ-ÌÉÚÁ�ÉÉ. äÅÊÓÔ×ÉÔÅÌØÎÏ, ÓÏÇÌÁÓÎÏ (2){(4), �ÒÉ n = 1 ÍÙ ÉÍÅÅÍ
Gn = {Pln(A)g| Pln(A)g ⊥ R̃ ∈ Kn(AT ; R̃)}: (7)



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 119ïÄÎÁËÏ ÕÓÌÏ×ÉÅ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ Pln(A)g ⊥ R̃ ÍÏÖÅÔ ×Ù�ÏÌÎÑÔØÓÑ,ÅÓÌÉ É ÔÏÌØËÏ ÅÓÌÉ Akg ⊥ R̃ �ÒÉ ×ÓÅÈ k 6 ln, ÞÔÏ ÜË×É×ÁÌÅÎÔÎÏ ÓÏÏÔ-ÎÏÛÅÎÉÀ g ⊥ (AT )kR̃. ïÔÓÀÄÁ �Ï ÉÎÄÕË�ÉÉ �ÏÌÕÞÁÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅ
Gn = {Pln(A)g| g ⊥ Kn(AT ; R̃)}; (8)ÓÍÙÓÌ ËÏÔÏÒÏÇÏ ÚÁËÌÀÞÁÅÔÓÑ × ÔÏÍ, ÞÔÏ ËÁÖÄÏÊ ÒÁÓÛÉÒÑÀÝÅÊÓÑ �Ï-ÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÂÌÏÞÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× ëÒÙÌÏ×Á ÍÏÖÎÏ ÓÏ�ÏÓÔÁ-×ÉÔØ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÓÖÉÍÁÀÝÉÈÓÑ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× óÏÎÎÅ×ÅÌØÄÁ.òÁÓÓÍÏÔÒÅÎÎÙÅ �ÒÅÄ×ÁÒÉÔÅÌØÎÙÅ ÇÅÏÍÅÔÒÉÞÅÓËÉÅ �ÒÅÄÓÔÁ×ÌÅÎÉÑ Ï�ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ óÏÎÎÅ×ÅÌØÄÁ �ÏÚ×ÏÌÑÀÔ �ÏÓÔÒÏÉÔØ ÏÂÝÕÀ ÓÈÅÍÕÉÔÅÒÁ�ÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ, × ËÏÔÏÒÏÍ ×ÅËÔÏÒÙ ÎÅ×ÑÚÏË �ÏÓÌÅÄÏ×ÁÔÅÌØ-ÎÙÈ �ÒÉÂÌÉÖÅÎÉÊ rn = f −Aun ÂÕÄÕÔ ÎÁÈÏÄÉÔØÓÑ × Gn. åÓÌÉ ×ÅËÔÏÒÙun−1 É rn−1 ∈ Gn−1 ÉÚ×ÅÓÔÎÙ, ÔÏ ÏÄÎÕ ÉÔÅÒÁ�ÉÀ ÍÅÔÏÄÁ IDRStab(s,l)ÍÏÖÎÏ �ÒÅÄÓÔÁ×ÉÔØ Ä×ÕÍÑ ÜÔÁ�ÁÍÉ, ÎÁ ËÏÔÏÒÙÈ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÎÁÈÏ-ÄÑÔÓÑ ×ÅËÔÏÒÙ rn−1=2 ∈ Gn−1 ∩ S; rn = Pln(A)rn−1=2: (9)úÄÅÓØ �ÅÒ×ÁÑ ÓÔÁÄÉÑ ×ËÌÀÞÁÅÔ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÀ ÎÅ×ÑÚËÉ rn−1 Ë ×ÅË-ÔÏÒÁÍ ÔÅÎÅ×ÙÈ ÎÅ×ÑÚÏË r̃k, Á ×ÔÏÒÁÑ ÏÔ×ÅÞÁÅÔ, ÎÁ�ÒÉÍÅÒ, ÚÁ ÍÉÎÉÍÉ-ÚÁ�ÉÀ rn. ïÔÍÅÔÉÍ, ÞÔÏ ËÌÁÓÓÉÞÅÓËÉÊ ÁÌÇÏÒÉÔÍ BiCGStab ÓÏÏÔ×ÅÔ-ÓÔ×ÕÅÔ ÓÌÕÞÁÀ s = l = 1. üÔÁ� ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ ÍÏÖÅÔ ÂÙÔØ ×Ù�ÏÌÎÅÎÒÕÔÉÎÎÏ Ó �ÏÍÏÝØÀ ÕÓÔÏÊÞÉ×ÏÇÏ ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÏÇÏ ÍÅÔÏÄÁ çÒÁÍÁ{ûÍÉÄÔÁ. ó ÜÔÏÊ �ÅÌØÀ, × ÓÏÏÔ×ÅÔÓÔ×ÉÅ Ó (9), ÄÌÑ ÎÁÈÏÖÄÅÎÉÑ ×ÅËÔÏÒÁrn−1=2 ∈ Gn−1 ∩S ÎÁ ÜÔÁ�Å ÉÎÉ�ÉÁÌÉÚÁ�ÉÉ �ÒÉ n = 0 ÎÁÊÄÅÍ s+1 ×ÅË-ÔÏÒ g−s; : : : ; g0 ∈ G0 = KN (A; g1). ðÒÅÄ�ÏÌÁÇÁÑ, ÞÔÏ ÜÔÏ ÕÖÅ ÓÄÅÌÁÎÏ,ÉÓ�ÏÌØÚÕÅÍ �ÒÅÄÓÔÁ×ÌÅÎÉÅr−1=2 = g0 − −1∑k=−s gk
k;ÇÄÅ ÎÅÉÚ×ÅÓÔÎÙÅ ËÏÜÆÆÉ�ÉÅÎÔÙ 
k Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÚ ÕÓÌÏ×ÉÑ ÏÒÔÏÇÏ-ÎÁÌÉÚÁ�ÉÉ R̃T r−1=2 = 0; R̃ ∈ RN;s; (10)ËÏÔÏÒÏÅ ÄÁÅÔ ÓÉÓÔÅÍÕ s ÌÉÎÅÊÎÙÈ ÕÒÁ×ÎÅÎÉÊC
 = RTG
 = RTg0; G = (g−1 · · · g−s) ∈ RN;s; 
 = {
k} ∈ Rs; (11)ÉÍÅÀÝÕÀ ÅÄÉÎÓÔ×ÅÎÎÏÅ ÒÅÛÅÎÉÅ, ÅÓÌÉ ÍÁÔÒÉ�Á C = RTG ∈ Rs;s ÎÅ-×ÙÒÏÖÄÅÎÎÁÑ.



120 ÷. ð. éìøéîúÁÍÅÞÁÎÉÅ 3. ÷ÙÞÉÓÌÅÎÉÅ ×ÅËÔÏÒÁ 
 �Ï ÕÓÌÏ×ÉÀ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ(10) ÆÁËÔÉÞÅÓËÉ �ÒÅÄÓÔÁ×ÌÑÅÔ ÓÏÂÏÊ ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ ÍÉÎÉÍÁÌØÎÙÈË×ÁÄÒÁÔÏ× [29℄. å£ ÎÏÒÍÁÌØÎÏÅ ÒÅÛÅÎÉÅ (ÍÉÎÉÍÁÌØÎÏÅ �Ï ÎÏÒÍÅ) ÍÏÖ-ÎÏ ×ÙÞÉÓÌÑÔØ É ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ ÉÚ �ÅÒÅÏ�ÒÅÄÅÌÅÎÎÏÊ ÓÉÓÔÅÍÙ G
 =g0 Ó �ÒÑÍÏÕÇÏÌØÎÏÊ ÍÁÔÒÉ�ÅÊ G. ïÔÍÅÔÉÍ, ÞÔÏ ÅÓÌÉ ÍÁÔÒÉ�Á G ÉÌÉC ×ÙÒÏÖÄÅÎÁ, ÔÏ �ÅÌÅÓÏÏÂÒÁÚÎÏ �ÒÉÍÅÎÑÔØ ÏÂÏÂÝÅÎÎÙÅ ÏÂÒÁÔÎÙÅ ÍÁ-ÔÒÉ�Ù ÉÌÉ, ÎÁ�ÒÉÍÅÒ, ÓÉÎÇÕÌÑÒÎÏÅ ÒÁÚÌÏÖÅÎÉÅ ÍÁÔÒÉ� (SVD).äÌÑ ÒÅÛÅÎÉÑ óìáõ (11) ÎÁÄÏ �ÒÅÄ×ÁÒÉÔÅÌØÎÏ ×ÙÞÉÓÌÉÔØ s ×ÅËÔÏ-ÒÏ× gk ∈ KN (A; g1), ÄÌÑ ÞÅÇÏ ÍÏÖÎÏ �ÒÉÍÅÎÉÔØ ÌÀÂÏÊ ÉÚ �ÒÉÅÍÌÅÍÙÈÁÌÇÏÒÉÔÍÏ× × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙÌÏ×Á. îÁÉÂÏÌÅÅ ÞÁÓÔÏ ÉÓ�ÏÌØÚÕÅ-ÍÙÊ ÚÄÅÓØ �ÕÔØ { ÜÔÏ ×ÙÂÏÒ g0 = r0 É ×ÙÞÉÓÌÅÎÉÅ �ÏÓÌÅÄÕÀÝÉÈ gk Ó�ÏÍÏÝØÀ �ÒÏ�ÅÓÓÁ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ áÒÎÏÌØÄÉ ÄÌÑ ×ÅËÔÏÒÏ× Akg0.äÁÌØÎÅÊÛÉÍ ÜÔÁ�ÏÍ ÁÌÇÏÒÉÔÍÁ Ñ×ÌÑÅÔÓÑ ÎÁÈÏÖÄÅÎÉÅ ×ÅËÔÏÒÁ r1 =Pl1(A)r−1=2 ∈ G1. õÍÎÏÖÅÎÉÅ ÎÁ ÍÁÔÒÉÞÎÙÊ �ÏÌÉÎÏÍ ÏÔ A ÏÓÕÝÅ-ÓÔ×ÌÑÅÔÓÑ �ÏÓÌÅ Ï�ÒÅÄÅÌÅÎÉÑ �ÁÒÁÍÅÔÒÏ× ÓÄ×ÉÇÁ �k × (3), ÎÁ ÞÅÍ ÍÙÏÓÔÁÎÏ×ÉÍÓÑ �ÏÚÖÅ. ðÏÓÌÅ ÚÁ×ÅÒÛÅÎÉÑ �ÅÒ×ÏÊ ÉÔÅÒÁ�ÉÉ ×ÔÏÒÏÊ ÛÁÇÎÁÞÉÎÁÅÔÓÑ Ó ÒÅÁÌÉÚÁ�ÉÉ ÕÓÌÏ×ÉÑ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ (11). äÁÌÅÅ ×ÙÞÉ-ÓÌÉÔÅÌØÎÙÊ �ÒÏ�ÅÓÓ �ÒÏÄÏÌÖÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ, É × �ÅÌÏÍÏÎ ÍÏÖÅÔ ÂÙÔØ �ÒÅÄÓÔÁ×ÌÅÎ Ï�ÒÅÄÅÌÅÎÎÏÊ ÎÉÖÅ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØÀÄÅÊÓÔ×ÉÊ. ïÔÍÅÔÉÍ, ÞÔÏ �ÒÉ ÜÔÏÍ ÆÁËÔÉÞÅÓËÉ ×Ù�ÏÌÎÑÅÔÓÑ Ä×ÕÈÕÒÏ×-ÎÅ×ÙÊ ÉÔÅÒÁ�ÉÏÎÎÙÊ ÁÌÇÏÒÉÔÍ, × ËÏÔÏÒÏÍ ×ÅÒÈÎÉÊ ÕÒÏ×ÅÎØ ÏÔÎÏÓÉÔÓÑË �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× óÏÎÎÅ×ÅÌØÄÁ, ÚÁÎÕÍÅÒÏ×ÁÎÎÙÈÉÎÄÅËÓÏÍ n, Á ÎÉÖÎÉÊ ÕÒÏ×ÅÎØ { ÜÔÏ ÒÅÁÌÉÚÁ�ÉÑ ×ÎÕÔÒÅÎÎÉÈ ÉÔÅÒÁ�ÉÊ× �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙÌÏ×Á.éÔÁË, × �ÅÌÏÍ ÄÌÑ ËÁÖÄÏÇÏ n = 1; 2; : : : ÏÓÕÝÅÓÔ×ÌÑÀÔÓÑ Ä×Á ÔÉ�ÁÏ�ÅÒÁ�ÉÊ, �ÒÅÄÓÔÁ×ÌÅÎÎÙÈ × (9), �ÒÉÞÅÍ ÍÙ ÉÈ �ÏÍÅÎÑÅÍ ÍÅÓÔÁÍÉ, ÞÔÏÎÅ ÉÓËÁÖÁÅÔ ÓÕÔÉ ÁÌÇÏÒÉÔÍÁ.Á. ÷Ù�ÏÌÎÑÅÔÓÑ ÕÍÎÏÖÅÎÉÅ ×ÅËÔÏÒÁ ÎÅ×ÑÚËÉ rn−1 ÉÚ �ÒÅÄÙÄÕÝÅ-ÇÏ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á óÏÎÎÅ×ÅÌØÄÁ ÎÁ ÍÎÏÇÏÞÌÅÎ Pln(A):r̂n = Pln(A)rn−1; rn−1 ∈ Gn−1 ∩ S:Â. òÅÛÁÅÔÓÑ ÓÉÓÔÅÍÁ ÕÒÁ×ÎÅÎÉÊ ÏÔÎÏÓÉÔÅÌØÎÏ ËÏÜÆÆÉ�ÉÅÎÔÏ× 
k,ÏÂÅÓ�ÅÞÉ×ÁÀÝÉÈ ÕÓÌÏ×ÉÅ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ:RT rn = 0; rn = r̂n −
−1∑k=−s gk
k = r̂ −G
:



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 121ëÏÌÉÞÅÓÔ×Ï ÂÁÚÉÓÎÙÈ ×ÅËÔÏÒÏ× gk ∈ Gn ÍÏÖÎÏ ÂÙÌÏ ÂÙ ÂÒÁÔØ ÉÎÅ ÒÁ×ÎÙÍ s, ÒÁÓÓÍÁÔÒÉ×ÁÑ ÒÅÛÅÎÉÑ �ÏÌÕÞÁÅÍÙÈ ÕÒÁ×ÎÅÎÉÊ × ÏÂÏÂ-ÝÅÎÎÏÍ ÓÍÙÓÌÅ, Ô.Å. ËÁË ÚÁÄÁÞÉ ÎÁÉÍÅÎØÛÉÈ Ë×ÁÄÒÁÔÏ×, ÎÏ ÎÁ ÜÔÉÈÍÏÍÅÎÔÁÈ ÍÙ ÏÓÔÁÎÁ×ÌÉ×ÁÔØÓÑ ÎÅ ÂÕÄÅÍ.úÁÍÅÔÉÍ, ÞÔÏ ÚÄÅÓØ É × ÄÁÌØÎÅÊÛÅÍ ÉÓ�ÏÌØÚÕÅÔÓÑ ÂÌÏÞÎÏÅ, ÏÔÌÉÞÎÏÅÏÔ �ÒÉÎÑÔÏÇÏ × �ÉÔÉÒÕÅÍÙÈ ÒÁÂÏÔÁÈ, �ÒÅÄÓÔÁ×ÌÅÎÉÅ ÉÔÅÒÁ�ÉÏÎÎÏÇÏ�ÒÏ�ÅÓÓÁ, ËÏÇÄÁ ×ÓÑ �ÒÏ�ÅÄÕÒÁ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ ×ÙÞÉÓÌÑÅÍÏÊ ÎÅ×ÑÚËÉËÏ ×ÓÅÍ ÓÔÏÌÂ�ÁÍ ÍÁÔÒÉ�Ù R̃ ×ËÌÀÞÁÅÔÓÑ × ÏÄÎÕ ÉÔÅÒÁ�ÉÀ.äÒÕÇÉÅ ×Ï�ÒÏÓÙ ÈÁÒÁËÔÅÒÉÚÁ�ÉÉ ÍÅÔÏÄÏ× ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÊ ÒÅÄÕË-�ÉÉ ÒÁÚÍÅÒÎÏÓÔÉ { ÜÔÏ ×ÙÂÏÒ ÍÁÔÒÉ�Ù ÔÅÎÅ×ÙÈ ÎÅ×ÑÚÏË R̃, ÁÌÇÏÒÉÔÍÁÉÎÉ�ÉÁÌÉÚÁ�ÉÑ ÓÁÍÏÇÏ �ÒÏ�ÅÓÓÁ, Ô.Å. Ï�ÒÅÄÅÌÅÎÉÅ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á G0É Ó�ÏÓÏÂÁ ×ÙÞÉÓÌÅÎÉÑ r0 ∈ G0, Á ÔÁËÖÅ ÍÅÔÏÄÏ× ÎÁÈÏÖÄÅÎÉÑ �ÏÓÌÅ-ÄÕÀÝÉÈ ×ÅËÔÏÒÏ× ÎÅ×ÑÚÏË rn ∈ Gn. ÷Ï ×ÓÅÈ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÈ ÎÉÖÅÁÌÇÏÒÉÔÍÁÈ ÍÙ ÅÓÔÅÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ �ÏÌÁÇÁÅÍ, ÞÔÏ ËÒÉÔÅÒÉÅÍ ÏËÏÎ-ÞÁÎÉÑ ÉÔÅÒÁ�ÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ Ñ×ÌÑÅÔÓÑ ×Ù�ÏÌÎÅÎÉÅ ÕÓÌÏ×ÉÑ
||rn(")|| 6 "||f ||; " ≪ 1; ||f ||2 = (f; f): (12)úÁÍÅÞÁÎÉÅ 4. ëÁË ÏÔÍÅÞÅÎÏ × [6℄, ÍÅÔÏÄÙ IDR(s,l) ÏÔÎÏÓÑÔÓÑ Ë ËÌÁÓÓÕÁÌÇÏÒÉÔÍÏ× ðÅÔÒÏ×Á{çÁÌÅÒËÉÎÁ × ÓÌÅÄÕÀÝÅÍ ÓÍÙÓÌÅ. ðÕÓÔØ ×ÅËÔÏÒÙun−u0 É rn �ÒÉÎÁÄÌÅÖÁÔ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÍ ëÒÙÌÏ×ÁKn É Kn+1(A; r0)ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ (ÅÓÌÉ ÓÔÅ�ÅÎØ ÍÉÎÉÍÁÌØÎÏÇÏ �ÏÌÉÎÏÍÁ ÍÁÔÒÉ�Ù Pn(A)ÒÁ×ÎÁ n = N , ÔÏ KN = RN ). �ÏÇÄÁ ÍÅÔÏÄ ðÅÔÒÏ×Á{çÁÌÅÒËÉÎÁ ÏÔÎÏ-ÓÉÔÅÌØÎÏ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ×ÌÏÖÅÎÎÙÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× {Lm} Ï�ÒÅ-ÄÅÌÑÅÔÓÑ �Ï ÕÓÌÏ×ÉÀ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÎÅ×ÑÚËÉ rn �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Õ

Lm ÒÁÚÍÅÒÎÏÓÔÉ m, Ô.Å. rn ⊥ L⊥m, ÉÌÉ rn ∈ L⊥m. ÷ ÞÁÓÔÎÏÓÔÉ, ÅÓÌÉ
Lm = AKn, ÔÏ × ÄÁÎÎÕÀ ÓÈÅÍÕ ÕËÌÁÄÙ×ÁÅÔÓÑ ÍÅÔÏÄ GMRES. ðÏÓËÏÌØ-ËÕRN = Kn+1⊕K⊥n+1, Á Ó ÒÏÓÔÏÍ n ÒÁÚÍÅÒÎÏÓÔÉ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× Kn+1É K⊥n+1 ÒÁÓÔÕÔ É ÕÂÙ×ÁÀÔ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ, ÔÏ ÏÒÔÏÇÏÎÁÌØÎÏÅ ÄÏ�ÏÌÎÅ-ÎÉÅ Ë �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Õ ëÒÙÌÏ×Á K⊥n+1, × ÎÅËÏÔÏÒÏÍ ÓÍÙÓÌÅ, ÉÇÒÁÅÔÒÏÌØ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á óÏÎÎÅ×ÅÌØÄÁ.ðÒÉ×ÅÄÅÎÎÙÅ × Ó�ÉÓËÅ ÌÉÔÅÒÁÔÕÒÙ ÓÔÁÔØÉ, Á ÔÁËÖÅ �ÉÔÉÒÕÅÍÙÅ ×ÎÉÈ ÒÁÂÏÔÙ ÓÏÄÅÒÖÁÔ ÄÏÓÔÁÔÏÞÎÏ ÏÂÛÉÒÎÙÅ ÏÂÚÏÒÙ É ÓÕÝÅÓÔ×ÕÀÝÉÅÉÎÔÅÒ�ÒÅÔÁ�ÉÉ ÒÁÚÎÏÏÂÒÁÚÎÙÈ ÁÌÇÏÒÉÔÍÏ× IDR, ËÏÔÏÒÙÅ Ó×ÉÄÅÔÅÌØ-ÓÔ×ÕÀÔ Ï ÅÝÅ ÎÅ ×�ÏÌÎÅ ÕÓÔÏÑ×ÛÅÊÓÑ ÍÅÔÏÄÏÌÏÇÉÉ ÄÁÎÎÏÇÏ ËÌÁÓÓÁ ÉÔÅ-ÒÁ�ÉÏÎÎÙÈ �ÒÏ�ÅÓÓÏ×.
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§3. íÕÌØÔÉ-�ÒÅÄÏÂÕÓÌÏ×ÌÅÎÎÙÅ ÍÅÔÏÄÙ�ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ÷ ÄÁÎÎÏÍ �ÁÒÁÇÒÁÆÅ ÍÙ ÒÁÓÓÍÏÔÒÉÍ ×ÏÚÍÏÖÎÏÓÔØ �ÒÉÍÅÎÅÎÉÑ ËÁ-ËÏÇÏ-ÔÏ ÉÚ ÂÌÏÞÎÙÈ ÍÅÔÏÄÏ× �ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ [18, 19℄,Ñ×ÌÑÀÝÉÈÓÑ ÒÁÚ×ÉÔÉÅÍ ÁÌÇÏÒÉÔÍÁ ÏÂÏÂÝÅÎÎÙÈ ÓÏ�ÒÑÖÅÎÎÙÈ ÎÅ×ÑÚÏËGCR (Generalized Conjugate Residual, [20℄).ðÏÌÁÇÁÑ × (2) g1 = r0, �ÒÅÄÌÁÇÁÅÍÏÅ ÓÅÍÅÊÓÔ×Ï ÍÅÔÏÄÏ× MPSCD ×�ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙÌÏ×Á Km(A; r0) ÚÁ�ÉÛÅÍ, ÓÌÅÄÕÑ [18℄, × ×ÉÄÅum+1 = um + Pm ��m; rm+1 = rm −APm ��m; m = 0; 1; : : : ; (13)ÇÄÅ Pm = (pm1 : : : pmMm) ∈ RN;Mm ÅÓÔØ ÓÏÓÔÁ×ÌÅÎÎÁÑ ÉÚ ÎÁ�ÒÁ×ÌÑÀÝÉÈ×ÅËÔÏÒÏ× pmk ÍÁÔÒÉ�Á, Á ��m = (�m;1 : : : �m;Mm)T { ×ÅËÔÏÒ ÉÔÅÒÁ�ÉÏÎ-ÎÙÈ �ÁÒÁÍÅÔÒÏ×, ËÏÔÏÒÙÅ Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÚ Ó×ÏÊÓÔ× ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ(Apmk ; A
pm′k′ ) = �(
)m;kÆk;k′m;m′ ; �(
)m;k = (Apmk ; A
pmk );
 = 0; 1; m′ = 0; 1; : : : ;m− 1; k; k′ = 1; 2; : : : ;Mm: (14)úÄÅÓØ Æk;k′m;m′ { ÓÉÍ×ÏÌ ëÒÏÎÅËÅÒÁ, ÒÁ×ÎÙÊ ÅÄÉÎÉ�Å �ÒÉm = m′, k = k′É ÎÕÌÀ × �ÒÏÔÉ×ÎÙÈ ÓÌÕÞÁÑÈ, Á ÚÎÁÞÅÎÉÑ 
 = 0; 1 Ï�ÒÅÄÅÌÑÀÔ × ÄÁÌØ-ÎÅÊÛÅÍ ÓÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÍÅÔÏÄ �ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÇÒÁÄÉÅÎÔÏ× ÉÌÉ �Ï-ÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÅ×ÑÚÏË. ïÔÍÅÔÉÍ, ÞÔÏ × ÏÔÌÉÞÉÅ ÏÔ ÏÂÙÞÎÙÈ ÍÅÔÏÄÏ×�ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ × ÆÏÒÍÕÌÁÈ (3) ÎÁ ËÁÖÄÏÊ m-Ê ÉÔÅÒÁ-�ÉÉ ÉÓ�ÏÌØÚÕÅÔÓÑ ÎÅ ÏÄÉÎ, Á Mm ÎÁ�ÒÁ×ÌÑÀÝÉÈ ×ÅËÔÏÒÏ×, ËÏÌÉÞÅÓÔ×ÏËÏÔÏÒÙÈ ÎÁ ÒÁÚÎÙÈ ÉÔÅÒÁ�ÉÑÈ ÍÏÖÅÔ, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÍÅÎÑÔØÓÑ.÷ÅËÔÏÒÙ ËÏÜÆÆÉ�ÉÅÎÔÏ× ��m = {�(
)m;l} × (13) ÄÌÑ 
 = 0; 1 �ÒÉ ×Ù-�ÏÌÎÅÎÉÉ (14) Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÚ ÕÓÌÏ×ÉÑ ÜËÓÔÒÅÍÕÍÁ��(
)m =��m;l = 0; �(
)m (rm+1) ≡ (rm+1; A
−1rm+1); (15)�Ï ÆÏÒÍÕÌÁÍ �(
)m;l = (A
B−1m;lrm; rm)=�(
)m;l: (16)



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 123îÁ�ÒÁ×ÌÑÀÝÉÅ ×ÅËÔÏÒÙ pml Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÚ ÕÓÌÏ×ÉÊ ÏÒÔÏÇÏÎÁÌØ-ÎÏÓÔÉ (14) �ÒÉ 
 = 0; 1 × ÓÌÅÄÕÀÝÅÍ ÂÌÏÞÎÏÍ ×ÉÄÅ:P0 = {p0l = B−10;l r0};Pm+1 = Pm+1;0 − m∑k=0Pk ��(
)m;k= {pm+1l = B−1m+1;lrm+1 − m∑k=o Mk∑l=1 �(
)m;k;lpkl };m = 0; 1; : : : ; Bm;l ∈ RN;N ; l = 1; : : : ;Mm; 
 = 0; 1: (17)úÄÅÓØ ��(
)m;k = {�(
)m;k;l} = (�(
)m;k;1 : : : �(
)m;k;Mm)T ∈ RMm ÓÕÔØ ×ÅËÔÏÒÙËÏÜÆÆÉ�ÉÅÎÔÏ×, Á Bm;l ∈ RN;N { �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÀÝÉÅ ÍÁÔÒÉ�Ù, ËÏ-ÔÏÒÙÅ ×ÙÂÉÒÁÀÔÓÑ ÉÚ ÓÏÏÂÒÁÖÅÎÉÊ ÎÅ×ÙÒÏÖÄÅÎÎÏÓÔÉ, ÌÅÇËÏÊ ÏÂÒÁÔÉ-ÍÏÓÔÉ É ÜÆÆÅËÔÉ×ÎÏÇÏ ÕÓËÏÒÅÎÉÑ ËÏÎÓÔÒÕÉÒÕÅÍÙÈ ÉÔÅÒÁ�ÉÏÎÎÙÈ �ÒÏ-�ÅÓÓÏ×. ïÔÍÅÔÉÍ, ÞÔÏ ÒÁÓÓÍÁÔÒÉ×ÁÅÍÙÅ \�ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÔÅÌÉ" Bm;lÑ×ÌÑÀÔÓÑ ÄÉÎÁÍÉÞÅÓËÉÍÉ, ÉÌÉ ÇÉÂËÉÍÉ (
exible, ËÁË × ÍÅÔÏÄÁÈ FGM-RES, [10℄), �ÏÓËÏÌØËÕ ÏÎÉ ÄÌÑ ËÁÖÄÏÇÏ l ÚÁ×ÉÓÑÔ ÏÔ ÎÏÍÅÒÁ ÉÔÅÒÁ�ÉÉm.ðÏÄÓÔÁ×ÌÑÑ ×ÙÒÁÖÅÎÉÑ (17) × ÕÓÌÏ×ÉÑ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ (14), ÍÙ�ÏÌÕÞÁÅÍ ÆÏÒÍÕÌÙ ÄÌÑ ËÏÜÆÆÉ�ÉÅÎÔÏ×�(
)m;k;l = (A
pkl ; AB−1m+1;lrm+1)=�(
)m;l = (A
pkl ; Apm;kl )=�(
)m;l;m = 0; 1; : : : ; k = 0; : : : ;m; l = 1; : : : ;Mm; (18)× ËÏÔÏÒÙÈ ×ÅËÔÏÒÙ pm;kl Ï�ÒÅÄÅÌÑÀÔÓÑ ÉÚ ÓÏÏÔÎÏÛÅÎÉÊpm;kl = pm;k−1l − �(
)m;k−1;lpk−1l= B−1m+1;lrm+1 − k−1∑i=0 �(
)m;i;lpml ; l = 1; : : : ;Mm;k = 0; 1; : : : ;m+ 1; pm;0l = B−1m+1;lrm+1; pm;m+1l = pm+1l ; (19)ÎÁ ÏÓÎÏ×Å ÍÏÄÉÆÉ�ÉÒÏ×ÁÎÎÏÇÏ ÍÅÔÏÄÁ çÒÁÍÁ{ûÍÉÄÔÁ.ó�ÒÁ×ÅÄÌÉ×Ï ÓÌÅÄÕÀÝÅÅ ÕÔ×ÅÒÖÄÅÎÉÅ (ÓÍ. ÄÏËÁÚÁÔÅÌØÓÔ×Ï × [18, 19℄).�ÅÏÒÅÍÁ 2. äÌÑ ÉÔÅÒÁ�ÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ MPSCD, Ï�ÒÅÄÅÌÑÅÍÏÇÏ ÓÏ-ÏÔÎÏÛÅÎÉÑÍÉ (13), (16){(19) �ÒÉ 
 = 0; 1 É ÎÅ×ÙÒÏÖÄÅÎÎÏÓÔÉ ÍÁÔÒÉ�A;Bm;l ×Ù�ÏÌÎÑÀÔÓÑ ÓÌÅÄÕÀÝÉÅ ÓÏÏÔÎÏÛÅÎÉÑ:
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• ÎÁ�ÒÁ×ÌÑÀÝÉÅ ×ÅËÔÏÒÙ pmk ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÑÍ ÏÒÔÏÇÏ-ÎÁÌØÎÏÓÔÉ (14);
• ×ÅËÔÏÒÙ ÎÅ×ÑÚÏË rm Ñ×ÌÑÀÔÓÑ ÏÂÏÂÝÅÎÎÏ �ÏÌÕÓÏ�ÒÑÖÅÎÎÙ-ÍÉ, Ô.Å.(A
B−1k;l rm; rk) = {0; k < m;�(
)m = (A
B−1m;lrm; rm); k = m; (20)
• ÆÕÎË�ÉÏÎÁÌÙ �(
)m (rm+1) ÕÄÏ×ÌÅÔ×ÏÒÑÀÔ ÕÓÌÏ×ÉÑÍÜËÓÔÒÅÍÁÌØÎÏÓÔÉ (15), É �ÒÉ ÜÔÏÍ ÄÌÑ ÌÀÂÙÈ q = 0; 1; : : : ;mÓ�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑ�(
)m (rm+1) = �(
)q (rq)− m∑k=q Mm∑l=1 (A
B−1q;l rq ; rq)2=�(
)k;l : (21)úÁÍÅÞÁÎÉÅ 5. ðÒÉ 
 = 1 ÉÌÉ �ÒÉ ÕÓÌÏ×ÉÉ ÓÉÍÍÅÔÒÉÞÎÏÓÔÉ ÍÁÔÒÉ-�Ù A × ÍÅÔÏÄÅ MPSCD ÏÂÅÓ�ÅÞÉ×ÁÅÔÓÑ ÍÉÎÉÍÁÌØÎÏÓÔØ ÎÏÒÍÙ ||rm+1||= (rm+1; rm+1)1=2 × \ÍÕÌØÔÉ-�ÒÅÄÏÂÕÓÌÏ×ÌÅÎÎÏÍ" �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÅëÒÙÌÏ×Á

K∑m+1(r0; A) = Span{B−10;1r0; : : : ; B−10;M0r0;AB−11;1r1; : : : ; AB−11;M1r1; : : : ; AmB−1m;1rm; : : : ; AmB−1m;Mmrm}; (22)ÒÁÚÍÅÒÎÏÓÔØ ËÏÔÏÒÏÇÏ ÒÁ×ÎÁ ∑m+1 = M0 + · · · +Mm. ÷ ÍÅÔÏÄÁÈ �Ï-ÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÇÒÁÄÉÅÎÔÏ×, Ô.Å. �ÒÉ 
 = 0, ÆÕÎË�ÉÏÎÁÌ �(0)m (rm+1) =(A−1rm+1; rm+1) ÄÌÑ ÎÅÓÉÍÍÅÔÒÉÞÎÏÊ ÍÁÔÒÉ�Ù A Ó×ÏÅÇÏ ÍÉÎÉÍÕÍÁ ×�ÏÄ�ÒÏÓÔÒÁÎÓÔ×Å ëÒÙÌÏ×Á, ×ÏÏÂÝÅ ÇÏ×ÏÒÑ, ÎÅ ÄÏÓÔÉÇÁÅÔ.÷ ÒÁÓÓÍÏÔÒÅÎÎÙÈ ÂÌÏÞÎÙÈ ÍÅÔÏÄÁÈ �ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊÉÓ�ÏÌØÚÕÀÔÓÑ ÔÁË ÎÁÚÙ×ÁÅÍÙÅ \ÄÌÉÎÎÙÅ" ÒÅËÕÒÓÉÉ, Ô.Å. ÎÅÏÂÈÏÄÉÍÏÈÒÁÎÉÔØ ×ÓÅ ×ÙÞÉÓÌÅÎÎÙÅ ÎÁ �ÒÅÄÙÄÕÝÉÈ ÉÔÅÒÁ�ÉÑÈ ÎÁ�ÒÁ×ÌÑÀÝÉÅ×ÅËÔÏÒÙ ÉÌÉ ÓÏÓÔÁ×ÌÅÎÎÙÅ ÉÚ ÎÉÈ ÍÁÔÒÉ�Ù P1; : : : ; Pm. ÷Ï ÉÚÂÅÖÁÎÉÅÓÌÉÛËÏÍ ÂÏÌØÛÉÈ ÔÒÅÂÏ×ÁÎÉÊ Ë �ÁÍÑÔÉ �ÒÉ ÜÔÏÍ ÍÙ ÂÕÄÅÍ ÉÓ�ÏÌØ-ÚÏ×ÁÔØ ÉÚ×ÅÓÔÎÕÀ �ÒÏ�ÅÄÕÒÕ ÒÅÓÔÁÒÔÏ×, ÚÁËÌÀÞÁÀÝÕÀÓÑ × ÔÏÍ, ÞÔÏÞÅÒÅÚ ËÁËÏÅ-ÔÏ ËÏÌÉÞÅÓÔ×Ï ÉÔÅÒÁ�ÉÊ ×ÅËÔÏÒ ÎÅ×ÑÚËÉ Ï�ÒÅÄÅÌÑÅÔÓÑ ÎÅÉÚ ÏÂÙÞÎÙÈ ÒÅËÕÒÓÉÊ (13), Á ÉÚ ÉÓÈÏÄÎÏÇÏ ÕÒÁ×ÎÅÎÉÑ, É ËÒÙÌÏ×ÓËÉÊ�ÒÏ�ÅÓÓ ËÁË ÂÙ ÆÏÒÍÉÒÕÅÔÓÑ ÚÁÎÏ×Ï, ÎÏ Ó ÔÅËÕÝÅÇÏ �ÒÉÂÌÉÖÅÎÉÑ ÄÌÑÉÓËÏÍÏÇÏ ×ÅËÔÏÒÁ.



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 125äÌÑ ÕÓËÏÒÅÎÉÑ �ÏÌÕÞÁÅÍÏÇÏ ÉÔÅÒÁ�ÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ ÎÁ ËÁÖÄÏÍ ÉÚÒÅÓÔÁÒÔÏ×, ËÏÔÏÒÙÅ ÄÁÌÅÅ ÎÕÍÅÒÕÀÔÓÑ ÉÎÄÅËÓÏÍ n, ÍÙ ÂÕÄÅÍ ÏÓÕÝÅ-ÓÔ×ÌÑÔØ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÀ ×ÅËÔÏÒÁ ÎÅ×ÑÚËÉ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Õ, ÁÎÁÌÏ-ÇÉÞÎÏÍÕ S ÉÚ (2), ÏÄÎÁËÏ ÜÔÕ �ÒÏ�ÅÄÕÒÕ ×Ù�ÏÌÎÑÅÍ ÎÅ ÔÒÁÄÉ�ÉÏÎÎÙÍÄÌÑ ÍÅÔÏÄÏ× IDR Ó�ÏÓÏÂÏÍ, Á Ó �ÏÍÏÝØÀ ÉÚ×ÅÓÔÎÏÇÏ �ÒÉÅÍÁ ÄÅÆÌÑ�ÉÉ,ÉÌÉ ÁÇÒÅÇÁ�ÉÉ, ÓÍ. [24℄ É �ÉÔÉÒÕÅÍÙÅ ÔÁÍ ÒÁÂÏÔÙ. ÷ ÜÔÏÍ ÓÌÕÞÁÅ, �ÏÎÅËÏÔÏÒÏÊ �ÒÑÍÏÕÇÏÌØÎÏÊ ÍÁÔÒÉ�Å R̃n = (r̃1 : : : r̃sn)T ∈ RN;sn ; sn ≪N , ÆÁËÔÉÞÅÓËÉ ÆÏÒÍÉÒÕÅÔÓÑ ÄÏ�ÏÌÎÉÔÅÌØÎÁÑ �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÀÝÁÑÍÁÔÒÉ�Á B−1n;0 = R̃n(Ân)−1R̃Tn ; Ân = R̃TnAR̃n ∈ Rsn;sn ; (23)ÇÄÅ B−1n;0 Ñ×ÌÑÅÔÓÑ ÍÁÌÏÒÁÎÇÏ×ÏÊ Á��ÒÏËÓÉÍÁ�ÉÅÊ ÍÁÔÒÉ�Ù A−1, ÏÂÒÁÔ-ÎÏÊ Ë ÉÓÈÏÄÎÏÊ. ïÎÁ ÏËÁÚÙ×ÁÅÔÓÑ ÎÅ×ÙÒÏÖÄÅÎÎÏÊ, ÅÓÌÉ ÔÁËÏ×ÏÊ Ñ×ÌÑ-ÅÔÓÑ A, Á ÍÁÔÒÉ�Á ÄÅÆÌÑ�ÉÉ R̃n ÉÍÅÅÔ �ÏÌÎÙÊ ÒÁÎÇ sn. úÄÅÓØ ÄÌÑÆÏÒÍÁÌØÎÏÊ ÏÂÝÎÏÓÔÉ ÍÙ ÄÏ�ÕÓËÁÅÍ ÚÁ×ÉÓÉÍÏÓÔØ �ÏÄ�ÒÏÓÔÒÁÎÓÔ× SnÉ ÉÈ ÒÁÚÍÅÒÎÏÓÔÅÊ sn ÏÔ ÎÏÍÅÒÁ ÒÅÓÔÁÒÔÁ n. ïÂÏÚÎÁÞÁÑ ÞÅÒÅÚ mn ÎÏ-ÍÅÒ ÉÔÅÒÁ�ÉÉ (m0 = 0) ÍÅÔÏÄÁ MPSCD ×ÉÄÁ (13), ×ËÌÀÞÁÀÝÅÊ ×Ù�ÏÌ-ÎÅÎÉÅ ÒÅÓÔÁÒÔÁ É ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ, �ÏÌÕÞÁÅÍÙÊ ÁÌÇÏÒÉÔÍ ÄÌÑ n = 0ÍÏÖÎÏ ÚÁ�ÉÓÁÔØ × ÓÌÅÄÕÀÝÅÍ ×ÉÄÅ:u0 = u−1 +B−10;0r−1; r−1 = f −Au−1;r0 = f −Au0; p0l = (I −B−10;0A)B−10;l r0; l = 1; : : : ;M0: (24)÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ, ÞÅÒÅÚ u−1 ÏÂÏÚÎÁÞÅÎÏ �ÒÏÉÚ×ÏÌØÎÏÅ ÎÁÞÁÌØÎÏÅ�ÒÉÂÌÉÖÅÎÉÅ ÉÓËÏÍÏÇÏ ×ÅËÔÏÒÁ, Á u0 { ÅÇÏ \�ÏÄ�ÒÁ×ÌÅÎÎÏÅ" ÚÎÁÞÅÎÉÅ.ìÅÇËÏ �ÒÏ×ÅÒÉÔØ, ÞÔÏ ÆÏÒÍÕÌÙ (24) ÏÂÅÓ�ÅÞÉ×ÁÀÔ ×Ù�ÏÌÎÅÎÉÅ ÕÓÌÏ-×ÉÊ R̃T0 r0 = 0; R̃T0 AP0 = 0; (25)ÇÄÅ ÍÁÔÒÉ�Á P0 ÓÏÓÔÏÉÔ ÉÚ M0 ÓÔÏÌÂ�Ï× p0̀, Ï�ÒÅÄÅÌÑÅÍÙÈ × (24).ïÔÍÅÔÉÍ, ÞÔÏ ÒÅÁÌÉÚÁ�ÉÑ ÆÏÒÍÕÌ (24) �ÒÏ×ÏÄÉÔÓÑ ÏÔÎÏÓÉÔÅÌØÎÏÌÅÇËÏ, ÔÁË ËÁË ÕÍÎÏÖÅÎÉÅ ÎÁ ÍÁÔÒÉ�Õ B−10;0 ∈ RN;N ÓÏÄÅÒÖÉÔ ÒÅ-ÛÅÎÉÅ ×Ó�ÏÍÏÇÁÔÅÌØÎÏÊ óìáõ Ó ÍÁÔÒÉ�ÅÊ ÍÁÌÏÊ ÒÁÚÍÅÒÎÏÓÔÉ Â0 =R̃T0 AR̃0 ∈ Rs0;s0 . åÝÅ ÚÁÍÅÔÉÍ, ÞÔÏ × ÆÏÒÍÕÌÁÈ (23) ÍÙ Ó�Å�ÉÁÌØÎÏ ÓÏ-ÈÒÁÎÉÌÉ ÏÂÏÚÎÁÞÅÎÉÑ ÄÌÑ ÍÁÔÒÉ�Ù R̃n, ÞÔÏÂÙ �ÏÄÞÅÒËÎÕÔØ ÁÎÁÌÏÇÉÀÓ ÍÅÔÏÄÁÍÉ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ óÏÎÎÅ×ÅÌØÄÁ ÉÚ §2.äÌÑ Ï�ÒÅÄÅÌÅÎÉÑ ÌÉÎÅÊÎÏ ÎÅÚÁ×ÉÓÉÍÙÈ ÓÔÏÌÂ�Ï× r̃k, k = 1; : : : ; sn,ÍÁÔÒÉ�Ù R̃n ÍÏÖÎÏ ÉÓ�ÏÌØÚÏ×ÁÔØ �ÒÏÓÔÅÊÛÉÅ \ËÕÓÏÞÎÏ-�ÏÓÔÏÑÎÎÙÅ"ÂÁÚÉÓÎÙÅ ×ÅËÔÏÒÙ. äÌÑ ÜÔÏÇÏ ÒÁÚÏÂßÅÍ ÍÎÏÖÅÓÔ×Ï ÉÎÄÅËÓÏ× 
 : i =



126 ÷. ð. éìøéî1; : : : ; N ÎÁ �ÒÉÍÅÒÎÏ ÒÁ×ÎÙÅ ÎÅ�ÅÒÅÓÅËÁÀÝÉÅÓÑ �ÏÄÍÎÏÖÅÓÔ×Á 
(n)k(ÜÔÉ ÄÅËÏÍ�ÏÚÉ�ÉÉ ÍÏÖÎÏ ÄÅÌÁÔØ ÒÁÚÎÙÍÉ ÎÁ ÒÁÚÌÉÞÎÙÈ ÉÔÅÒÁ�ÉÑÈ),�ÏÌÁÇÁÑ r̃k(i) = 1 �ÒÉ i ∈ 
(n)k É r̃k(i) = 0 �ÒÉ i 6∈ 
(n)k , k = i; : : : ; sn. ïÔ-ÍÅÔÉÍ, ÞÔÏ ÂÁÚÉÓÎÙÅ ×ÅËÔÏÒÙ r̃k ×ÏÚÍÏÖÎÏ Ï�ÒÅÄÅÌÑÔØ É ÂÏÌÅÅ \ÇÌÁÄ-ËÉÍÉ", ËÁË ÜÔÏ ÓÄÅÌÁÎÏ × [26℄. ÷ ÎÅËÏÔÏÒÙÈ ÒÁÂÏÔÁÈ ÓÔÏÌÂ�Ù ÍÁÔÒÉ�ÙR̃n ×ÙÂÉÒÁÀÔÓÑ ÓÌÕÞÁÊÎÙÍ ÏÂÒÁÚÏÍ ÉÌÉ Ó �ÏÍÏÝØÀ ÒÅÛÅÎÉÑ ×Ó�ÏÍÏÇÁ-ÔÅÌØÎÙÈ ÓÏÂÓÔ×ÅÎÎÙÈ �ÒÏÂÌÅÍ. ÷ �ÅÌÏÍ ×Ï�ÒÏÓÙ �ÏÓÔÒÏÅÎÉÑ ÎÁÉÂÏÌÅÅÉÎÆÏÒÍÁÔÉ×ÎÏÇÏ ÂÁÚÉÓÁ { ÜÔÏ ÔÅÍÁ ÄÌÑ Ó�Å�ÉÁÌØÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ.åÓÌÉ ÎÁ ËÁÖÄÏÍ ÉÚ �ÏÓÌÅÄÕÀÝÉÈ ÒÅÓÔÁÒÔÏ× ÉÚ×ÅÓÔÎÏ ÉÔÅÒÁ�ÉÏÎÎÏÅ�ÒÉÂÌÉÖÅÎÉÅ umn−1, ÔÏ ÆÏÒÍÕÌÙ (24), (25) ÉÚÍÅÎÑÀÔÓÑ ÏÞÅ×ÉÄÎÙÍÏÂÒÁÚÏÍ: umn = umn−1 +B−1mn;0rmn−1; rmn−1 = f −Aumn−1;rmn = f −Aumn ; pmnl = (I −B−1mn;0A)B−1mn;lrmn : (26)÷ ÄÁÎÎÏÍ ÓÌÕÞÁÅ, �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÔÅÌÉ Bmn;l Ï�ÒÅÄÅÌÑÀÔÓÑ ÆÏÒÍÕÌÁ-ÍÉ (23) Ó ÚÁÍÅÎÏÊ ÉÎÄÅËÓÁ n ÎÁ mn, Á ÕÓÌÏ×ÉÑ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ (25)ÚÁÍÅÎÑÀÔÓÑ ÎÁ ÁÎÁÌÏÇÉÞÎÙÅ:R̃Tmnrmn = 0; R̃TmnAPmn = 0: (27)úÁÍÅÞÁÎÉÅ 6. ïÔÍÅÔÉÍ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏ �ÒÏ×ÅÒÑÅÍÙÅ ÒÁ×ÅÎÓÔ×Á(C(n)1 )2 ≡ (B−1mn;0A)2 = C(n)1 ; (C(n)2 )2 ≡ (I −B−1mn;0A)2 = C(n)2 ;ÏÚÎÁÞÁÀÝÉÅ, ÞÔÏ ÍÁÔÒÉ�Ù C(n)1 É C(n)2 Ñ×ÌÑÀÔÓÑ �ÒÏÅËÔÏÒÁÍÉ.þÔÏÂÙ ÏÂÅÓ�ÅÞÉÔØ ×Ù�ÏÌÎÅÎÉÅ ÕÓÌÏ×ÉÊ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÎÅ ÔÏÌØËÏ× ÔÏÞËÁÈ ÒÅÓÔÁÒÔÁ, Á ÎÁ ËÁÖÄÏÊ ÉÔÅÒÁ�ÉÉ, ÆÏÒÍÕÌÙ (17) ÄÌÑ ÎÁ�ÒÁ-×ÌÑÀÝÉÈ ×ÅËÔÏÒÏ× × ÍÅÔÏÄÁÈ MPSCD �ÒÉ m 6= mn ÎÁÄÏ ÚÁÍÅÎÉÔØ ÎÁÓÌÅÄÕÀÝÉÅ: pm+1l = B̃−1m+1;lrm+1 − m∑k=0 Mk∑l=1�(
)m;k;lpkl ;B̃−1m+1;l = (I −B−1m+1;0A)B−1m+1;l; l = 1; : : : ;Mm;m = mn−1; mn−1 + 1; : : : ;mn − 1: (28)÷ ÜÔÏÍ ÓÌÕÞÁÅ, ËÁË ÌÅÇËÏ ÕÂÅÄÉÔØÓÑ ÎÅ�ÏÓÒÅÄÓÔ×ÅÎÎÏÊ �ÒÏ×ÅÒËÏÊ �ÏÉÎÄÕË�ÉÉ, Ó�ÒÁ×ÅÄÌÉ×Ù ÓÏÏÔÎÏÛÅÎÉÑR̃Tmrm = 0; R̃TmAPm = 0; m = 0; 1; : : : : (29)



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 127ïÄÎÁËÏ ÚÄÅÓØ ÎÁÄÏ ÉÍÅÔØ × ×ÉÄÕ, ÞÔÏ ×ÙÒÁÖÅÎÉÑ (28), ÆÏÒÍÁÌØ-ÎÏ ÏÔÌÉÞÁÀÝÉÅÓÑ ÏÔ (17) ÔÏÌØËÏ ×ÉÄÏÍ �ÒÅÄÏÂÕÓÌÁ×ÌÉ×ÁÀÝÉÈ ÍÁÔÒÉ�(B̃−1m+1;l ×ÍÅÓÔÏ B−1m+1;l), ÉÍÅÎÎÏ × ÓÉÌÕ ÜÔÏÇÏ ÒÁÚÌÉÞÉÑ ÔÒÅÂÕÀÔ ÄÌÑ ÓÏ-ÈÒÁÎÅÎÉÑ ÏÂÑÚÁÔÅÌØÎÙÈ ÕÓÌÏ×ÉÊ ÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ÎÁ�ÒÁ×ÌÑÀÝÉÈ ×ÅË-ÔÏÒÏ× (14) ÉÚÍÅÎÅÎÉÑ ÆÏÒÍÕÌ ÄÌÑ Ï�ÒÅÄÅÌÅÎÉÑ ÒÅËÕÒÒÅÎÔÎÙÈ ËÏÜÆÆÉ-�ÉÅÎÔÏ× �(
)m;k;l: × ÓÏÏÔÎÏÛÅÎÉÑÈ (18){(19) ÍÁÔÒÉ�Ù B−1m+1;l ÎÁÄÏ ÚÁÍÅ-ÎÉÔØ ÎÁ B̃−1m+1;l.ëÁË ÉÚ×ÅÓÔÎÏ ÉÚ ÔÅÏÒÅÔÉÞÅÓËÉÈ Ï�ÅÎÏË É ÜËÓ�ÅÒÉÍÅÎÔÁÌØÎÙÈ ÒÁÓ-ÞÅÔÏ×, �ÒÏ�ÅÄÕÒÙ ÒÅÓÔÁÒÔÏ× �ÒÉ×ÏÄÑÔ Ë �ÏÎÉÖÅÎÉÀ ÒÁÚÍÅÒÎÏÓÔÅÊ ÉÓ-�ÏÌØÚÕÅÍÙÈ ËÒÙÌÏ×ÓËÉÈ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×, Á ËÁË ÓÌÅÄÓÔ×ÉÅ { Ë ÓÎÉÖÅ-ÎÉÀ ÓËÏÒÏÓÔÉ ÓÈÏÄÉÍÏÓÔÉ ÉÔÅÒÁ�ÉÏÎÎÏÇÏ �ÒÏ�ÅÓÓÁ. ïÄÎÁËÏ ÜÔÏ Ñ×ÌÑ-ÅÔÓÑ ÎÅÉÚÂÅÖÎÏÊ �ÌÁÔÏÊ ÚÁ ÜËÏÎÏÍÉÀ �ÁÍÑÔÉ ÄÌÑ ×ÓÅÈ ÁÌÇÏÒÉÔÍÏ× ÓËÏÒÏÔËÉÍÉ ÒÅËÕÒÓÉÑÍÉ.÷ ÒÁÓÓÍÏÔÒÅÎÎÙÈ ÎÁÍÉ ÍÅÔÏÄÁÈ MPSCD Ó ÄÅÆÌÑ�ÉÏÎÎÙÍÉ ÒÅÓÔÁÒ-ÔÁÍÉ ÎÏÍÅÒÁ ÓÏÏÔ×ÅÔÓÔ×ÕÀÝÉÈ ÉÔÅÒÁ�ÉÊ mn �ÒÏÝÅ ×ÓÅÇÏ ÂÒÁÔØ ÞÅÒÅÚÒÁ×ÎÙÅ ÉÎÔÅÒ×ÁÌÙ, Ô.Å. mn = mn−1 +� Ó ËÁËÉÍ-ÔÏ Á�ÒÉÏÒÎÙÍ ÚÎÁÞÅ-ÎÉÅÍ �ÅÌÏÇÏ �. ó ÄÒÕÇÏÊ ÓÔÏÒÏÎÙ, ×ÏÚÍÏÖÎÁ �ÏÓÔÁÎÏ×ËÁ ×Ï�ÒÏÓÁ É ÏÂÕ�ÒÁ×ÌÅÎÉÉ ×ÙÂÏÒÏÍ ÚÎÁÞÅÎÉÊ mn �Ï ËÁËÏÊ-ÔÏ Á�ÏÓÔÅÒÉÏÒÎÏÊ ÉÎÆÏÒ-ÍÁ�ÉÉ.úÁÍÅÞÁÎÉÅ 7. ëÁË ÕËÁÚÁÎÏ × ÚÁÍÅÞÁÎÉÉ 4, ËÁÖÄÏÊ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏ-ÓÔÉ Kn+1 �ÏÄ�ÒÏÓÔÒÁÎÓÔ× ëÒÙÌÏ×Á, ÒÁÚÍÅÒÎÏÓÔÉ ËÏÔÏÒÙÈ Õ×ÅÌÉÞÉ-×ÁÀÔÓÑ Ó ÒÏÓÔÏÍ n, ÓÏÏÔ×ÅÔÓÔ×ÕÅÔ �ÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ \ÓÖÉÍÁÀÝÉÈ-ÓÑ" �ÏÄ�ÒÏÓÔÒÁÎÓÔ× { ÏÒÔÏÇÏÎÁÌØÎÙÈ ÄÏ�ÏÌÎÅÎÉÊ K⊥n+1 × �ÏÌÎÏÍ �ÒÏ-ÓÔÒÁÎÓÔ×Å RN . îÅÔÒÕÄÎÏ ×ÉÄÅÔØ, ÞÔÏ �ÒÉ ÍÏÄÉÆÉËÁ�ÉÑÈ ËÒÙÌÏ×ÓËÉÈ�ÏÄ�ÒÏÓÔÒÁÎÓÔ×, ÚÁËÌÀÞÁÀÝÉÈÓÑ × ÄÏ�ÏÌÎÉÔÅÌØÎÏÊ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ×ÙÞÉÓÌÑÅÍÙÈ ×ÅËÔÏÒÏ× �Ï ÏÔÎÏÛÅÎÉÀ Ë \�ÒÏÂÎÏÍÕ" �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Õ
S, ÓÏÏÔÎÏÛÅÎÉÑ Ä×ÏÊÓÔ×ÅÎÎÏÓÔÉ �ÒÉÎ�É�ÉÁÌØÎÏ ÎÅ ÍÅÎÑÀÔÓÑ. õÓÌÏ×ÉÑÏÒÔÏÇÏÎÁÌØÎÏÓÔÉ ×ÉÄÁ (25), (27) É (29) ÅÓÔÅÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ �ÏÚ×Ï-ÌÑÀÔ Ï�ÒÅÄÅÌÉÔØ ÄÌÑ ÁÌÇÏÒÉÔÍÏ× MPSCD �ÏÄ�ÒÏÓÔÒÁÎÓÔ×Á Ó �ÏÎÉÖÁ-ÀÝÉÍÉÓÑ ÒÁÚÍÅÒÎÏÓÔÑÍÉ, ÁÎÁÌÏÇÉÞÎÙÅ Gn × ÍÅÔÏÄÁÈ IDR.áÌØÔÅÒÎÁÔÉ×ÏÊ Ë ÓÔÒÁÔÅÇÉÉ ÒÅÓÔÁÒÔÏ× ÄÌÑ ÜËÏÎÏÍÉÉ �ÁÍÑÔÉ É ÓÏ-ËÒÁÝÅÎÉÑ ÄÌÉÎÙ ÒÅËÕÒÓÉÉ Ñ×ÌÑÅÔÓÑ �ÏÄÈÏÄ Ó ÏÇÒÁÎÉÞÅÎÎÏÊ ÏÒÔÏÇÏ-ÎÁÌØÎÏÓÔØÀ × ÔÏÍ ÓÍÙÓÌÅ, ÞÔÏ �ÒÉ �ÏÓÔÒÏÅÎÉÉ ÉÔÅÒÁ�ÉÊ ÄÌÑ ÒÅÛÅ-ÎÉÑ ÎÅÓÉÍÍÅÔÒÉÞÎÙÈ óìáõ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙÌÏ×Á ÈÒÁÎÑÔÓÑ ÉÉÓ�ÏÌØÚÕÀÔÓÑ × ÒÁÓÞÅÔÁÈ ÔÏÌØËÏ ÎÅÓËÏÌØËÏ �ÏÓÌÅÄÎÉÈ ÎÁ�ÒÁ×ÌÑÀÝÉÈ×ÅËÔÏÒÏ×. åÓÌÉ ËÏÌÉÞÅÓÔ×Ï ÔÁËÉÈ ×ÅËÔÏÒÏ× �ÏÓÔÏÑÎÎÏ É ÒÁ×ÎÏ q + 1,



128 ÷. ð. éìøéîÔÏ ÆÏÒÍÕÌÙ (28) ÎÁÄÏ ÚÁÍÅÎÉÔØ ÎÁ ÓÌÅÄÕÀÝÉÅ:pm+1l = B̃−1m+1;lrm+1 − m∑k=m−q Mk∑l=1�(
)m;k;lpkl ; m = 0; 1; : : : : (30)åÓÌÉ �ÒÉ ÜÔÏÍ p0l ×ÙÞÉÓÌÑÅÔÓÑ �Ï ÆÏÒÍÕÌÁÍ (24), ÔÏ Ó×ÏÊÓÔ×Á ÏÒ-ÔÏÇÏÎÁÌØÎÏÓÔÉ (29) ÔÁËÖÅ ×Ù�ÏÌÎÑÀÔÓÑ. òÅÁÌÉÚÁ�ÉÀ �ÒÏ�ÅÓÓÁ ÄÏ�ÏÌ-ÎÉÔÅÌØÎÏÊ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ × ÄÁÎÎÏÍ �ÏÄÈÏÄÅ ÍÏÖÎÏ ÏÓÕÝÅÓÔ×ÌÑÔØ Ó�ÏÍÏÝØÀ ÍÅÔÏÄÁ ÁÇÒÅÇÁ�ÉÉ ÉÌÉ ÄÅÆÌÑ�ÉÉ.
§4. úÁËÌÀÞÅÎÉÅãÅÌØÀ ÄÁÎÎÏÊ ÒÁÂÏÔÙ Ñ×ÌÑÅÔÓÑ, × Ï�ÒÅÄÅÌÅÎÎÏÍ ÓÍÙÓÌÅ, ÒÁÚ×ÅÎÞÁ-ÎÉÅ ÍÉÆÁ ÏÂ ÉÓËÌÀÞÉÔÅÌØÎÏÓÔÉ ÍÅÔÏÄÏ× ÉÎÄÕ�ÉÒÏ×ÁÎÎÏÊ ÒÅÄÕË�ÉÉÒÁÚÍÅÒÎÏÓÔÉ, ËÏÔÏÒÙÅ × ÒÑÄÅ ÒÁÂÏÔ �Ï ÎÅÄÏÒÁÚÕÍÅÎÉÀ �ÒÏÔÉ×Ï�ÏÓÔÁ-×ÌÑÀÔÓÑ ËÌÁÓÓÉÞÅÓËÉÍ ÉÔÅÒÁ�ÉÏÎÎÙÍ �ÒÏ�ÅÓÓÁÍ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈëÒÙÌÏ×Á. îÁ �ÒÉÍÅÒÅ �ÒÅÄÌÏÖÅÎÎÙÈ ÎÁÍÉ ÍÕÌØÔÉ-�ÒÅÄÏÂÕÓÌÏ×ÌÅÎÎÙÈÁÌÇÏÒÉÔÍÏ× �ÏÌÕÓÏ�ÒÑÖÅÎÎÙÈ ÎÅ×ÑÚÏË ÔÁËÖÅ �ÏËÁÚÁÎÏ, ÞÔÏ ÍÏÄÉÆÉ-�ÉÒÏ×ÁÎÎÙÅ ÍÅÔÏÄÙ ËÒÙÌÏ×ÓËÏÇÏ ÔÉ�Á Ó ÉÓ�ÏÌØÚÏ×ÁÎÉÅÍ ÄÏ�ÏÌÎÉÔÅÌØ-ÎÙÈ �ÒÏ�ÅÄÕÒ ÏÒÔÏÇÏÎÁÌÉÚÁ�ÉÉ (ÄÅÆÌÑ�ÉÉ, ÁÇÒÅÇÁ�ÉÉ É ÄÒÕÇÉÈ) ÅÓÔÅ-ÓÔ×ÅÎÎÙÍ ÏÂÒÁÚÏÍ ÍÏÇÕÔ ÁÓÓÏ�ÉÉÒÏ×ÁÔØÓÑ Ó �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÍÉ �ÏÎÉ-ÖÁÀÝÅÊÓÑ ÒÁÚÍÅÒÎÏÓÔÉ, ÎÁÚÙ×ÁÅÍÙÈ ÎÅËÏÔÏÒÙÍÉ Á×ÔÏÒÁÍÉ �ÏÄ�ÒÏ-ÓÔÒÁÎÓÔ×ÁÍÉ óÏÎÎÅ×ÅÌØÄÁ. ðÒÉ ÜÔÏÍ ÍÅÖÄÕ �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÍÉ \ÔÅ-ÎÅ×ÙÈ ÎÅ×ÑÚÏË" × ÁÌÇÏÒÉÔÍÁÈ IDR É ÄÅÆÌÑ�ÉÏÎÎÙÍÉ �ÏÄ�ÒÏÓÔÒÁÎ-ÓÔ×ÁÍÉ × \ËÌÁÓÓÉÞÅÓËÉÈ" ËÒÙÌÏ×ÓËÉÈ ÍÅÔÏÄÁÈ, Á ÔÁËÖÅ × Ó�ÏÓÏÂÁÈ ÉÈÉÓ�ÏÌØÚÏ×ÁÎÉÑ ÄÌÑ ÕÓËÏÒÅÎÉÑ ÉÔÅÒÁ�ÉÊ ÓÕÝÅÓÔ×ÕÅÔ ÄÏÓÔÁÔÏÞÎÏ ÂÌÉÚ-ËÁÑ ÁÎÁÌÏÇÉÑ, ËÏÔÏÒÁÑ Á×ÔÏÒÁÍÉ ÒÁÚÎÙÈ ÉÓÓÌÅÄÏ×ÁÎÉÊ ÎÉËÁË ÎÅ ÏÔ-ÍÅÞÁÌÁÓØ. âÏÌÅÅ ÔÏÇÏ, ÕÄÉ×ÉÔÅÌØÎÏ, ÞÔÏ × �ÕÂÌÉËÁ�ÉÑÈ �Ï Ä×ÕÍ ÒÁÓ-ÓÍÏÔÒÅÎÎÙÍ ÎÁÍÉ �ÏÄÈÏÄÁÍ �ÒÁËÔÉÞÅÓËÉ ÏÔÓÕÔÓÔ×ÕÀÔ �ÅÒÅËÒÅÓÔÎÙÅÓÓÙÌËÉ, ÈÏÔÑ ÒÅÞØ ÉÄÅÔ Ï ÂÌÉÚËÉÈ ÎÁ�ÒÁ×ÌÅÎÉÑÈ ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÁÌÇÅ-ÂÒÙ. ÷ �ÅÌÏÍ ÖÅ ÁËÔÉ×ÎÏ ×ÅÄÕÝÉÅÓÑ ÏÂÓÕÖÄÅÎÉÑ ÒÁÚÌÉÞÎÙÈ �ÒÉÅÍÏ×Ï�ÔÉÍÉÚÁ�ÉÉ ÉÔÅÒÁ�ÉÏÎÎÙÈ �ÒÏ�ÅÓÓÏ× Ó×ÉÄÅÔÅÌØÓÔ×ÕÀÔ ÏÂ ÁËÔÕÁÌØ-ÎÏÓÔÉ É �ÅÒÓ�ÅËÔÉ×ÎÏÓÔÉ ×Ï�ÒÏÓÏ× ÒÁÚ×ÉÔÉÑ ÍÅÔÏÄÏ× × �ÏÄ�ÒÏÓÔÒÁÎ-ÓÔ×ÁÈ ëÒÙÌÏ×Á. ìÉÔÅÒÁÔÕÒÁ1. P. Wesseling, P. Sonneveld, Numeri
al experiments with a multiple grid and a pre-
onditioned Lan
zos type method. | Le
t. Notes Math. 771 (1980), 543{562.



é�åòáãéïîîùå ðòïãåóóù ÷ ðïäðòïó�òáîó�÷áè 1292. P. Sonneveld, M. B. Van Gijzen, IDR(s): a family of simple and fast algorithms forsolving large nonsymmetri
 systems of linear equations. | SIAM J. S
i. Comput.31, No. 2 (2008/09), 1035{1062.3. G. L. Sleijpen, M. B. Van Gijzen, Exploiting BiCGStab(l) strategies to indu
e di-mension redu
tion. | SIAM J. S
i. Comput. 32, No. 5 (2010), 2687{2709.4. M. H. Gutkene
ht, IDR explained. | Ele
tron. Trans. Numer. Anal. 36 (2009/10),126{148.5. Y. Onoue, S. Fujino, N. Nakashima, An overview of a family of new iterative methodsbased on IDR theorem and its estimation, in: Pro
eedings of the International Multi-Conferen
e of Engineers and Computer S
ientists 2009, vol. 11, IMECS 2009, HongKong, 2009, 2129-2134.6. V. Simon
ini, D. B. Szyld, Interpreting IDR as a Petrov{Galerkin method. | SIAMJ. S
i. Comput. 32, No. 4 (2010), 1898{1912.7. M. Tanio, M. Sugihara, GBi-CGSTAB(s,l): IDR(s) with higher-order stabilizationpolynomials. | J.Comput. Appl. Math. 235, No. 3 (2010), 765{784.8. G. L. Sleijpen, P. Sonneveld, M. B. Van Gijzen, Bi-CGStab as an indu
ed dimensionredu
tion method. | Appl. Numer. Math. 60, No. 11 (2010), 1100{1114.9. P. Sonneveld, On the 
onvergen
e behavior of IDR(s) and related methods. | SIAMJ. S
i. Comput. 34, No. 5 (2012), 2576{2598.10. Y. Saad, Iterative Methods for Sparse Linear Systems (Se
ond edition). So
iety forIndustrial and Applied Mathemati
s, 2003.11. ÷. ð. éÌØÉÎ, íÅÔÏÄÙ É ÔÅÈÎÏÌÏÇÉÉ ËÏÎÅÞÎÙÈ ÜÌÅÍÅÎÔÏ×. îÏ×ÏÓÉÂÉÒÓË: éÚÄ.é÷íÉíç óï òáî, 2007.12. G. L. Sleijpen, D. R. Fokkema, BiCGStab(l) for linear equations involving unsym-metri
 matri
es with 
omplex spe
trum. | Ele
tron. Trans. Numer. Anal. 1 (1993),11{32.13. ÷. ð. éÌØÉÎ,íÅÔÏÄÙ ÂÉÓÏ�ÒÑÖÅÎÎÙÈ ÎÁ�ÒÁ×ÌÅÎÉÊ × �ÏÄ�ÒÏÓÔÒÁÎÓÔ×ÁÈ ëÒÙ-ÌÏ×Á. | óÉÂöéí, 11, �. 4 (36) (2008), 47{60.14. M. B. Van Gijzen, G. I. Sleijpen, J.-P. Zemke, Flexible and multi-shift indu
eddimension redu
tion algorithms for solving large sparse linear systems. | Numer.Linear Algebra Appl. 22 (2014), 1{25.15. M. B. Van Gijzen, P. Sonneveld, Algorithm 913: an elegant IDR(s) variant thateÆ
iently exploits biorthogonality properties. | ACM Trans. Math. Software 38,No. 1 (2011), 5.1{5.19.16. O. Rendel, A. Rizvanolli, J.-P. Zemke, IDR: A new generation of Krylov subspa
emethods. | Linear Algebra Appl. 439, No. 4 (2013), 1040{1061.17. R. Astudillo, M. B. Van Gijzen, A restarted indu
ed dimension redu
tion method toapproximate eigenpairs of large unsymmetri
 matri
es. | J. Comput. Appl. Math.296 (2016), 24{35.18. V. P. Il'in, Methods of semi
onjugate dire
tions. | Russ. J. Numer. Anal. Math.Modelling 23, No. 4 (2008), 369{387.19. V. P. Il'in, E. A. Itskovi
h, On the semi-
onjugate dire
tion methods with dynami
pre
onditioning. | J. Appl. Ind. Math. 3, No. 2 (2009), 222{233.20. S. C. Eisenstat, H. C. Elman, M. H. S
hultz, Variational iterative methods fornonsymmetri
 systems of linear equations. | SIAM J. Numer. Anal. 20, No. 3(1983), 345{357.



130 ÷. ð. éìøéî21. J. Y. Yuan, G. H. Golub, R. J. Plemmons, W. A. Ce
ilio, Semi-
onjugate dire
tionmethods for real positive de�nite systems. | BIT 44, No. 1 (2004), 189{207.22. R. Ni
olaides, De
ation of 
onjugate gradients with appli
ations to boundary valueproblems. | SIAM J. Numer. Anal. 24 (1987), 355{365.23. ì. à. ëÏÌÏÔÉÌÉÎÁ, ðÅÒÅÏÂÕÓÌÁ×ÌÉ×ÁÎÉÅ ÓÉÓÔÅÍ ÌÉÎÅÊÎÙÈ ÁÌÇÅÂÒÁÉÞÅÓËÉÈÕÒÁ×ÎÅÎÉÊ Ó �ÏÍÏÝØÀ Ä×ÏÊÎÏÇÏ ÉÓÞÅÒ�Ù×ÁÎÉÑ. I. �ÅÏÒÉÑ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ.ðïíé 229 (1995), 95{152.24. O. Coulaud, L. Giraud, P. Ramet, X. Vasseur, De
ation and augmentation te
h-niques in Krylov subspa
e methods for the solution of linear systems. Inria, BordeauxSud-Ouest, Fran
e, Resear
h Report No. 8265 (2013).25. M. H. Gutkne
ht, De
ated and augmented Krylov subspa
e methods: A frameworkfor de
ated BICG and related solvers. | SIAM J. Matrix Anal. Appl. 35, No. 4(2014), 1444{1466.26. ñ. ì. çÕÒØÅ×Á, ÷. ð. éÌØÉÎ, ï ÎÅËÏÔÏÒÙÈ �ÁÒÁÌÌÅÌØÎÙÈ ÍÅÔÏÄÁÈ É ÔÅÈÎÏÌÏ-ÇÉÑÈ ÄÅËÏÍ�ÏÚÉ�ÉÉ ÏÂÌÁÓÔÅÊ. | úÁ�. ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 428 (2014), 89{106.27. ÷. ð. éÌØÉÎ, ï �ÒÏÂÌÅÍÁÈ �ÁÒÁÌÌÅÌØÎÏÇÏ ÒÅÛÅÎÉÑ ÂÏÌØÛÉÈ óìáõ. | úÁ�.ÎÁÕÞÎ. ÓÅÍÉÎ. ðïíé 439 (2015), 112{127.28. R. Bridson, C. Greif, A multipre
onditioned 
onjugate gradient algorithm. | SIAMJ. Matrix Anal. Appl. 27, No. 4 (2006), 1056{1068.29. þ. ìÏÕÓÏÎ, ò. èÅÎÓÏÎ, þÉÓÌÅÎÎÏÅ ÒÅÛÅÎÉÅ ÚÁÄÁÞ ÍÅÔÏÄÁ ÎÁÉÍÅÎØÛÉÈ Ë×ÁÄÒÁ-ÔÏ×. îÁÕËÁ, í., 1986.Il'in V. P. Iterative pro
esses in Krylov{Sonneveld subspa
es.The paper presents a generalized blo
k version of the Indu
ed DimensionRedu
tion (IDR) methods in 
omparison with the Multi{Pre
onditionedSemi-Conjugate Dire
tion (MPSCD) algorithms in Krylov subspa
es withde
ation and low-rank matrix approximation. Common and individual or-thogonality and variational properties of these two methodologies are an-alyzed. It is demonstrated, in parti
ular, that for any sequen
e of Krylovsubspa
es with in
reasing dimensions there exists a sequen
e of the 
orre-sponding shrinking subspa
es with de
reasing dimensions. The main 
on-
lusion is that the IDR pro
edures, proposed by P. Sonneveld and otherauthors, are not an alternative to but a further development of the generalprin
iples of iterative pro
esses in Krylov subspa
es.ðÏÓÔÕ�ÉÌÏ 21 ÎÏÑÂÒÑ 2016 Ç.éÎÓÔÉÔÕÔ ×ÙÞÉÓÌÉÔÅÌØÎÏÊ ÍÁÔÅÍÁÔÉËÉÉ ÍÁÔÅÍÁÔÉÞÅÓËÏÊ ÇÅÏÆÉÚÉËÉ óï òáî,îÏ×ÏÓÉÂÉÒÓËÉÊ ÇÏÓÕÄÁÒÓÔ×ÅÎÎÙÊÕÎÉ×ÅÒÓÉÔÅÔîÏ×ÏÓÉÂÉÒÓË, òÏÓÓÉÑE-mail : ilin�ss

.ru


